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ABSTRACT:

A new subclass of analytic-univalent functions is introduced and investigated, which is an extension of an existing subclass of analytic-univalent functions in
literature. We establish coefficient estimates for this class and derive sharp bounds for the third Hankel determinants. The new results obtained generalize some
previously known estimates for related function classes.
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1. Introduction

Let f be the class of functions f(z) defined by
f(z)zz+2akzk 1
k=2
which are analytic in the unit disk U = {z € C: |z|] < 1}. Denote by S the subclass of 4, consisting of functions which are analytic, univalent in the unit

disk U and normalized by the conditions f(0) = 0 = f'(0) — 1.

A function f(z) € S of the form (1) is star-like in the unit disk U = {z € C: |z| < 1} if it maps a unit disk onto a star-like domain. A necessary and
sufficient condition for a function f(z)to be star-like is that

R(%)>0, Z€U.

The class of all star-like functions can be denoted by S*.

An analytic function f(z) of the form (1)is convex if it maps the unit disk U = {z € C: |z| < 1} conformally onto a convex domain. Equivalently, a
function f(z) is said to be convex if and only if it satisfies the following condition;

R(1+ ﬁ(;’) >0, zel.

The class of all convex functions can be denoted by C*.

Let f(z) and g(z) be analytic functions in the unit disk U = {z € C: |z| < 1}, then f(2) is subordinate to g(z) in the unit disk U written as f(z) < g(2),
if there exists a function w(z), analytic in the unit disk satisfying the conditions w(0) = 0, |w(z)| < 1, which is called a Schwartz function, such that
f(2) = w(g(2)). Ifthe function g is univalentin U, the f(z) < g(z), z € U & £(0) = g(0) and f(U) < g(U).

Bieberbach[3], gave a famous conjecture which asserts that the coefficients in the Taylor’s series expansion of every function from the class S of
normalized univalent functions in the unit disk U = {z € C: |z| < 1} satisfy the condition |a,| < n, n = 2 which was later proved by de-Branges, [4].

Quite a number of researchers have defined several subclasses of normalized univalent functions by using methods like subordination and convolution
among many others, their associated coefficients bounds were also derived by these authors.

Mediratta et al [5] introduced star-like and convex functions which is subordinate to exponential function and each of these classes are considered to be
symmetric about the real axis.
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Forq = 1andn > 1, the ¢** Hankel determinant of £ (z) given in (1) is defined by

a, Apyiq An+2
Ant1 Any2 An+3
Ho(n) =| Gn+z  Qnez Gnis

Antg-1 An+q  Anig+1

Forg=3andn=1;

a; a
Hy(1) =|a, a3
az Qg

an+q71
An+q
An+q+1 2

Ani2q-2
as

Ay
as

H;(1) = azas — a2 — aas + 2a,a3a, — a3

Several authors have studied Hankel determinants in order to examines it’s growth rate as n — oo and to also establish it’s bound for diverse precise
values of g and n. Babalola [6] was the first to study third Hankel determinant, he obtained the upper bound of H;(1) for the classes of star-like and
convex functions. See [7], [8], [9], [10] further study on Hankel determinants of functions in class S.

Lei Shi et al [11], investigated the estimate of |H5(1)| for both classes Sgand C,.. They also studied this problem for m-fold symmetric star-like and

convex functions associated with exponential function.

This paper uses Opoola differential operator to define a subclass S;;(u, B,t) of univalent-analytic functions, which extends the subclass of star-like
functions in [11] and the upper bound of the third Hankel determinant for this class of functions are investigated.

Lemma [1]:

If p € P with the series expansion p(z) = 1 + p,z + p,z? + p3z> + - z € U, satisfying Re(p(z)) >0, p(0)=1. then|p,| <2, n=1 where

p(2) is called a Caratheodory function.

This result is sharp and equality holds for the Mobius function m(z) = lltz

P

Definition 1 [12]: Fort = 0,0 < u < B,n € Ny, z € U, Opoola differential operator D™ (u, B, t)f: A — A is defined as follows;

D°(u, B, O)f = f(2)
D'(w B O)f =tzf'(2) —z(B—wt+ 1+ (B—u+DO)f(2)

DM(w B O)f =2 +Z[1 +(k+ B —p— Delayz*
k=2

for f(z) = z+ Y., apz*
Definition 2: A function f € A of the form (1) belongs to the class S;; (i, B, t) if
D" !
2@

D/ (2) ®

wheret >0,0<u<pB,n€eN;,zeU.
Remark 1:
Wh =0, z0"f@) _ 4@ 4,z 11

enn =0 o <€ reduces to o S [11]
2. Main Results
Theorem 1: Let the functions f € A belong to the class S (1, 8, t), then

7 289 19 17

[Hy (D] <

——+ - - + .
64a3  32aya, 1296a3 72afa, 24a;a,a;

Proof: Let f € S;(u, B,t), then there is a Schwartz function w(z), analytic in the unit disk U with w(0) = 0, |w(z)| < 1 such that from the definition

of subordination and (3)

20" @) _ o

D f(z)

z(D"f(2))'.
D) '

On expansion of
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% =@ +2[1+B—p+Dt]"apz+3[1+ (B —u+ 2)t]"azz? + 4[1+ (B —u+ 3)t]"a,z® +5[1+ (B —pu+ Ht]"agz* + - )A + [1 +
B-p+Dt"az+[1+ (B —p+2)t]"azz? + [1+ (B —p+3)t]"a,z° + [1+ (B —p + Dt]"asz* + )7t

=1+[1+ @B —p+Dt]"az+ 2[1+ (B —u+2)t]"a; — [1+ (B —u+ Dt]*™a2}z? + 3[1+ (B —u +3)t]"a,—3[1+ (B —u+ D] [1+
(B =+ 2t]"azaz)z> + 4{[1+ (B —pu + Dt]"as—4[1+ (B —pu + Dt]"[1 + (B —pu + Dt]"aya, — 2[1 + (B — p+ 2)t]"ad +4[1+ (B —p+

D1+ (B — u+2)t]"afa; — [1+ (B — u+ Dt]*"az}z* + - )
and
B 2 ZS Z4
e” = 1+Z+E+§+E+"’
ew(z) =1+ (JJ(Z) + (w(z))z (w(Z))3 ((IJ(Z))4 4o

2! 3! 4!

