International Journal of Research Publication and Reviews, Vol 6, Issue 6, pp 6341-6352 June 2025

International Journal of Research Publication and Reviews

Journal homepage: www.ijrpr.com ISSN 2582-7421

WWW.IJRPR.COM

Curvature Properties and Generalizations of W ,-Trirecurrent Spaces
in Finsler Geometry

Adel M. Al-Qashbari?, Alaa A. Abdallah™ & Fahmi A. AL-Ssallal

% 3Department. of Mathematics, Education Faculty -Aden, University of Aden, Yemen

! Department of Engineering, Faculty of Engineering and Computing,

University of Science & Technology-Aden, Yemen.

Email; a.algashbari@ust.edu : fahmiassallald55@gmail.com

2 Department of Mathematics, Education Faculty, University of Abyan, Zingibar, Yemen
Email: ala733.ala00@gmail.com

ABSTRACT:

In this paper, we introduce and investigate a new class of Finsler spaces, termed generalized W),,-trirecurrent Finsler spaces, which extend the concept of birecurrence
to higher-order covariant derivatives. These spaces are characterized by the third-order h-covariant derivative of Weyl’s projective curvature tensor Wj"kh , satisfying
a specific recurrence condition. We derive and analyze several key characterizations of this class by formulating higher-order derivative relations for the curvature,
torsion, and deviation tensors. Furthermore, we prove that every generalized W,,-birecurrent Finsler space is inherently a generalized W), -trirecurrent Finsler space.
Additionally, we explore the connection between Weyl’s curvature tensor and Cartan’s third curvature tensor within this framework, establishing necessary and
sufficient conditions for their recurrence behavior.

i

Key words: Generalized trirecurrent Finsler space, Covariant derivative, Wely's tensor Wi, , Cartan's curvature tensors Rl , K}, , Torsion tensor,
Ricci tensor.

l. Introduction

Finsler geometry, as a generalization of Riemannian geometry, has found increasing relevance in both pure mathematics and theoretical physics
due to its capacity to model anisotropic spaces. Among the many curvature tensors used to describe the geometric properties of Finsler spaces, Weyl’s
projective curvature tensor and Cartan’s third curvature tensor play a pivotal role in understanding the intrinsic and extrinsic structure of such spaces.
While previous works have addressed the recurrence of curvature tensors through first and second-order covariant derivatives, the study of higher-order
recurrence, particularly in the context of the third-order h-covariant derivative, remains an area of ongoing research.

The study of curvature tensors in differential geometry, particularly within the framework of Finsler and pseudo-Riemannian geometries, has
attracted substantial interest due to its deep mathematical structure and profound implications in theoretical physics. In recent years, numerous researchers
have extended classical notions of curvature to more generalized and higher-order settings, providing a richer geometric understanding and opening new
avenues for mathematical and physical interpretations. Significant contributions have been made in exploring relationships between various curvature
tensors in Finsler spaces, such as the work by Abdallah [1], which investigates connections between two distinct curvature tensors, and the extension of
third-order P-generalized Finsler spaces by Abdallah and Hardan [2]. These efforts highlight the importance of higher-order tensor structures in enhancing
our understanding of Finsler geometry.

Moreover, the inheritance properties of curvature tensors in general relativity have been addressed by Ali et al. [3] and others [4, 5], where the role
of conharmonic, and related curvature tensors have been analyzed in spacetime models. These studies bridge the gap between abstract geometry and
physical models, particularly in relativistic contexts. A large body of work by Al-Qashbari and collaborators [6-14] has focused on the generalization
and decomposition of curvature tensors in Finsler spaces, incorporating Berwald and Cartan derivatives, Lie derivatives, and various forms of recurrence.
These contributions have systematically constructed generalized recurrent spaces of different orders and studied the behavior of specialized curvature
tensors like the M-projective and R-projective tensors.

