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ABSTRACT

Tricomplex numbers, as a natural extension of complex and bicomplex systems [cf. 1, 2, 3, 4, 5, 6, 7, 8, 9, 10], possess a rich algebraic structure with wide-
ranging applications in physics, signal processing, and multidimensional analysis. A central tool for their study is the idempotent representation, which simplifies
algebraic operations by decomposing elements into orthogonal components. In this paper, we develop a comprehensive framework for the idempotent
representation of tricomplex numbers, establishing its algebraic foundation and canonical forms. Special emphasis is given to the characterization of singular and

non-singular elements within this framework, along with conditions for invertibility and non-invertibility in tricomplex algebra.
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1. Introduction

The set of Tricomplex Numbers defined as:
3= (1,2 3)
={1+t12+v 23+t 34t 125136+t 237 1238 1.2 3 45 6 78 o
Where 1 # ,# 30 §=3=3=-1and ;,= 1, 13 31 23~ 32
We present the following sets that are frequently utilised:

o = Set of Real Numbers

(D={ +1:, o}
(D={ +2:, o}
(={ +3:, o}

(v2={1*+12%v23%F 124 1,2 3 4 o
(vad={1*+12%v33%+ 134 1,2 3 4 o
(2a)d={1*+22%v33%+234 1,2 3 4 o

(v2add={1+12%233%1234 1203 4 o

(22189)={1+22%133% 1234 1, 223 4 o}
(s120={1+32%123% 1234 1, 223 4 o}
(121={1+122%v133% 234 1, 23 4 o}
(12={ + 12, o}

(1a={ +13:, o}
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(2)d={ + 23, o}
(12)={ + 123, o}
1.1 Idempotent elementsin ( , , )

In the tricomplex algebra

(1, 2, 3), there exist exactly 16 idempotent elements. These idempotents play a fundamental role in decomposing

tricomplex numbers and in the construction of Cartesian idempotent sets. The complete list of idempotent elements is given by:

T T T T T T
{0!11 1 10 20 20 3 3 4 4 5 5 61 6 Ty 7} .

t

All are listed below along with their values.

SN Notation of idempotent element Value of idempotent element
1 0 0
2 1 1
3 1 1+ 4,
2
T —
4 1 1 212
5 2 1+ 3
2
T —
6 2 1 213
7 3 1+ 53
2
T —
8 3 1 223
= 1
K tTore Z(1+12+13_23)
f_q_ 1
10 a=l=a 2(3_12_13"'23)
— T
H 5T 12 @+ 15— 13% 23)
T_—q1_ 1 1
12 s=17 12 2(3_12"'13_23)
—_ 1
13 67 12 2(1_12"'13"'23)
T_q1_ 1 1
14 e=1- 1> — @B+ 127137 23)
4
15 =11 1
7= 12 2(1—12—13_23)
T — T T
6 =171 ‘—];(3"'12"'13"'23)
1.2 Relation between idempotent elements:
(i) Product relations among idempotent elements
— I R A — —t —t - t_ — I
16~ 17~ 14~ 15~ 22~ 25~ 27~ 24~ 26~ 33~ 34~ 37~ 35~ 36
— — — -  t= — - t= — _t— =0
= 45= 46~ 47~ 55— 56— 57— 66— 67— 77— 123~
(ii) Addition relations among idempotent elements
I: o+ ;: 3+ ;: 4t 1: 5+ é: 6+ g: ;+ ;: s+ 5+ g+ ;=1

1+
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2. Cartesian Idempotent Set:
The concept of the Cartesian idempotent set is central in the study of tricomplex numbers. It provides a systematic way of expressing elements of the
algebra in terms of idempotent components, thereby simplifying algebraic manipulations such as inversion, factorization, and norm computations.

The set {0,1, L 1 2 ; 3 ; 4 L 5, ; 6 g, 7 ;} constitutes the collection of idempotent elements in the algebra (1, 5, 3). Any
tricomplex number (1, 2, 3) can be decomposed uniquely with respect to these idempotents, and the notion of Cartesian idempotent sets
formalizes such decompositions.

We now define the different forms of Cartesian idempotent sets:
(i) Binary Cartesian Idempotent Set with respect to f
Let ;and , be two sets. The Cartesian idempotent set determined by ;and ,  with respect to the idempotent pair ( 1, D is denoted as
= 11X 2
and is defined as
= X% 2={ = o+ (L) 1% 2}'
Here, , 1=0and , + I=l‘
(ii) Binary Cartesian Idempotent Set with respect to f
Similarly, the Cartesian idempotent set determined by ;and ,  with respect to the idempotent pair ( 5, ;) is given by
= X 2={ = o+ (L) 1% 2}'
Here, , £=0and o+ ;=l‘
(iii) Binary Cartesian Idempotent Set with respect to f
With respect to the idempotent pair ( T), we define
= X% 2={ = s+ (L) IRe 2}
Here, ; ;=0and 3+ ;=l‘

(iv) Quaternary Cartesian Idempotent Set

Finally, let ;, ,, sand 4 be four sets. The Cartesian idempotent set determined by 1, ,, zand , is with respect to the idempotents 4, 5, ¢ 7
isdenoted by = X X X 4

and is defined as
= X % gx 4={ D= o+ s+ g+ (L) 1% 2% 3% 4}

Here, 4 5= 46= 47= 56= 57= g7=0and 4+ 5+ g+ ;=1

3. Idempotent Representationof ( , ), ( , )and ( , ):

In what follows, we present the idempotent representations of the three bicomplex subalgebras of the tricomplex algebra (1, 5, 3), namely
(1, 2), (41,3) and (5 3). These representations provide a systematic decomposition of elements in each subalgebra with respect to their
corresponding idempotent bases, thereby facilitating further structural and analytical investigations.

3.1 Idempotent Representation of ( , ):
@ (2= (% (1)
= (Jq1+ (D I
={ (12 = 1+ L(,) ()% (1)}
The ( 1) idempotent representation of (1, 2) is given by
=1t 12%v 23 124
=1+ 12+ 203+ 14)

=1t 22
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=(1= 12 1+(1% 12 ]
=1+ D+ (2= 1+ {1 D+ a2+ )]
() (12= (2% ()

= (D1+ (D]

={ (v = 1+ L) (D% ()

The ( ,) idempotent representation of (1, 2) is given by

1t 12t 231t 124

(1*+ 23+ 102+ 24)

1+ 12
_ t
=(1=2 21+ 1+ 2 2

={Ca+ D 2(2= )1 +{C1— D+ 22+ 3)}'{

3.2 Idempotent Representation of ( , ):
@ (3= (% (1)
= () o+ (1);
={ (G = 2+ () (Dx (V)
The ( 1) idempotent representation of (1, 3)is given by
=1t 12v33% 134
=(1+ 12+ 303+ 1 4)
=1t3,
=(1= 12 2+(1+ 12 4

={C1+ D+ (2= 2+ {(1— D+ 1( 2+ 3)};

) (3= (3% (3)
= (3) 2+ (3)£
{ (war = 2+ L) (9% ()

The ( 3) idempotent representation of (1, 3) is given by

=1t 12%v33% 134
=(1+ 33+ (2% 34)

= 1t 2
=(17322v( 1+ 3 2)£

={C1+ D—3(2— B 2+{(1— D+ a( 2+ 3)};

3.3 Idempotent Representation of ( , ):
M (2= (2% ()
= (Da+ (D}
={ (2 = 3+ L(.) (2% ()}

The ( ,) idempotent representation of (2, 3)is given by



International Journal of Research Publication and Reviews, Vol 6, Issue 9, pp 1965-1990 September, 2025 1969

= it ot aatoasa
=(1*+ 22+ 3( 3+ 24
= L+,
=(1= 22 3+(1+22)}
=1+ D+ 22— s+ D+ 20 2+ 3)} ]
() (2= (D% ()
(2) 3+ (a1
{ (2= a+ 5(.) (9% (9}

The ( 3) — idempotent representation of (2, 3)is given by

=1+t 22%v33%F 2324
=(1+ 33+ 202+ 34)

= 1t2 2
=(17323+(1%3 2);

={C1+ D—3(2— ) s+{(1— D+ 3( 2+ 3)};

4. Idempotent Representation of ( , , )
We present the idempotent representation of the tricomplex algebra (1, 5, 3) in terms of its decompositions with respect to the subalgebras

(1, 2), (1, 3),and (5, 3),as well as the simpler forms involving (1), (), and (3).