Since w(z) is aschwartz function then the function p(z) is defined by

1+ w(z)
p(2) = - P*t D222 +p3z® + pazt +
DP1Z + Ppz? + P32 + puzt + -
w(z) =

2+ p1z+paz? + p3zd +pyzt +
= P12+ P27 + p3z® +puzt + )2 + Pz + 2 +p3z® +puzt + )7t

Pz 1 vi 1 pi 1 p;  3pip. i
a)(z)=%+—{p2——1}zz+§ p3—p1p2+71 ZS+§ P4_P1P3_72+%_§1 zt 4

2 2
So,
Pz 1 pi 1 P2 | D3 1 pips P35 pip. | pi
w(z) — L _ri 2 _ _ r 3 _ _ _PFe o 4
e 1+2+2{p2 4}2 toips =5tz tpe 278 T1e2(f T (5)
Comparing the coefficient of like powers of z in (4) and (5), then;
D1
= = 6
2T+ B—pt D" ®
1 p?
03=Z[1+([>’—#+2)t]"{l72 +Tl} ™)
1 P2 P}
= —_—— 8
Ga 6[1+([)’—u+3)t]"{p3+ 4 48 ®
_ 1 Pips  pip: | pi
% =8+ (B—y+4)t]”{p4 6 12 144 )
Remarks 2:
When n = 0 in (6) through to (9), then (6) — (9) reduce to result of Lei Shi et al in [11] as follows;
a,=2
)
1 vi
as Z(Pz + 7
@ = 1 " Pib2 ﬁ
SIS LR
_1 pips _ piv. | i
as_s{”” 6 12 144
Next is to discuss the upper bound of H;(1) for class S;; (u, 8, t).
From (2), the third Hankel determinant can be written as
a; a; as
Hy(1)=|a; as a,
as; a, Qs
H;(1) = azas — a2 — a%as + 2a,a;a, — a3, a, = 1. (10)

Using (6) - (9) ;

1
32[1+(ﬁ—u+2):]n[1+(B—u+4)t]n{p2p4+ 6 12 72 4 24 576

2,2 4. 2 3 6
azas = P1P2P3 _ Pib3 p1p2+p1p4+p1ps+p_1} (11)
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5 1 , | Pib2Ps  Dips  Pip; pip. | DY
a; = > p3 + —_— + (12)
36[1+ (B — p + 3| 2 24 16 96 ' 2308
1 pips pip: | PP
2 2
azas = + - +— (13
BTN+ B-p+ DO+ B—p+ 4)t]n{p1p4 6 12 14 ¥
. 1 o3 +p_1"+ 3pip.  3pips (14
3T 641+ (B-—p+20)tP |2 64 16 4
- 1 pivd | pipz | pips _ P
2%%%_MWMWHMWHFMMWHWwﬂm&mﬂﬁ-4+Z4+4 )
Substituting (11) — (14) into (10) and for convenience , we let
a =1+ —p+Dt]"
az =[1+ (B —p+2)t]"
az =[1+ (B —p+3)t]"
ay=[1+(B—pu+Ht]"
_ 1 Pip2ps _ PiPs _ Pipy , pipa  Pips , P 1 [ o Pipaps _ Pips , piP3 _pima, WS ) _ 1 2 pivs _ pim
Hs(1) _32a2a4{p2p4+ 6 12 72 + 4 + 24 576} 36a§{ 3 2 24 16 96 2304} 32a§a4{p1p4+ 6 12 +
i 1 pivd | pipe  pips _ pR)_ 1 [ 3 pi_ 3pips_ 3pips
144} + 24a a5a5 {p1p2p3 + 4 + 24 + 4 192} 64a3 {Pz + 64 + 16 + 4 }
o4 11 1 3 1 _oef 1 1 1 1 1 D2Pa
Hy(1) = pi pz{ 2304a,a4 345602 + 384aZay + 1024a3 + 576a1a2a3} L1 {40960{% + 4608, a3 + 4608a2a, + 8294402 184320[2114} + 32 ap ay
2 (11 1 3 11 22 11
PiPa {128&22514 32;1%(14} + P1P2Ps {192:12(14 72a2 24a1a2a3} +Pips {768 ay ay + 864aZ  192aay 96a1a2a3} piP2 {384 a, @y 576a2  96a;ayas
8 )\ _p5 _ P
zssag} 36a3  64a3’ (15)
Using triangle inequality and lemma 1 in (15)
|H(1)|<i—1—1 1 11111 1 1 11 11
3 T 3203 72aza,  108a%  12a%a,  18ajazaz 6443 72aiazaz  72a%a, 129643 288azas  8azas 16azas  4ala,  24aza,  9a?
1 1 11 1 i 1 1 3. 1 1
3a;aa3  48azay 542} 12ala,  6ajapaz 24z, 36a3  6ajazas  16a3 9a3  8aj’
7 289 19 17

13
Hy(D| < ——+ - - + :
|5 (1] 64a3  32a,a, 1296a2 72aia, 24a;a,a;

(16)
Coollary:
When n = 0, (16) reduces to

|H;(1)] < 0.64332451
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