Further developments include studies of Weyl’s curvature tensor in the context of higher-order derivatives [10], trirecurrent and BR —trirecurrent
spaces [11, 14, 20], and decompositions using covariant derivatives [7, 8]. Foundational works by Goswami [15], Hamoud et al. [16], Misra et al. [17]
and Rund [19] provide the theoretical backdrop for these modern generalizations. Additionally, recent theses and dissertations [18] have expanded on the
projective and birecurrent structures in Finsler geometry, reflecting growing academic interest in this domain.
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Collectively, these studies form a robust foundation for the current investigation, which aims to further analyze the structure and recurrence behavior
of generalized curvature tensors in Finsler spaces, using advanced differential operators and tensorial decompositions. In this work, we define and explore
anovel class of Finsler spaces known as generalized W),-trirecurrent spaces, denoted G W, — TRE, , characterized by specific third-order recurrence
relations of the Wey! curvature tensor. We derive explicit conditions under which these recurrence relations hold and construct corresponding identities
for curvature, torsion, and Ricci-type tensors. The study is further extended by establishing connections between the Weyl tensor and Cartan’s curvature
tensor, leading to new insights into their interrelations and generalization conditions.

The remainder of this paper is structured as follows: In Section 3, we introduce the generalization of trirecurrence and formulate the defining
relations for G2™¢ Wi, — TRE, . Several theorems are proved to characterize these spaces geometrically and algebraically. Section 4 explores the
relationship between the Weyl and Cartan curvature tensors within this setting, leading to a series of necessary and sufficient conditions for trirecurrence
based on both tensor forms. The results obtained deepen the understanding of Finsler curvature behavior under extended derivative operations and open
avenues for applications in mathematical physics, particularly in theories involving higher-order geometric structures. Two vectors y; and y* meet the
following conditions

Q) yi=gyy . b yy' =F*, ¢ &y =y, d) 9,6 =g .
e g/oi=g", f) &y =1ad 9) dy,=gp - (%))
The quantities g;; and g¥/ are related by
. 1, if i=k
. glk = gk = ! ’
) gyo=ot={y 2k
jk —
b) gfI =0 and c) 9ijin =0 . 1.2)

Tensor Cjj is known as (h)hv-torsion tensor defined by
a) Cijp = ia.ia.jak F%, b) Cijey' = Cijy’ = Cijpy* = 0 and ¢) Cpjpp = gir C]lp . (1.3)

The vector y¢ and metric function F are vanished identically for Cartan’s covariant derivative.
a) F, =0 and b) yilh =0. (1.4)

The h-covariant derivative of second order for an arbitrary vector field with respect to x* and x/, successively, we get
Xy = 0 (Xje) = (%) Ty + (X T = (0;X3e) TS v - 15)

In view (1.5) and by taking skew-symmetric part with respect to the indices j and k, we get the commutation formula for Cartan is covariant differentiation
as follows:

Xy = Xije = X Kiyy = 0,X) Ky y° (1.6)
Kien = 8 Tk + (3, T2D)GL + Tl T — 9,0 — (6, T7) G — T T .7

The tensor (},‘,h as defined above is called Cartan’s fourth curvature tensor, this tensor is positively homogeneous of degree zero in the directional
arguments

The tensor W, , torsion tensor jl}( and deviation tensor W' are defined by:

Wi = Hjin + (s H[hk] (nﬂ) —t) i + 2oy ( pyry (n jn + Hnj + 7 0; Hy,)
- ﬁ(”H'k‘*‘ij +yra'Hkr) ' (1.8)
3‘ = Hiik (n+1) HU"] 2 (nz 1) (n Hk] yer]r)} . (1-9)
Wi =H—H & — o +1)( 0,H — 8;H) y', respectively. (1.10) The tensors Wk, and W,
satisfy the following identities
a) Vle;chyj=Wkih ) b) Wi, y*=wi ,
€) Wiy =Wy and  d) gy Wikn = Wyjen - (1.11)

Also, if we suppose that the tensor Wj" and W;, satisfy the following identities

Q) Wiyk=0,b)Wi=0, ¢ g,W=Ww,,
d) ¢*Wy=w  and € W y*=0 . (1.12)
Cartan’s third curvature tensor R}kh , Ricci tensor R, , H}, , the vector H, and scalar curvature H are defined as

a) R}kh=rh}k+(rljlk)Gh+Cl (Geh— G}?LIGflz)+lekr}hm W y D) Rjgny?) = Hi

¢) Ryy =H,, d) Ryy*=R;, ¢ RI=R ,f) gy Ry =Rojn . 9) 9"Ryy =R,
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h) 9*Rjxn=Rh . ) R =Ry, O Hiy' =Hi=(—1)H , ) Hyy*=H; ,
K)Hi; = Hy o 1) Hlyn = Hue — Hn and m) Hjiki = Hj . (1.13)
The Cartan’s 4" curvature tensor Kjikh, the Ricci tensor Kj, , the vector K, and the scalar curvature K are defined as follows