4.1 Idempotent Representation of ( , , ) via Its Bicomplex Subalgebras

In this subsection, we present the idempotent representation of the tricomplex algebra (4, 5, 3) in terms of its decompositions with respect to the

bicomplex subalgebras (1, 2), (1, 3),and (5, 3).
4.1.1 Idempotent representationof ( , , )in ( , )
® (1n23= (12% (12
= (12 2+ (1,2 ;
={ (1208 = o+ ;,(,) (1 2% (1.2}
The (1, ») — idempotent representationof = + 3 ; , (1, 2) is given by

= +3 =(_1)2"'("'1)12r

() (1,230= (1 2% (12
(12 3+ (4 2);

={ (1v23 = 2+ 5. ) (u2x (12}

The (1, ») — idempotent representationof = + 3 ; , (1, 2) is given by
+3=(_2)3+(+2);
4.1.2 Idempotent representationof ( , , )in ( , )

B (1n23= (uadx (13
= (13 1+ (1v3)11r

={ (123 = 1+ L(,) (v )x (13}
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The (1, 3) — idempotent representationof = + , ; , (1, 3) is given by

+ 5 :(_1)1+(+1)'1r
() (123= (3% (13

= (13 s+ (41 3);

T(v) (1 3% (1,3)}

:{ (1203 = 3+ 3

The (1, 3) — idempotent representationof = + , ; , (1, 3) is given by

+ 2 =(_3)3+(+3);

Yin (. )

4.1.3 Idempotent representation of ( , ,

(223= (223 1+ (2 3)1

B (12 3= (2 3%
T(v) (2 3)% (213)}

={ (1203 = 1+

The (,, 3) — idempotent representation of = + ; ; (5, 3) isgiven as

=+ :(_2)1"’("’2)1

i (1 230= (2% (23)
= (23 2%+ (2 3);

={ (123 = o+ ;(,) (2% (2 3}

The (,, 3) — idempotent representation of = + ; ; (5 3) isgiven as

=+ :(_3)2"’("’3);

4.2 Idempotent Representation of ( , , )intheformof ( ); ( ); (), (), ()

() (s (2 (o)

(i-a) ( )-idempotent representation:

(129= (n2% (12
= (122+ (12}
={ a1+ WY+{ W1+ (D13
= (D12+ D12+ D13+ (D1}

(Da+ (De+ (Ds+ (17

(D> (Dx (D> (3

={ (23 4+ 5+ 6+ 72,0, ,.)

The (1) — idempotent representation of (1, 2 3) isgiven as

1T12%¥ 23t 34% 125 136F237F 12338

(1*+ 1223+ 128)+3(a+16+27+1208)

= + 3
=(—1)+(+1)}

={(1+ )+ (2= D+ 2(sz+ D+ 120s5— D}2
(1= )+ 1( 2+ D+ (35— g+ 1205+ 7)}£

=[HCi+ )+ (2= DI+ A(s+ )+ (55— D} 2
+H(1— )+ 12+ DI+ A(3— )+ 1(s+ 7)}]£

N1+ {(1— s+ 6+ )+ (23— 4+ §)} H 2

=[{(1+ s+ 6= )+ (2~ 37 24— 8
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+[{(1+ s— e+t Dt (2= 3+ 4+ 1 +{(1— 5= 6= DF 1(2F 3+ 24— )} H;

={(1+ s+ 6= D+ a(o— 3= 4= &1 2+{(1— s+ 6+ )+ 1( 2+ 53— 4+ 8)}12
+H{(1+ 5= 6+ DF (2= 3+ 4+ 8)}1£+{(1_ 5= 6= ¥ 1( 2+ 3+ 4— 8)}1£
={(1+ s+ 6= D+H (=3 4= e} a+t{(1— s+ 6+ )+ 1( 2+ 3— 4+ g}

+H{(1+ 5= 6+ DF (2= 3+ 4+ D}s+{(1— 5= 6= DFt 1(2+ 3+ 4— g}y

(i-b) ( )-idempotent representation:
(129= (12% (12
= (12 2+ (12}
={(D1+ DY+ { D1+ D1}
= D12+ (Di2+ D1+ (D1}
= (Da+ (De+ (Ds+ (Do
={ (v2d 4t s+ s+ 2. .. ) (D% (9% (x (N}
The (,) — idempotent representation of (1, 2 3)isgivenas
=t ot s st satasstisetasatisas
=(1+ 1+ ,3%+1o85)+3(at 16+ 27+ 123)
=+,
=(—1)2+(+1)}
={(1+ D+ 12— D+ 2( 3+ D+ 1205~ D}
(1= )+ (2% D+ 2( s &)+ 1205+ 7} )
=HC1+ o+ 2( s+ b+ (2= D+ (5= D>
+{C1= @+ 20 s I+ 1l( 2+ )+ 205+ D))
=[{C1+ s+ 6= D= 2lom 3= 4= &} 1+ {( 1= s+ 6+ ¥ (23— 4+ )} 1] 2
+[{Co+ 5= 6+ D=2 = a+ 4+ D} 1+ {(1— 5= 6= D+ (ot s+ 4= D} 1]
={(1+ s+ 6= D=2 om 3= 4= 1 2+{( 1= s+ 6+ DF (ot 3= 4+ &} 12
{1+ 5= 6+ D= 2(oms* 4+ )} 31— 5= 6= D+ (2t st 4= B} 1)
={(1+ s+ 6= D= 2lzm 3= a= ) at{(1— s+ 6+ D+ (2t 3= 4+ e

{1+ 5= 6+ Dm2(2= 3+ 4+ D} s+{(1— 5= 6= DFt 202+ 3+ 4= g}y

(i-c) Mixed ( ) (' )-idempotent representations:

(123= (12% (12
= (12 2+ (12}
={ W1+ WP2+{ D1+ (D1}
= (D12 (D12% (D12+ (D13
= (Da+ (De+ (Ds+ (D7
={ (v29 4+ s+t s+ 2(...) (Dx (Dx (Dx (D}
The (j)and (,)— idempotent representation of (1, 2, 3) is given as

=1t 12t23t 34t 125t 136t 237 1233

=(1+12%23+v 128+ 3(s*+ 16+ 27+ 123)



International Journal of Research Publication and Reviews, Vol 6, Issue 9, pp 1965-1990 September, 2025

1972

= +3

:(_1)2+(+1)'2r

={(1+ D+ (2= D+ 23+ g+ 1205 D}

+{(1= )+ 1( 2+ D+ (3= g+ 1205+ 7)}£

=01+ )+ (2= D} +2ACs+ o)+ (55— D} 2

=[Ca+ s+ 6
+[{Ca+ 5= 6+ D= 2023+ 4+ )} 1+{(1— s
={(1+ s+ 65—
+{(1+ 5= 6+ D= 20 2= a* 4+ )} 1 2+ {(1— 5—
={(1+ s+ 65—

+{(1+ 5= 6+ D= 2023+ 4+ D}s+{(1— 5

(i-d) Mixed ( )

(1 29)=

+{C1= @+ 20 s )+ 1l( 2+ )+ 205+ D))
D+ ala= 3= 4= 1+ {( 1= s+ 6+ D+ (2t 3= 4+ D} 1] 2
— 6= D+ 22t 3+ 4= 9} 1]}
D+ (o= 3= 4= D 12+{(1— s+ 6+ D+ (2t 35— 4+ )} ]2
6= D+ 202t 3+ 4= o)} 11
D+l 3= 4= )} a+{(1= s+ 6+ D+ (ot 3= 4+ )} s

=6~ Dt ot 3+ 4= g}y
(' )-idempotent representations:
(2% (1,2

(12 2+ (4 2)£

{ D1+ (D T2+ { D1+ (D]

= (2D12+ (2)12"‘ (1)1;"' (1)12

= (Da+ (De+ (Ds+ (17

={ (123 4+ 6+ 5+ 7(,,.,)