) KinGir =Kejin + 0) Kpy' =He , ©) Kyy* =K,

d) gijjk =K ,
e) K]l;a =Ky , T g’* K]lkh = K}iz v 9) H]'ikh = Kjl:kh + ys(ajK.ikh)

and h) Hfun = Kjen = Pign + PficPin — h/k . (1.14)

2. Preliminaries

We introduced the generalized by Cartan’s covariant derivative for Wely’s projective curvature tensor W, was given by
le}cmm = AmW}l}ch + Um (5iil.gjk - 6ligjh)- (2.1)

A Finsler space F, which the curvature tensor Wj‘}m satisfies the condition (2.1) is referred to as a generalized W, — recurrent space and denoted
by G W, — RE,. |m is called h — covariant derivative of with respect to x™.

By taking the h — covariant derivative of (2.1), with respect to x!, and using (1.2c), we obtain
I/ng(h|m|l = Amqul}ch + )‘ijL}chu + Mm|l(5}ilgjk - 51&91‘)1) .
By applying equation (2.1) in the above expression, we obtain
I/ng(h|m|l = (Amu + Amﬂz)le)ch + (ﬂl + Mm|l)(6}ilgjk - 51&91‘;1) . 2.2)
The equation (2.2), can be expressed as
I/ng(h|m|l =y Wfkh + bml([siilgjk - 51&9;’)1) . (2.3)
Where @y = Ay + Apdiand by = i, + Ay are non-zero covariant tensors field of second order, respectively.

A Finsler space E, which the curvature tensor Wﬁm satisfies the condition (2.3) is referred to as a generalized W, — birecurrent space and denoted by
G W, — BRE, .

By taking the h — covariant derivative of (2.3), with respect to x™, and using (1.2c), we obtain
M/jl;(hlmlun = Amujn Wfkh + ]/ngchm + bml|n(5)i1gjk —6Lgjn) -
By applying equation (2.1) in the above expression, we obtain
]/le;chlmlun = aml|nw/jl;ch + am (ﬂnWﬁm + Mn((g)igjk - 5lftgjh))
+bml|n(6iilgjk - 6Iigjh)- (2.4)
The equation (2.4), can be expressed as
M/jl;(hlmllln = (aml|n + amlﬂ'n)vngch + (amzlln + bml|n)(5}i1gjk - 51&9;‘)1)- (2.5)
The equation (2.5), can be expressed as
M/jl;(hlmlun = len]/ngch + dmln(6iilgjk - 51&9;’)1)- (2.6)
WhEre Cppin = Gy + Gy AN dipp = Qpyftn + by are non-zero covariant tensors field of third order, respectively.

A Finsler space F, which the curvature tensor W,E(h satisfies the condition (2.6) is referred to as a generalized W, — trirecurrent space and denoted by
G W, — TRE, .

From equation (1.3b), equation (2.1) can be rewritten in the following form:
jl}cmm = AmVle;ch + ﬂm(fy;ilgjk - 5ligjh) + Vm(W)fCi/kyi - WkiCijhyi) . 2.7)

Let us consider a Finsler space F, which the Wely’s projective curvature tensor Wj‘}(h satisfies a generalization generalized W), — recurrent space and
denoted by G?™¢ W), — RF,. i.e. satisfies the following condition and by applying the conditions (1.3a), (1.1b), (1.1f), and (1.1g) to equation (2.7),we
obtain:

) ) ) ) . , )
iknim = AmWikn + tm(8Egji — Bkgjn) + ;Vm(Wﬁg/k - Wigin)- (2.8)

where A,,, 4, and y,, are non-zero covariant vectors of first order.
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3. The Extension of Generalized W ,— Trirecurrent Finsler Space

In this section, we introduce a new class of Finsler spaces, namely, generalized W),-trirecurrent spaces. These spaces generalize the concept of
trirecurrence to a broader setting and exhibit interesting geometric properties. We investigate the curvature tensor of these spaces and establish several
characterization theorems. Our work in this section we defined |[|m|n is covariant derivative of third order.

By taking the h — covariant derivative of (2.8), with respect to x!, we obtain
. . . . 1 . .
Wienimi = @nuWiin + bml((sill.gjk - 5}(9}‘;1) + ;sz(Wﬁgjk - Wklgjh)
1 . .
+;Ym(Wﬁ9jk _Wklgjh)ll- (3.1)

A Finsler space E, which the curvature tensor Wj‘}m satisfies the condition (3.1) is referred to as the generalization generalized W, —
birecurrent space and denoted by G2"* W, — BREF,.