(2> (2> (Dx (D}

The (,)and ( ;) — idempotent representation of (1, 2, 3)isgiven as

=1t i12t23t 34t 125t 136t 237 1233

=(1+ 12+

:+3

23+t 128)+3(a+r 16t 27+ 129

=(_1)2+(+1)£

={(.+ &+

(2= D+ 203+ g+ 1205— D}

+{(1= )+ 1( 2+ D+ (3= g+ 1205+ 7)}£

=01+ )+ 203+ D} + 1{(2— D+ 25— D} 2

2[{( 1+ s+

+[{( 1+ 57

={(1+ s+ 6= D= 202 3—
+H{(1+ 5= 6+ DF (2= 3+ 4+ 8)}1£+{(1_ 5
={C1+ s+ 6= D= 202 3—

+H{(1+ 5= 6+ DF (2= 3+ 4+ D}s+{(1— 5

+HC1— D+ 12+ DI+ 2A(3— )+ 1(s+ D))
6= D= 202 3= 4= )} 1+ {( 1= s+ 6+ D+ 202t 3= 4+ D} 1] 2
6+ D+ 1(om 3+ 4+ D} i+ {(1— 5= 6= Dt alat st 4= Y1
a= 12+t {( 1= s+ 6+t DF (2t 3= 4+ @}
— o= D+t at 4= )]}
a= Y a+{(1— s+ 6+ D* (ot 5= 4+ e

— 6~ ¥t 12+ 3+ 4= g}y

(ii-a) ( )-idempotent representation:

(v23= (2% (12

= (12 3+ (1 2);

:{ ()q1+ (D 1} 3"’{ (D)1+ (0 I};
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= ()13t (1)13"‘ (1)15"‘ (1)15

= (Ds+ (De+ (Da+ (D7

={ (1203 a4+ s+ 6+ 2(,,.,) (D> (Dx (Dx (3

The () — idempotent representation of (1, 2 3)is given as
= ot st st st 1ot izt oot ioas
=(1+ 1o+ ,3+1o5)+3(at 16+ 27+ 123)
= 4,
=(—2)a+(+2)]
={(1+ D+ 102+ 2= D+ 1205— o)} 3
+{(1= D+ (2= D+ 203+ D+ 1205+ o)} ]
=[HCa+ D+ a(o+ 3+ 2(a— D+ 1(s— s
+HC1— D+ (2= b+ 2ACs+ D+ 1(s+ )L
=[Ca+ 5= 6+ D+ 12— 3+ 4+ )} 1+ {(1— s+ 6+ D+ 12+ 53— 4+ 9} 1|5
+[Ci+ s+ 6= D+ 1(2— 3= 4= )} 1+ {(1— 5= 6= D+ 1(2+ 3+ 4= Y 1]}
={( 1+ 5= g+ D+ (2= s+ 4+ D} 13 +{( 1= s+ o+ DFa(o+ 5= 4+ D} 1
{1+ s+ 6= D+t (o= 3= 4= b1 3+ {(1— 5= 6= D*+a(2+ 3+ 4= &} ]}
={(1+ 5= 6+ D+ 1(2= a+ 4+ Dl s+{(1— s+ ¢+ D+ 1(2+ 3= 4+ &6

+H{(1+ s+ 6= D+ (2= 3= 4= Da+t{(1— 5= 6= D+ 1(2+ 3+ 4— g} s

(ii-b) ( )-idempotent representation:
(v23= (1% (12
= (12 3+ (12}
={ (D 1+ D Ys+{ D1+ (D3

(2) 13+ (2)13"‘ (2)15"‘ (2)15

= (2ds+ (De+ (2a+ (27

={ (1203 a4+ s+ ¢+ 2(,,.,) (D> (Dx (Dx (2}

The ( ,) — idempotent representation of (1, 2 3)isgivenas
= 1*t12%v 2334t 125t 136+ 237F 12338
=(1+t12%v 23+t 125)+3(a+t 16+ 27+ 123)
= +3

=(_2)3+(+2)£

={(1+ D+ 1(2+ d*+als— D+ 1205— 6} 3

+{(1= D+ (2= D+ 203+ D+ 1205+ e)}g

=HCi+ D+ 20— D+ af( 2+ )+ 2(s5— o)l 3

+HC1— D+ 20+ DI+ (2= )+ 2(s+ )]}
=[Ca+ 5= 6+ D=2(2— s+ 4+ Y 1+ {(1— s+ 6+ D+a( 2+ 3= 4+ &} 1] s
+[{Ci+ s+ 6= D=202= 5= 4= )} 1+{(1— 5= 6= DH+2(2+ s+ 4= )} 1]}

={(1+ 5= 6% D2(2— 3+ 4+ g} 13+ {(1— 5+ ¢+ ¥ 2+ 53— 4+ 8)}13

+H{(1+ 5+ 6= D—2(2— 3= 4~ 8)}1;;"'{(1_ 5= 6~ DFta( 2+ 3+ 54— 8)}1;
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={(1+ 5= 6+ D—2(2— 3+ 4+ g}s+{(1— 5+ ¢+ D¥2( 2+ 53— 4+ gl

{1+ 5+ 6= D227 37 4= D} a+t{(1— 5= 6= DFal2+ 3+ 4— g}~

(ii-c) Mixed ( ) ( )-idempotent representations:
(129= (n2x (12
= (12 3+ (12}
={ (D 1+ WD Ys+{ D1+ (D3
(D1s+ (Dis+ (D1d+ (1]
= (Ds+ (Dot (Da+ (Do
={ (29 s+ 6+ o+ 2(...) (Dx (D% (x (D}

The (;)and (,)— idempotent representation of (1, 2, 3) is given as
= ot st st st 1ot iset oot ioas
=(1+ 1o+ ,3+1o5)+3(at 16+ 27+ 123)
= 4,
=(=2)3+(+2)}
={(1+ D+ 102+ 2= D+ 1205— o)} 3
+{(1= D+ (2= D+ 203+ D+ 1205+ o)} ]
=HCi+ D+ a(o+ g+ (3= D+ (s~ s
+HC1— D+ 20+ DI+ (2= )+ 2(s+ )]}
=[Ca+ 5= 6+ D+ 12— 3+ 4+ )} 1+ {(1— s+ 6+ D+ 12+ 53— 4+ 9} 1|5
+[{Ci+ s+ 6= D=202= 3= 4= )} 1+{(1— 5= 6= D+l 2+ s+ 4= )} 1]}
={(1+ 5= 6+ D+ (2= s+ 4+ 1o+ {( 1= s+ 6+ D+ (2% 3= 4+ 9} ] 3
{1+ s+ 6= D=2 2= 3= 4= D} 13 +{(1— 5= 6= Dt o+ s+ 4= )13
={(1+ 5= ¢+ D+ (2= s+ 4+ s+ {(1— 5+ 6+ D+ a(2+ 3= 4+ g

H{(1+ 5+ 6= D227 3= 4= D} a+t{(1— 5= 6= DFal2+ 3+ 4— g}~

(ii-d) Mixed ( ) (' )-idempotent representations:
(129= (n2x (12
= (12 3+ (12}
={ (D 1+ D Ys+{ D1+ (D3
= (D1s*+ (Dis+ (Da1s+ (D1}
(D s+ (De+ (Da+ (D7
={ (29 s+ 6+ o+ 2(...) (D% (Dx (Dx (D}

The (,)and ( ;) — idempotent representation of (1, 2, 3)is given as
= 1Ft12%v 2334t 125136+t 237F 12338
=(1+t12%v 23+t 128+ 3(a*t 16+ 27+ 123)
= + 4
=(_2)3+(+2);

={(1+ D+ (2+ d+a(3— D+ 1205— )} s
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+{(1= D+ (2= D+ 203+ D+ 1205+ o)} ]
=HCi+ D+ 20— D+ af( 2+ )+ 2(s5— o)l 3

+HC1— D+ (2= b+ 2AC s+ D+ 1(s+ )L
=[Ca+ 5= 6+ D=2(2— s+ 4+ Y 1+ {(1— s+ 6+ D+a( 2+ 3= 4+ &} 1] s
+[{Ci+ s+ 6= D+ a(2— 3= 4= 1+ {(1— 5= 6= D+ 1l 2+ 3+ 4= Y 1]}
=1+ 5= 6+ D=202= 3%+ 4+ )1 a+{(1— s+ 6+ Dol 2+ 3= 4+ &}
+{(1+ s+ 6= D+t a(e= 3= 4= 1 5+{(1— 5= 6= D+ (2t s+ 4= 1]
={(1+ 5= 6+ D202 s+ 4+ D s+{(1— s+ 6+ Dt 2+ 3= 4+ o)l

H{(1+ s+ 6= D+ (2= 3= 4= Da+t{(1— 5= 6= D+ 1(2+ 3+ 4— g} s

(iii-a) () -idempotent representation:
(123= (nax (13

(19 1+ (19}

={ 2+ WP 1+{ D2+ (D31

(Dq12+ (1)1;"' (1)12"’ (1)12

(Da+ (Ds+ (De+ (D7
={ (1203 4+ s+ 6+ 72(,,.,) (D> (Dx (Dx (3

The () — idempotent representation of (1, 2 3)isgivenas
= 4t st st st 1ot izt oot ioas
=(1+12+v34+13¢6)*t2(3+t15+37+ 133)
-+,
=( =)+ + 1)1
={(1+ 9+ 12— D*+ala+ )+ 130 6= D}

+{(1= )+ 12+ D+ (4= )+ 13( 6+ 2} ]
=[HC1+ )+ 1(2= )+ ol(a+ )+ 10— D2

+HC1— )+ 12+ D+ 5l 4= )+ 1(6+ D1
=[Ca+ s+ 6= D+ alam 3= 4= 2+ {( 1+ 5= 6+ D+ 1( 2= s+ 4+ &} 5]
+[{C1= s+ 6+ D+l o+ 3= 4+ )} 2+ {(1— 5= 6= D+ (o 3+ 4= )} 3] ]
={(1+ s+ g= D+ (o= s— 4= 1 2+{( 1+ 5= 6+ D+ (o a* 4+ &} 1)
(1= s+ o+ DF (ot 5= 4+ )} 12+ {(1— 5= 6= D+l at st 4= )1}
={(1+ s+ 6= D+ 1(oma= 24— ) a+{(1+ 5= 6+ D+ (2= 3+ 4+ o)} s

+{(1= s+ 6+ D+ 12+ 3= 4+ Dte+{(1— 5= 6= DFt 1(2+3+ 24— 9} s

(iii-b) ( )-idempotent representation:
(v29= (1a* (12

(19 1+ (19}
={(d2+ (D3} 1+{ (2% ()3}

(D12% ()1s+ () 12+ (D]}

() at+ (Ds+ (et (3)7
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={

s* s+ ¢+ (., ) (a)x (3)x (3)x (3)}

o2 3)

The ( 3) — idempotent representation of (1, 2 3)isgivenas

=1t i12t23t 34t 125t 136t 237 1233

=(1+12%34

:+2

+ 13+ (3t 1537+ 133)

=(_1)1+(+1)1

={(1+ )+ (>

— +3( a4+ g+ 13(6— D}

+{(1= D)+ 1l 2+ D+ 3(s4— g+ 13(6+ 7)}1

SO+ o)Fs(a+ D+ 2{(2— )+ 3(6— D1

=[(C1+ s+ 6—
+[((1— s+ o+
={(1+ 5+ 6~
F{( 41— s+ g+
={(1+ 5+ 6~
F{(1— s+ g+
(iii-c) Mixed ( )

(1 29=

+[{C1— )+ 306 —x}+ {0 +x)+ s( 6+ DY 1
D= 3= 3= 4= 2+ {( 1+ 5= 6+ D+ 3( 2= s+ 4+ &} )]
D= a(o+ 3= 4+ Y2+ {(1= 5= 6= D+ 3l 2+ s+ 24— )} 3] 1
D=s(m 3= 4= 1241+ 5= 6+ D¥ (2= 3+ 4+ )1}
D=2+ 3= 4+ )} L2+ (1= 5= 6= D+ (2t s+ 4= D} 1)
D= alma= 4= ) a+{(1+ 5= 6+ D+ sl 2= 3+ 4+ o)} s
D= ala+ 3= 4+ e+ {( 1= 5= 6= D+ sl 2t s+ 4= o)} 7

(' )-idempotent representations:

(1% (13

(13 1+ (g 3)1r

={ () 2+ (0 ;} 1"‘{ (3) 2+ (3) E}I

(D12+ (1)1;"' (3)12"‘ (3)12

(Da+ (Ds+ (De+ (3)7

={ (1203 4+ s+ 6+ 72(,,.,) (Dx (Dx (3)x (3)}

The (and ()
=1t 12% 23
=(1+12%3
= +,

=(—1)1+(

={( 1+ s)+ 1(

=[{C1+ )+ o

— idempotent representation of (1, 2, 3)is given as
t3a4t125F 136 23712338

s+t 136 Ft 203+ 15+ 37+ 133)

+1) ]
2= D*+a(a+ D+ 13(s— D1

+{(1= )+ 12+ D+ 3(a— )+ 13( s+ 2} ]
2= N+ sl(a+ 9+ (6= DN

+[{(1— )+ 3(a— o+ 2{( 2+ D+ 3(6+ 7)}]1

2[{(1"' st 6= Dt (=37 4= D} 2+{( 1+ 5= 6+ D+ (2= 3+ 4+ g} ;] 1

+[{(1_ s+ 6+ D a(2F 3= 4+ o+ {(1— 5= 6= D+ 3( 2+ 3+ 4— g} ;]I

={(1+ s+ 6—
+{(1— 5+ 6+
={(1+ s+ 6—

+{(1— 5+ 6+

DH (o= 3= 4= Y1 2+{( 1+ 5= 6+ D+ 1( 2= 3+ 4+ 8)}1£
D= 3( 2+ 3= 4+ 8)}12"'{(1_ 5= 6~ ¥ 3( 2+ 3+ 41— 8)}1£
DF¥ (o= 3= 4= Dt a+{( 1+ 5= 6+ D+ (2= 3+ 4+ g}s

D=a(2+ 3= a4+ Dte+{(1— 5= 6= DFt sl 23+ 24— 9}y

(iii-d) Mixed ( ) ( )-idempotent representations:
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(123= (nax (13
= (13 1+ (123}
={ @2+ (DY 1+{ D2+ (D31
= (Di12+ (D1z+ (Di2% (D13
= () a+ (Ds+ (Dot (D7
={ (v29 2+ s+ s+ 20, ..) (% (9x (Ix ()}

The (3)and () — idempotent representation of (g, 2, 3) is given as
= i+ 1o%* o3t satiostisetosrtaizsa
=(1+12F34%136)+t2(3+15F37+ 1358
=+,
=( =)+ +1)]
={(1+ 9+ 102~ D+ala* D+ 13(e— s

(1= D+ a(a* D+ s(a= D* 136+ D)1
=HCa+ D+ o+ o+ (2= B+ a6 2

+HCi= 9+ a2+ D+ o(a D+ 2(e+ D ]
=[(Ca+ s+ 6= D= alom = 4= D2+ {1+ 5= 6%+ D+ a(2m 3% 4+ O} 3]s
HHCai= s+ 6+ D+ aCe* 3= o+ o+ {(1= 5= 6= D+ (ot ot 4= D} 3] ]
={Ca* s+ 6= D= sl am a2t {(a* s 6+ DHa(am st 4t @i
(1= s+ ot DFalet s e b1+ {(1m 5= 6= D alat st 4= )13
={(1+ s+ 6= D= alzm = 4= et {(1¥ 5= 6% D sl 3+ 4+ )} s

+H{(1= s+ 6+ D+ 12+ 3= 4+ Dte+{(1— 5= 6= DF+ 1(2+3+ 24— 9} s

(iv-a) ( )-idempotent representation:
(129= (nax (13
= (13 s+ (13}
={ 2+ W Ys+{ D2+ (D3}

(D23+ (1)%3"’ (1)2;"’ (1)%2

= (De+ (Ds+ (Da+ (D7
={  (v29 4+ st s+ 2(.,..) (Dx (Dx (Dx (D}
The () — idempotent representation of (1, 2 3)isgivenas
= ot st st st 1ot izt oot ioas
=(1+12+v34+13¢6)*+2(3+t15+37+ 133)
- 4+,
=(=3)3+(+3)}
={(1+ D+ 102+ =3(s— D= 13(s— &)} 3
+{(1= D+ (2= D+ 3( s+ D+ 13(s+ o)} ]
=[{C1+ D+ a(o+ I+ o= (2= D= 1(s— o) 3
+HC1— D+ (2= I+ sl( s+ D+ 1(s+ )