By taking the h — covariant derivative of (3.1), with respect to x™, we obtain
Wienimin = @mumWiin + @GmiWjinn + bml|n(5flzgjk - 5Ilcgjh) + Zcmlln(Whlgjk - Wklgjh)

1 i i 1 i i 1 i i
+1sz(W}igjk - Wklgjh)ln + ;Ym|n(Wﬁgjk - Wklgjh)ll + ;Vm(Wrﬁgjk - Wlégjh) (3.2

lin
By applying equations (1.2c) and (2.8) to equation (3.2), we obtain:

I/le;chlmllm = (aml|n + anidy, )vvjikh + (amllln + bml|n)(5}ilgjk - 51&9;’)1)

+i(aml}/‘n + le|n)(ergjk —Wigpn) + %le(wifgjk - Wkigjh)ln

+iym|n(Wifgjk - Wkigjh)ll + iym(Wf{gjk - Wkigjh) (3.3)

ltn’

The equation (3.3), can be expressed as:

) ) ) 1 ) )
Wienimitn = QminWikn + emzn(‘sﬁgjk - 5llcgjh) + ;len(Wﬁgjk - Wklgjh)

1 ) ) 1 ) ) 1 ) )
+;Cm1(W}igjk —Wigjn )In + ;Umn(Wﬁgjk - Wklgjh)ll + ;Vm(Wrﬁgjk - Wlégjh) .(34)

[tin
Where dpiy = @Gm¥n + Crum s €min = Gmibn + bmypn and Vi = Qi + Ay Ay, are non-zero covariant tensors field of third order , ¢, and 7, =
Ymin @re non-zero covariant tensors field of second order and y, are non-zero covariant vector of first order.

Definition 3.1. In Finsler space F,, which the Weyl s projective curvature tensor ,-‘)ch satisfies the condition (3.4) is called the generalization generalized
W,,- Trirecurrent space and the tensor will be called a generalization generalized h-Trirecurrent. These space and tensor denote them briefly by
G*" W, — TRE, and G*"* h — TR, respectively.

Result 3.1. Every a G?™¢ W, — Birecurrent space is also a G W)~ Trirecurrent spaces.

By transvecting condition (3.4) to a higher dimensional space using by y/, and applying equations (1.1a), (1.3b), (1.5b) and (1.11a), we obtain:
Wkihlmll|n = dpn Wiy, + emzn(5fi1yk - 5£Yn) + ivmln(WhiYk - Wi\f}’n)
+ 3t (Wiyie = W), + 3l (Wi = W) + 3 vm(Wilvie = Wiva) e 35)

Again, transvecting condition (3.5) to a higher dimensional space using by y*, and applying equations (1.1b), (1.2a), (1.2c), (1.4b), (1.12a) and (1.11b),
we obtain:

. . . . 1 . 1 .
Wiilmll|n = dmlnwit + emln(6}l1F2 - ylyh) + valn(W}in) + Zcml(W}:Fz)ln

+ 3 n(WEF?) v (WEF?) (36)

L

Therefore, we can say

Theorem 3.1. In the context of G2 Wi, — TRE,, the h —covariant derivative of third-order for the torsion tensor Wi, and deviation tensor Wi are
expressed by equations (3.5) and (3.6).

By contracting the index space through summation over i and h in the condition (3.4), and applying relations (1.1d), (1.2a), (1.11c), (1.12b) and
(1.12c), we obtain the following result

1 1 1
VijImIlln = dmlnvvjk + (Tl - 1)emlngjk + ;lenVij + ZcleVj}qn + ;r]mnVijU
1
+ 3 Ym Wik 3.7)
By transvecting condition to a higher-dimensional space (3.4) by g;,., and applying relations (1.1d), (1.2c), (1.11d) and (1.12c), we obtain

1
W, jknimitn = Qmin W jien + emln(grh Gjk — Grk gjh) + 5 Vmin (thgjk - ergjh)
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1 1 1
+Zcml(thgjk - ergjh)ln + ann(thgjk - ergjh)ll + Zym(thgjk - ergjh)mn'(3-8)
Therefore, we can say

Theorem 3.2. In the context of G2"¢ Wi, — TRE, , the W —Ricci W}, and associate tensor W, ., represent a generalized trirecurrent Finsler space, as
defined by equations (3.7) and (3.8), respectively.

By transvecting condition (3.7) with g/, and applying relations (1.1e) and (1.12d), we obtain the following result
1 1 1 1
VVImIlln = dman + (Tl - 1)emln + ;Uman + ;leWn + ;T]mnVVH + Zymvvmn . (39)

From conditions (3.9), we show that the curvature scalar W cannot equal to zero because if the vanishing of W would imply d,,;, =0 and e, =0,
that is a contradiction.

Therefore, we can say

Corollary 3.3. In the context of G2™¢ Wi, — TRE, , the scalar W in equation (3.9) is non-vanishing.

4. Exploring the Relationship Between Weyl’s Curvature Tensor and Cartan’s Third Curvature Tensor in Finsler
Geometry

This section examine the relationship between Weyl’s curvature tensor and Cartan’s third curvature tensor within the context of Finsler spaces. By
analyzing their algebraic and geometric properties, we aim to derive new identities and inequalities that connect these two fundamental tensors. The
curvature properties of the space are described by various curvature tensors, with Weyl’s and Cartan’s third curvature tensors being of particular
significance. While the individual geometric and physical implications of these tensors have been widely studied, the connection between them has not
been fully explored and remains an area of active research.

The results of this study are expected to enhance our understanding of the curvature structure of Finsler spaces and offer new insights into their
potential applications, particularly in gravitational theories and cosmology. Some properties of Wj‘}m curvature tensor was proposed by Ahsan and Ali
[3, 4] in (2014). For (n = 4) a Riemannian space, it is known that Cartan’s third curvature tensor R}kh and Wely’s projective curvature tensor Wj‘}m are
connected by the formula

. . 1, .
Vlekh = R}kh +§( O Ry, — gijfll)‘ (4.1)

By taking the covariant derivative of (4.1), with respcet to x™, x! and x™ in the sense of Cartan and using (1.2c), we get

) ) 1, .
VVjschImIHn = ;kh|m|l|n + g( O Ry — gji R'll) (4.2)

Imliln :
By substituting equations (3.4) and (4.1) in to (4.2), we obtain:
. . . ) 1 . .
Rixnmlin = QmunRjen + emin(8L9jk — 6Lgjn) + ;szn(Wﬁgjk - Wigin)

|tln

1 i i 1 i ; 1 ; i
+Zcml(Whgjk - Wkgjh)ln + ann(Whgjk - Wk.gjh)” +Zym(wh.gjk - Wigin)

1 i i 1re i
+gdm1n(5fc Rin = gjk R}) + ;(5;« Rin — gji Ri )|m|,|,,- (43)
This demonstrates that
. . ) ) 1 ) .
Rixnmlin = QmunRjen + emln(‘sﬁgjk - 5Ilcgjh) + ;vmln(Wligjk - Wklgjh)
1 i i 1 i i 1 i i
+3cm(Wagje =Wigin ), + 30mn(Wagje = Wicgin ), + 3 Ym(WaGjie = Wicgjn )y, (4-4)
If and only if
(511; Ry — Gji Rh) = dmln(‘slic Rin — Gjx R'll) (4.5)

Imlin

Therefore, we can say

Theorem 4.1. In the context of G2"*R;, — TRF, , Cartan’s 3" curvature tensor R}kh defines a generalized trirecurrent Finsler space if and only if the
tensor (8% R;, — g Rl,) is a generalized trirecurrent Finsler space.

By transvecting condition (4.3) with y/, and utilizing equations (1.1a), (1.4b), (1.13b) and (1.13c), we obtain the following result
Hinpmitin = @min Hin + €min(Sh¥ic — Sivn ) + %vmln(W}EYR — Wiyn)

+%Cm1(WniYk — Wiyn )|n + %nmn(WI‘fyk — Wiyn )” + %Ym(WI‘iYR — Wiyn)
+§dmln(61ic Hy — yiRp) + %(6}( Hy = yiR},)

This demonstrates that

|tln

(4.6)

Imltn *

. . . . 1 . .
Hllchlmll|n = dmln Hll(h + emln(6;1yk - é‘llt:)/h) + ;vmln(W}iYR - Wleh)
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+3em(Wivie = Wiy, + 3 1mn(Wivie = W)+ 3vm Wiy = Wiy ), @)
If and only if
(8% Hn _YkR}iz)m“ln = dpin( i Hy — Y RE) - (4.8)
Therefore, we conclude

Theorem 4.2. In the context of G2"¢ Ry, — TRE, , the covariant derivative of the third-orders for the torsion tensor H}, defines a generalized trirecurrent
Finsler space if and only if (4.8) is satisfied.