2[{(1_ st g+ D+ (ot 3= 4+ D} o+{( 1+ 5— 6+ D+ (2= 3+ 4+ g} ;] 3
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+[{Co+ s+ 6= D+ (2= s= 4= )} 2+ {(1— 5= 6= D+ (ot 3+ 4= )} 3]}
={(1= s+ g+ D+ (ot a— 4+ Y23+ {( 1+ 5= 6+ D+ (2= 3+ 4+ &)} b3
{1+ s+ 6= Dt (o= 5= 4= )} 2 3+ {(1— 5= 6= D+l at s+ 4= )} 3}
={(1= s+ 6+ D+ 1(ota— 4+ e+ {(1+ 5= 6+ D+ (2= 3+ 4+ o)} s

+H{(1+ s+ 6= D+ (2= 37 4= Da+t{(1— 5= 6= DF+ (2 3+ 4= 9} s

(iv-b) ( )-idempotent representation:
(129= (nax (13
= (13 s+ (123}
={ D2+ (D PYs+{ (D2+ (3}
= (Da2s+ (Dis+ (D23+ ()33

= (et (Ds+ (3)at (37
={ (1203 4+ s+ 6+ 2(,,.,) ()% (3)x (3)x (3)}

The ( 3) — idempotent representation of (1, 2 3)is given as
= 4t st st st 1ot izt oot ioas
=(1+12+v34+13¢6)*t2(3+t15+37+ 133)
-+,
=(—3)a+(+3)]
={(1+ D+ 102+ =3(s— D= 13(s— &)} 3

+{(1= D+ 12— D+ 3( s+ D+ 13(s+ o)} ]
=[{C1+ D=a(a= D+ 2+ )= a(s— 3

+HC1— D+ s(s+ DI+ (2= )+ 3(s+ o))}
=[C1i= s+ 6+ D=3t 3= 4+ Y2+ {( 1+ 5= 6+ D+ 3( 2= 3+ 4+ &} ] s
+[{Co+ s+ 6= D= a(2= 3= 4= )} 2+ {1~ 5= 6= D+ (ot a3+ 4= )} 3]}
={(1= s+ g+ D= al ot s 4+ Y23+ {( 1+ 5= 6+ D+ a( =3+ 4+ &)} b3
{1+ s+ 6= D= a(2= 5= 4= )} 2 3+ {(1— 5= 6= DFa(at st 4= )} )}
={(1= s+ 6+ D= alota— 4+ e+ {(1+ 5= s+ D+ al 2= 3+ 4+ o)} s

+H{(1+ 5+ 6= D—3(2= 37 4= D a+t{(1— 5= 6= DFts(2+3+ 24— 9}y

(iv-¢) Mixed ( ) (' )-idempotent representations:
(123= (nax (13
= (13 s+ (13}
={ W2+ W Ys+{(D2+ (93}

= (1) 23+ (1)%3"’ (3)2;"’ (3)%2

(De+ (Ds+ ()a+ (37

={ (123 6+ s+ 4+ 2(,,.,) (Dx (Dx (3)x (3)}
The (1)and ( 3)— idempotent representation of (1, 2, 3)isgiven as
=1t 12t23t 34t 125t 136t 237 1233

=(1+12%v34+136)F2(3*+15+37+ 133)
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= 4,
=(—3)3+(+3)}
={(1+ D+ 102+ =3(s— D= 13(s5— &)} 3

+{(1= D+ (2= D+ 3( s+ D+ 13(s+ o)} ]
=[{C1+ D+ a(o+ D+ o= (2= = 1(s— o) 3

+HC1— D+ s(a+ DI+ (2= )+ 3s(s+ )]}
=[Ci= s+ 6+ D+ 1l ot 3= 4+ Y2+ {( 1+ 5= 6+ D+ 1( 2= 3+ 4+ &} ] 5
+[{Co+ s+ 6= D= 32— 3= 4= )} 2+ {(1— 5= 6= D+ (ot a3+ 4= )} 3]}
={(1= s+ g+ D+ (ot s 4+ 2o+ {( 1+ 5= 6+ D+ (2= a3+ 4+ &)} b3
{1+ s+ 6= D= a(2a= 5= 4= )} 2 3+ {(1— 5= 6= D+ a(at st 4= )} 3}
={(1= s+ 6+ D+ 1(ota— 4+ e+ {(1+ 5= 6+ D+ (2= 3+ 4+ o)} s

+H{(1+ 5+ 6= D—3(2= 3= 4= D a+{(1— 5= 6= DFts(2+3+ 4= 9}y

(iv-d) Mixed ( ) ( )-idempotent representations:
(123= (nax (13
(19 a+ (19}
{ D2+ DY a+{ (D% (DI}
(D23+ (Dia+ (D2i+ (D33
() 6+ (Ds+ (Da+ (D
={  (v29 s+ st 2+ 20, ..) (% (9x (Ix (D}

The (3)and () — idempotent representation of (1, 2, 3) is given as
= 4t st st st 1ot izt oot ioas
=(1+12+v34+13¢6)*t2(3+t15+37+ 133)
-+,
=(=3)3+(+3)}
={(1+ D+ 102+ =3(s— D= 13(s— &)} 3

+{(1= D+ 12— D+ 3( s+ D+ 13(s+ o)} ]
=[{C1+ D=a(a= D+ 2+ )= 3(s— s

+HC1— D+ (2= I+ sl( s+ D+ 1(s+ )L
=[Ci= s+ 6+ D=3t 3= 4+ Y2+ {( 1+ 5= 6+ D+ 3( 2= 3+ 4+ &} ] s
+[{Co+ s+ 6= D+ (2= s= 4= )} 2+ {1 5= 6= D+ (ot 3+ 4= )} 3]}
={(1= s+ g+ D= al ot s 4+ Y23+ {( 1+ 5= 6+ D+ a( =3+ 4+ &)} b3
{1+ s+ 6= DF (o= 5= 4= )} 2 3+ {(1— 5= 6= D+l at s+ 4= )} 3]
={(1= s+ 6+ D= alota— 4+ e+ {(1+ 5= s+ D+ al 2= 3+ 4+ o)} s

+H{(1+ 5+ 6= D+ (2= 37 4= Da+t{(1— 5= 6= DFt 1(2+3+ 24— 9} s

(v-a) ( )-idempotent representation:
(1223= (2% (23

= (23 1+ (2 3)'{
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:{ (2 s+ (D ;}1"’{ (2 s+ (2 ;}I
= (2D13+ (2)1;"' (2)13"‘ (2)1%

= (2Ds+ (2Da+ (De+ (27

={ (1203 a4+ s+ ¢+ 20, .,

The ( ,) — idempotent representation of (1, 2 3)isgivenas

= 1%t 12%v 2334t 125136+ 237 12338
=(1+t23+t3at 237+ 1(2+ 2536+ 233)
:+1

:(_2)1+(+2)'1r

={(1+ )= 20 2= )+3( s+ )= 23(6— D}

) (D> (Dx (Dx (2}

=[{C1+ -

=[{(1+ s—
+[{( 1~ s+
={(1+ 5~
+{(1— 5+
={(1+ 5—

+{(1— s+

+{(1= D) *+ 202+ D+ 3(s4— g+ 23(6+ 7)}1

20— I+ 3{(a+ )= 2(6— DI

+[{(1— )+ 202+ D+ 3{(4— )+ 2(6+ 7)}]1

6+ D= 20— 3+ 4+ g} s +{( 1+ 5+

6+ D¥ (2t 3= 4+ s +{(1— 5—

6+ D= 2023+ 4+ 13+ {( 1+ 5+ 66— 7)

6+ DF 22+ 3= 4+ 8)}13"'{(1_ 5~

6+ D= 2023+ 4+ s +{( 1+ 5+

6+ DF 202+ 3— 4+ e+ {(1— 55—

(v-b) ( )-idempotent representation:

6= D= 202 3= 4= &} 3] 1
6= D+ 202+ 3+ 4= o)} 3] 1
— (= 3= 4= 13
6= D+ 202t 3t 4= 9} 1]
6= D= 20— 3= 4= &)}

6= ¥ 202+ 3+ 4= 8}y

(12.9)=

(2 3)%

(29

The ( 3) — idempotent representation of

= (23 1+ (2 3)'{
:{ (3) 3+ (3) ;}1"’{ (3) 3+ (3 ;}I

(D13+ ()13+ (D1a+ (D]

= (3)s+ (3)at+ (De+ (3)7

(> ()x (3x (3)}

={ (1203 a4+ s+ ¢+ 2(,,.,)

(1, 2, 3)is given as

=1t i12t23t 34t 125t 136t 237 1233

=(1+23%t34+ 23D+ 1(2+25+36% 233)

:+1

=(_2)1+(+2)1

={(1+ 5)—

202= DF3(a+ gd—23(6— D}

+{(1= D) *+ 202+ D+ 3(s4— g+ 23(6+ 7)}1

=HC1+ o)*Fs(a+ D+ 2=(2— 3)—3(6— D1

2[{(1"' 5= 6+ Dt 3(o— 3+ 4+ D} s+{( 1+ 5+ 66— 7)
+[{(1_ s+ 6+ D= 3( 23— 4+ Pls+{(1— 5

={(1+ 5= 6+ D+ (2= 3+ 4+ g} 1s+{(1+ s+ 66— 7)—3(2

+[{(1— )+ 3(4— e+ 22+ D+ 3(6+ 7)}]1
—3( 2= 3= 4— 8)];]1
— 6= DF 3l 2+ 3+ 4— g} ;]I

+
37 4~ 8)}13
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(1= s+ 6+ D= alats— 4+ )} 1ot {(1— 5= 6= D+ a(at s+ 4= o)} 1}
={(1+ 5= 6+ D+ alom o+ 4+ ) s+{(1+ s+ 6= D= s(2ma— 4= o)}
+{(1= s+ 6+ D=3l 3= 4+ N e+{(1— 5= 6= D+ sl 2t s+ 4= )} 7
(v-¢) Mixed ( ) (' )-idempotent representations:
(123= (2% (229
= (23)1+ (29 ]
={(Ds+ DY 1+{ D3+ (D]
= (D1s*+ D1+ (Dls+ (D11
= (Ds+ (Dat+ (De+ (7
={ (va2d s+ 4+ s+ 2. . .) (D% (9% (9% ()}
The (,)and (3)— idempotent representation of (1, 2, 3) is given as
= ot st st st 1ot iset oot ioas
=(1+ 53+t 34+237)+ 1(2F+25+ 36+ 233)
= 4,
=(—2)1+(+2) 1
={(1+ )= 202— D+a(a+ = 23(s— D}
+{(1= )+ 20 2% D+ 30— &) * 23( 6+ 2} 1
=[{C1+ )= 202= D+ al(a+ &)= 206— D1
+HC1— )+ s(a— b+ 2AC 2+ D+ 36+ D)1
=[Ca+ 5= 6+ D= 202= a3+ 4+ Y s+ {( 1+ s+ 6= D= 202= 3= 4= &} 5] 1
+[{C1= s+ 6+ D= al ot s= 4+ D} s+{( 1= 5= 6= D+ (ot s+ 4= )} i 1
=1+ 5= 6+ D= 203+ 4+ s+ {(1+ s+ 6= D= 2(2= 3~ 4= &} 14
+{(1= s+ 6+ D=t s— 4+ )} 1ot {(1— 5= 6= D+ a2t s+ 4= )} 1]
={(1+ 5= 6+ D= 2(oma+ 4+ ) s+{(1+ s+ 6= D= 2( 2= 3= 4= )}

+{(1= s+ 6+ D—3(2r 3= a4+ e+ {(1— 5= 6= DFts(2+3+ 4= g}y

(v-d) Mixed ( ) ( )-idempotent representations:
(1223)= (2% (23
= (29 1+ (291
={ @D+ D1+ { D+ (D]
= (D1a*+ (D15+ (Dia+ (D]}
= (Ds+ (st (Dt (27
={ (u2d s+ 4+ 6+ 2(, . ) (I (x (D>x (D}
The (3)and ( ;) — idempotent representation of (1, 2, 3)is given as
= 4+ 1+ 3+ 34+ 125+ 136F237F 12338
=(1+ 53+t 34+237)+ 1(2F+25+ 36+ 233)
= +,
=(=2)1+(+2)]

={(1+ )= 22— 3)+3(a+ g —23(6— D}
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+{(1= D) *+ 202+ D+ 3(s4— g+ 23(6+ 7)}1

=HC+ )3 a+ D} + 2=(C2— 3)—3(6— D1

+[{(1— )+ 202+ D+ 3{(4— D+ 2(6+ 7)}]1

2[{(1"' 5= 6+t Dt a( 2= 3+ 4+ D} s+{( 1+ s+ &
+[{(1_ s+ 6+t DF (ot 3= 4+ s+ {(1— 5— 6
={(1+ 5= 6+ D+ (2= 3+ 4+ g} 1s+{(1+ 5+

+H{(1— 5+ 6+ D)F (23— 4+ 8)}13"'{(1_ 5

— D= 3( 23— 4= o} ;] 1
— DF 22+ 3+ 4~ B} ;]I

6= D= 32— 3= 4= 2} 14

— 6= DF 223+ 4 8)}1;,

={(1+ 5= 6+ D+ (2= 3+ 4+ g)}s+{(1+ 5+ 6= )= 3(2=3— 4= 8} 4

(1= s+ 6+ DF (2t 3— a4+ e+ {(1— 5— 6~

(vi-a) ( )-idempotent representation:
(1239= (2% (23
= (23 2+ (23}
={ s+ DY2+{ (Ds+ (D3}
= (D23+ (D23+ (Dis+ (D33

= (et (Da+ (Ds+ (27

={ (1203 4+ s+ 6+ 2(,,,

The ( ,) — idempotent representation of (1, 2 3)isgivenas
= 1Ft12%v 2334t 125t 136+ 237F 12338
=(1+23t3at 23+ 1(2F 2536+ 233)
= +,

=(—3)2+( +3)'2r

={(1+ )+ 203+ g)=3( 2= )= 23(s— D} 2

D¥ 22+ 3+ 4= g}y

) (Dx (Dx (2Dx (2}

+{(1= D) *t 23— g+ 3( 2+ D+ 23( s+ 7)}£

=01+ DF 203+ D+ 3{—(2— D—20s5— D} 2

+[{(1— 6)+ 2(3— )+ 3{( 2+ D+ 2(s+ 7)}]£

_[{(1_ s+ g+ D+ (ot 3= 4+ D s+{( 1+ 5+

+[{(1+ s— 6+t D= 2( =3+ 4+ Prs+{(1— 5

37T 47 8)];]2

6 7)_ 2( 2

— 6= DF 202+ 3+ 4= )} ;];

={(1— s+ 6+ D+ o(or3— 4+ g} oa+{(1+ s+ 66— )= 2(2—3— 4— 8)}2;,

+H{(1+ 5= 6+ D= 2( 2= 3+ 4+ 8)};3"'{(1_ 5
={(1— s+ 6+ D+ 2(o+3— 4+ g)}e+t{(1+ 5+

+H{(1+ 5= 6+ D= 2023+ 4+ D}s+{(1— 5

(vi-b) ( )-idempotent representation:
(v23= (2% (23)
= (23 2+ (2;3);

={ (3) 3+ (3 ;} 2"‘{ (3) 3+ (3) ;}

— 6= ¥ 223+ 4— 8)}£;,

6 7)_ 2( 27 37 47 8)}4

— 6~ ¥t 223+ 4= D}y

+
2

= ()23+ ()23+ (D Ja+ ()11

= (et (Da+ (Ds+ (3)7

={ (1203 4+ s+ 6+ (., .,

) (a)x (3)x (3)x (3)}
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The ( 3) — idempotent representation of (1, 2 3)isgivenas

= 1Ft12%v 2334t 125t 136+t 237F 12338
=(1+23%t34+ 23D+ 1(2+25+36+ 2338)
:+l

:(_3)2+(+3)'2r

_23(5_ 7)}2

={(1+ &)+ 203+ g)—3(2— 4)