By transvecting condition (4.6) with y*, and applying relations (1.1b), (1.1c), (1.4a), (1.4b), (1.12a) and (1.13]), we obtain the following result
. . . . 1 . 1 .
H}lemllln = dmlnH}lz + emln(yLYh - 6}11 FZ) + valn(WhﬁFZ) + Zcml(thFZ)ln
1 1 1 1 1 i { 1/ {
+ann(Wl‘iF2)|l + Zym(W};Fz)mn + gdmln(yth - FZR;L) + g(yth - FZR}[l)'m“ln'(Ag)
This demonstrates that

. . . . 1 . 1 .
H}lemllln = dmlnH}lz + emln(yLYh - 6}11 FZ) + valn(WhﬁFZ) + Zcml(thFZ)ln

+ 1 (WAF?) + 1y (WAF2) - (4.10)
If and only if
(y'H, — F? R;;)lmllln =dpn(¥'H, — F?RL). (4.11)

Therefore, we can say

Theorem 4.3. In the context of G2 R, — TRE, tthe covariant derivative of the third-orders for the deviation tensor H} represents a generalized
trirecurrent Finsler space if and only if the condition in equation (4.11) is satisfied.

By contracting the indices iand h in equations (4.6) and (4.9), respectively and utilizing equations (1.2a), (1.1a), (1.1b), (1.4a), (1.13Kk), (1.13t),
and (1.12b), we obtain the following result:
Hk|m|l|n = dmlnHk + (1 - n)emln Yk + %vmln(Wkiyi) + %cml(Wkiyi )|" + %nmn(W}iyi )“

1 i 1 1
+2Vm(Wiyi) 5 D (Hie = i R) + 5 (Hye = Vi R - (412

ltln

This demonstrates that

1 i 1 i 1 i
Hk|m|l|n = dmlnHk + (1 - Tl) CminYVk + valn(Wklyi) + Zcml(Wlei )|n + ann(W}éyl )|l

+ 3 m(Wive) - (4.13)
If and only if
(Hk_ykR)|m|l|n =dypn(Hy =Yk R). (4.14)
And
Hijin = dninH + (1 = 1)eminF? + 5 dgn (H = F2R) + 5 (H = F2R) . - (4.15)

This demonstrates that
Hippn = QpunH + (1 = n)epn F2 . (4.16) If and only if
(H = F2R) ppyn = dmun(H — F?R).. (4.17)

Therefore, the proof of theorem is completed, we can say

Theorem 4.4. In the context of G2™¢ Ry, — TRE, , the vector H, and scalar H are defined in equations (4.13) and (3.16), respectively, provided that the
conditions (4.14) and (3.17) are satisfied.

By contracting the indices i and h in equation (4.3) and utilizing equations (1.1d), (1.1b), (1.13i), (1.13e), (1.12d) and (1.12b), we obtain the
following result:

1 1 1 1
Rjk|m|l|n = dmlnRjk + (1 - n)emln gjk + ;vmlnm/jk + Zcleijln + ;Umniju + ZymVij\l\n
1 1
+5dpun(Rite = 96 R ) + 5 (R — 96 R )

This demonstrates that

(4.18)

m|in’

1 1 1
Rikimiyn = GmunRjx + (1 — N)epun gjr + 2 Vmin Wik + 2 CiWiken + 5 hmn Wikt
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1
+ 2 YmWikgin: (4.19)
If and only if
(Rjk —JYjk R )Imllln = dmln( Rjk — Yjk R ) . (4.20)

In conclusion, we can say
Theorem 4.5. In the context of GZ"deh — TRE, , R-Ricci tensor R;, is defined in equation (4.19), provided that the condition (4.20) is satisfied.