=01+ )=3( 2= DY+ 2ACs+ 9)—3(s5— D} 2

+{(1= D) *t 03— g+ 3( 2+ D+ 23(s5+ 7)}£

+[{(1— )+ 3( 2+ DI+ 23— D+ 3(s+ 7)}]£

2[{(1_ s+ g+ 7)— 3( 2+ 53—
+[{(1+ s— 6+t Dt 3( =3+ 4+ Pls+{(1— 5
={(1— 5+ 6+ )= 3( 2+ 53—
+{(1+ 5= 6+ D+ (2= 3+
={(1= 5+ 6+ )= 3( 2+ 53—
+{(1+ 5= 6+ D+ (2= 3+
(vi-¢) Mixed ( ) ( )-idempotent representations:
(2= (23% (223
= (23 2%+ (2’3);
={ (2 s+ (2 ;}2"'{ (3) 3+ (3) ;}E
= (Da2s+ (D2i+ (Dha+ ()]
= (De+ (Da+ (Ds+ (37
The (,)and ( 3)— idempotent representation of
=1t 12t 23t 3at 1205t 136t 2zrt 23
=(1+t23+t3a+ 2370+ 1(2+25+36+ 233)
= +,
:(_3)2+(+3)'2r

={(1+ )+ 203+ g)=3( 2= D= 23(s— D} 2

+{(1— )+ 203~

—20s— D>

=[HCi+ )+ 203+ )3+ 3{—=(2— )

+[{(1— &)+ 3( 2+

2[{(1_ s+ g+ DF (ot 3= 4+ DY+ {( 1+ 5+ 65— 7)
— 6= DF 3( 2+ 3+ 4— g} ;];

+[{(1+ s— e+t Dt 3( =3+ 4+ Prs+{(1— 5

={(1= s+ 6+ D+ 2(or3— 4+ g)}os+{(1+ 5+ 6— 7)
— 6~ DFt 3l 23+ 4— 8)}£;,

+H{(1+ 5= 6+ DF 3( 2= 3+ 4+ 8)};3"'{(1_ 5

={(1= s+ 6+ DF o+ 3= 4+ e+ {(1+ 5+ 66— 7)

— 6~ DFt 3l 2+t 4= 9}y

+H{(1+ 5= 6+ DF (2= 3+ 4+ s +{(1— 5

(vi-d) Mixed ( ) ( )-idempotent representations:

) R (G

— -
st 2 at (ot s+ 6= D=3l 5
PR BT (P
st e+ {1+ s+ -

s+ )} s+{(1— 5= 6~

={ (123 6+ 4+ s+ 2(,,,

D=3l 3= 4= &} 3] 2
D+ a2+ 3+ 4= 9} 1]}
— 4= a2}
N+ a(am3— 4= )} )1
D=3 2= 3= 4= )} a

D¥ 3l 2+ 3+ 24— g} 7

) (2Dx (2Dx (3)x (3)}

(1, 2, 3)is given as

)+ 3( 2+ DF 23( s+ 7)}£

D+ 2ACs— )+ 3(s+ 7)}]£

—2( 2= 3= 4— 8)];]2
—2( 23— 4~ 8)}2;,

_2(2_3_ 4 8)}4
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(v29= (2% (22

= (23 2+ (23}

={ @3+ (D Y2+{ (Ds+ (D3}

= (Da2s* (D23+ (Ds+ (D}

= (Dos+ (ot (Ds+ (D7

={  (v29 s+ 4t s+ 20, ..) (% (9% (Dx (D}
The (3)and () — idempotent representation of (1, 2, 3) is given as
= ot st st st 1ot iset oot ioas
=(1+ 5,3+ 34F237)+ (2+25+ 36+ 233)
= 4,
=(—3)2+(+3)}
={(1+ &+ 203+ =3( 2= D= 23(s5— D} 2

+{(1= D+ 23— D+ 3( 2+ D+ 23(s+ )} )
=[HC1+ =a( 2= D+ 22+ )= 3a(s— N>
+HC1— D+ 20— I+ sl( 2+ D+ 2(s+ D))
=[C1i= s+ 6+ D=3t 3= 4+ s+ {( 1+ s+ 6= D= 3(2= 3= 4= &} 3] 2
+[{Co+ 5= 6+ D= 2= s+ 4+ D s+{(1— 5= 6= D+ o+ s+ 4= D} ]}
={(1= s+ g+ D= alot s 4+ 2o+ {( 1+ s+ 6= D= a(o=3— 4= &)} 2}
{1+ 5= 6+ D= 2(ams* 4+ )} S et {(1— 5= o= D+ 22t st 4= )} )]

={(1= s+ 6+ D= alota— 4+ e+ {(1+ s+ 6= D= sl 2= a— 4= o)}

{1+ 5= 6+ D— 2023+ 4+ D}s+{(1— 5= 6= DFt 202+ 3+ 4= g}y

Note 4.1: We observe that (1, 2, 3) has 6 idempotent representations of types (1, 2), (1, )and ( , ), consisting of two of type (1, 2),
two of type (1, ), andtwooftype ( , ).

They are given as follows:

Form of C, ) Idempotent Representation-1 Idempotent Representation-2
=+ 5, () =(- ) +(+ ) =(- ) +~(+ )7
=+ 5. () =(- ) +(+ ) =(- ) +~(+ )7
=+ 5, () =(- ) +(+ ) =(- ) +~(+ )7
Note 4.2: We observe that = ;+ 1 o+ 5 3+ 34+ 1,5+ 136+ 237+ 1238 (1,2 3) has 24 idempotent representations in

(), (Pand (3).
®  The four ( 1)-idempotent representations,
L] the four ( ,)-idempotent representations, and
®  the four ( 3)-idempotent representations
are the same.
The remaining 12 idempotent representations are different.
Further Remark on Structure: After splitting

=1+ 12+t 23% 34 125136+t 237+F1238 (12 3)
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into idempotent parts, each idempotent component is a complex-like number with a real part and an imaginary part. We set the real parts  and the

imaginary parts  as follows:

1= 1+t s+ 67 7,

4= 2t 3+ 47 3

The simplest forms of the idempotent representations are listed below:

(I ( )-idempotent representation:

=(1+ 104+ (2+12)s5+(s+13) 6+ (st 14)7

(1) ( )-idempotent representation:

S(1=20a%(2722s5+(3+23) 6+ (s+ 247

1) ( )-idempotent representation:

=(1=3Da+(2%32)s5+(3—33) 6+ (s+34)7

(IV) Mixed ( ) ( )-idempotent representations:
@) S(1+10a+(2722s5+(3+13) 6+ (s+24)7
(i) S(1= 20 a2+ 12 s5+(3+ 1) 6+ (a+ 247
(i) S(1= 20 a+(2+12)s5+(3+ 23 6+ (a+ 147
(iv) S(1*+10a+v(2= 22 s5+(3+23) 6+ (a+ 147
(V) Mixed ( ) ( )-idempotent representations:
@) S(1*+10a+v(2+12)s5+(3—33) 6+ (s+34)7
(i) S(1= 30 a+v(2+12)s5+(3+ 136+ (s+34)7
(i) S(1= 30 a+(2+32)s5+(3+ 136+ (s+ 147
(iv) S(1*+ 10 a+v(2+32)s5+(3—33) 6+ (a+ 147
(VD) Mixed ( ) ( )-idempotent representations:
@) =S(1=20a+v(2=225+(3733) 6+ (s+ 347
(i) S(1= 20 a+(2+32)s5+(3+23) 6+ (4+34)7
(i) S(1= 30 a+v(2+32)s5+(3+ 236+ (a+ 247
(iv) S(1= 3042722 5+(3=33) 6+ (s+ 247
5. Singular Elementsin ( , ):
Let , (1, 2) suchthat = =1, then n is said to be a multiplicative inverse of

elements.The set of all singular elements in (4, ,) is denoted as

. The invertible elements are also called non-singular

(1, 22and (41, 2)\ (4, 2) is the set of all non-singular elements in (1, ).



International Journal of Research Publication and Reviews, Vol 6, Issue 9, pp 1965-1990 September, 2025

1986

Similarly, the set of all singular elements in (1, 3) is denoted by (1, 3), while (1, 3) \ (1, 3) denotes the set of all non-singular elements in

(1, 3). Likewise, the set of all singular elements in (5, 3) is denoted by (2, 3), and (5, 3)\ (5, 3) denotes the set of all non-singular

elementsin (5, 3).

5.1 Singular and Non-singular Elementsin ( , , )

The set of all singular elements in (1, 5, 3) is denoted by (4, 5, 3), while (41, 2, 3)\ (1, 2 3) denotes the set of all non-singular elements in

(1! 21 3)'

5.2 Set of Non-singular elementsin  ( , ), ( , ) C.)
@) For (4, 2):
(12N (2= (DNO} 1+ (N0} = (N0} 1+ (D\{0}]
(i) For (4, 3):
(0N (1= (DM} 2+ (DN} J= (D0} 2+ (D\{O}}
(iii) For (5, 3):
(2N (2= (N0} 5+ (N0} §= (D\{0} 5+ (D\{O} ]
5.3. Set of Non-singular elementsin ( , , )
(i) In terms of (1, 2):
(123N (b23)= (12N (122+ (1 2D\ (123
= (1 2\ (v 2 s+ (u2D\ (123
@ii) In terms of (1, 3):
(123N (L23= (DN (1) 1+ (LN (1]
= (1 a)\ (13 s+ (1a)\ (1)}
(iii) In terms of  ( 5, 3):
(123N (L23= (2N (29 1+ (2 D\ (29 ]
= (29\ (23 2+ (29\ (23}

(iv)
e Using (1): (123N (1,223= (D0} 4+ (DO} s+ (D0} g+ ()\{O},
e Using (2): (123N (1 23)= (DN0} 4+ (DN{0} 5+ (D\{0} g+ (2\{O},

e Using (3): (123N (1,23= (N0} 4+ (D0} s+ ()\{0} g+ (3)\{O}

Theorem (Division in Idempotent Basis) 1:

Let 1= 14+ 25+ 36+ 47and ;= 14+ 5+ 36+ 4 7beelementsof (3, 5 3), where () for

1,2,3.1f ,is invertible, then the quotient - is given by :
2

1_ 1 2 3 4
—=— =+ g+
2 1 2 3 4
Proof:
Giventhat , = 4+ , 5+ 3+ 4 ;isinvertible,thereexist = 42+ 5+ g+ - (1, 2, 3) such that
1 —
= 1= 2
2

Now, compute the product
1=( 4+ s+ 6+ D14+ 25F 36F 47)

Using the idempotent properties:

=1,2,34and
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=0for # and ?= foreach =456,7

We get:

1=( 4+ s+ 6+ D14+ 25F 36F 47)

14a%¥ 25F 36+ 475 14F 25F% 36t 47
Comparing both sides:
1= 12T 23T 3 4= 4
Solving for , , , , we find
=1 =_2 =3 = 4
1 2 3 4
Thus,
1 1 2 3 4
—=— = g+ +— 5
2 1 2 3 4
o
6. Algebraic operations in idempotent form
Let 1= 1 4% 25+ 36+ s47and = ;1 4+ 5,5+ 3+ 4, ybeelementsof (1, 5, 3). Then the basic operations are given by
(i) Addition: 1t 2=+ Da+(2+ 2)s+(s+ )e+(at+ 4o
(ii) Subtraction: 1= 2=(1—= Da+(2= 2Ds+(s— De+(a— )7
(iif) Multiplication: 12701 1) a*+(2 2)s5+(s33) 6+ (4 4)7

(iv) Division (when is invertiblei.e.each # ):

B L. 1
2 1 2 3 4
(v) Powers (Integer Exponentiation)
For any positive integer
1= 14% 25%F 36F 47
Theorem2: = + 5 ; , (1, 2) is non-singular (invertible) if one of the following hold
@ (12 3)
() *+ 2 (12
(i) — (1, 2)and + 4 (1 2)
iv) — (1 2)and + , (1 2)
Proof: Let = + - ( , ) isnon-singular (invertible)
Then the inverse of is given by :
L1 -
+ 24 2
Since (1, 2), itfollows that 2+ 2 (1 2).
To ensure ~lexist (i.e. is invertible), the denominator must be non-singular:
2+ 2 (1 2)
Observe that:
2+ 2= = )+ )=(—2 ) +2)
Therefore, if 2+ 2 (1, 2), then the following two conditions must each hold separately:
Condition-1 — 4 (1, p)and + 4 (1 2)
Condition-2 — , (1, p)and + , (1 2)

Hence, any of the conditions (ii), (iii), or (iv) implies the invertibility of . Also, condition (i) is a general condition asserting that does not lie in the
set (1, 2, 3), which directly implies invertibility. o



International Journal of Research Publication and Reviews, Vol 6, Issue 9, pp 1965-1990 September, 2025

1988

Theorem3: = + , ; ( 1, 3) is non-singular (invertible) if one of the following hold
@ (1209

() >+ ? (1 3)

(i) — 4 (1 3)and + 4 (1 3)

iv) — (1. 3)and + (1 3)

Proof: Same as Theorem 2, using ( , ) subalgebra.

Theorem4: = + 5 ; ( 2, 3) is non-singular (invertible) if one of the following hold
@ (1209

() >+ ? (2 3)

(i) — (2 3)and + (2 3)

iv) — 3 (2. 3)and + 3 (2 3)

Proof: Follows the same structure and logic as Theorem 2

Theorem5:Let = ;+ 3 ,+ 23+ 34+ 125+ 136+ 2371238 (12 3):
Then is non-singular (invertible) if any one of the following conditions holds:

@ 1+ s5#|6— 7sand ;= 5#| g+ 4|

() 1+ s#le— 7, 1= 5+ ¢+ 7Z0, 2+ 3+ 54— g#0.

(i) 1+ s#| 6= 7, 2+ 53— 4+ §#0, 1= 5— g— ;%0

iv) 1+ 5#| e~ 7land ,+ 3#| 4— sl

W 1+ 5+ 6= 770, ;= 3+ 4+ gZ0 1— s#| s+ 4.

i) 1+ ¢#|s5— 7land ,+ 4#| 53— gl

i) 1 — 77| 5+ gland ;+ g#F| 3— 4l

(vil) 1+ 5+ 6= 7#%0, ;= 3+ 4+ gF0, 2+ 3F| 4— sl

) = 3= 4= %0 1+ 5= g+ 7%0, 1= sZ| s+ 4l

X) 2= gZ| 3+ 4land 1+ 77| 5— ¢l

(xi) ,— 4#| 3+ gland ;— ¢#| 5+ 4|

(i) o= 3= 4= g#0, 1+ 5= g+ %0, ,+ 3#| ,— gl

(xiii) ,— 37| 4+ gland ;— 5#| ¢+ |

xiv) 2= 3Z| 4% gl 1= 5+ 6+ 7Z0 2+ 3+ 4= g#O0.

xv) 2= 3Z| 4% gl 2+ 3= 4+ §#0, 1— 5— g— 7#0.

(xvi) ;= 3#| 4+ gl and ,+ 3#| 4— sl

Proof: By decomposing = 1+ 1 ,+ 23+ 34+ 125+ 136+ 237+ 1238

into one of its idempotent form

=S(1*+10a+v(2+12)s5+(3+ 136+ (s+14) 7

We see that  is non-singular if and only if all its idempotent coefficients are nonzero, i.e.

1+ 11#0, 2+ 1 ,#0, 3+, 3%#0, 4+ 4, ,7%0.

By examining all possible vanishing cases of these coefficients, we obtain precisely the conditions (i)—(xvi) stated in the theorem.

Therorem 6: Let (12 3)
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Write different forms of

= +3,, (1 2)
= 455, (v 3)
= 415, (2 3)
= 415, (2 3)

=(1+ 104+ (2+12)s5+(3+13) 6+ (st 14)7

Then is singular if one of the following condition hold:

@ (129

i >+ 2 (12

i) + 4 (1 dor — (12
iv) + (1.2)or — (1 2)
™ 2+ 2 (19

i) + 4 (p)or — (19
(i) + 3 (1 dor — 3 (19
viii) 2+ 2 (4 9)

(ix) + (v dor — (13
x) +3 (1. 3)or — 3 (1 3)

(xi) 1= ;=00r ,= ,=00r 3= 3=00r 4= 4=0
Proof: From Theorems 2, 3, 4, and 5, we know that an element (1, 2, 3) is non-singular (invertible) if and only if:
® [t does not lie in the null cone (1, 2, 3),
®  Allidempotent components + ZO0for =1234,
®  Orequivalently, certain expressions suchas 2+ 2, 2+ 2 2+ 2 and their linear factors are not in the respective null cones.
Therefore, if any of these expressions lie in the corresponding null cone or vanish, then is not invertible, i.e., singular.
Thus, the listed conditions (i)—(xi) are necessary and sufficient for to be singular. [m]
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