By transvecting condition (4.18) with y*, and applying relations (1.1a), (1.1c), (1.4b), (1.12e) and (1.13d), we obtain the following result

1 1
Rj|m|l|n = dmlnRj + (1 - n)emlnyj + gdmln(Rj -V R ) + 3 (Rj Y R )lmll\n . (4.21)
This demonstrates that
Rj|m|l|n = dmlnRj + (1 - n)emlnyj . (422)
If and only if
(R =% R) e = Lo (R = YR ) (4.23)

By transvecting conditions (4.3) and (4.18) with g’¥, respectively, and applying relations (1.2a), (1.2b), (1.12d), (1.13g), and (1.13h), we obtain:

. . 1 — .
R;zlmll|n = dmlnR;l + (Tl - 1)emln6}ll + Z(n - 1)Umanh{ + Z(n - 1)leWI;|n

+5 0= D0 Wiy + 5 (0= DynWin +5 @ = Wi (R + 5 A= (RE), e 424)

This demonstrates that

Rimiiin = dminRh + (2 = Demn8h + 5 (0 = DV Wi + 2 (0 = De Wi,

+1 (= D Wiy + 5 (= DY Wiy - (4.25)
If and only if

(R)iz)|m|z|n = dmlTLRfil . (4.26)
And

Rimpin = @mmR + (1 —n)eppn + %sznW + %szWn + %Umnwu + %YmVV\l\n

+3(1 =R +5 A =) R )y - 4.27)

This demonstrates that
Ripmiin = dminR + (1= 1N + 2 VuinW + 5 CuaWin + S Wie + TV Wiy (4.28)
If and only if
R ) pmpyn = dminR . (4.29)
In conclusion, we can say

Theorem 4.6. In the context of GZ""RM — TRE, , the vector R; , projective deviation tensor R} and scalar R are defined in equations (4.22), (4.25) and
(4.28), respectively, provided that the conditions (4.23), (4.26) and (4.29), are satisfied.

By transvecting condition (4.3) by g;,., and applying relations (1.1d), (1.2c), (1.12c) and (1.13f), we obtain
1
Rejinimiyn = GminRrjin + emin(grk 9jn — rn gjk) + ;len(ergjh - th.gjk)

1 1 1
+4_le(ergjh - thgjk )ln + ann(erg}'h - thgjk)ll + ;ym(ergjh - th.gjk )\lln

+§dmln(grk Rin — Gk R.p) + %(grk Rin — Gjk Rrh)lmllln' (4.30)

This demonstrates that
1

Rrjkh|m|l|n = dmlnRrjkh + emln(grk gjh ~Y9rn gjk) + ;vmln(ergjh - thgjk)

+41le(ergjh - thgjk )ln + %nmn(erg}'h - thgjk)ll

+ 1 ¥m(Wogjn = Wondje ) (431)
If and only if

(grk Rin — Gjik Rr")lmllln: dmln(grk Rin — Gk Rrh)' (4.32)
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Therefore, we can say

Theorem 4.7. In the context of G2"¢ R, — BRE, ,associate tensor R, (Cartan’s 3™ curvature tensor R}kh) represents a generalized trirecurrent
Finsler space, if and only if the condition (4.32), is satisfied.

It is known that Cartan’s 3™ curvature tensor R}'kh and Cartan’s 4™ curvature tensor K]-"kh are connected by the formula
R;kh = K]lkh + C]Lp Hpy. (4.33)
By taking the h — covariant derivative of (4.33), with respcet to x™, x* and x™, we get
R]?khlmllln = jikhlmllln + (Cjip Higy )|m|z|n' (4.34)
By substituting equations (4.3) and (4.33) in to (4.34), we obtain:
. . . . 1 . .
Kienimin = Qounten + emzn(5ﬁgjk - 5fcgjh) + ;me(Wﬁgjk - Wklgjh)
1 i i 1 i { 1 { i
+2 G (Wagie = Wigin ), + s mn(Wadjc = Wiegin ), + 5¥m(Wadje = Wigjn)

) ) 1 ) )
_(lepH]fh )Imllln + dmin (G HP) + gdmm(‘sllc Ry — Gj R})

|tln

1 )
+5 8k Rin — gjx R’L")Imllln' (4.35)
This demonstrates that
Kjikhlmlun = dmanjikh + emln(Sfil.gjk - 6Iigjh) + %me(Whigjk - Wkigjh)
1 i i 1 i i 1 i i ;
+2cm(Wagje = Wiegin ), + 3mn(Wagje = Wicgjn ), + 3 Ym(Wagje = Wicgin ), (4-36) If and only if
( 511; Rip — gjx Rfil )|m|l|n = dmln( 511; Rin — 9 R;z) . (4.37)
and
(G Hin ) g = Emin (Gl H)- (4.38)

Therefore, we can say

Theorem 4.8. In the context of GZ"dRm — TRE, , Cartan’s 4" curvature tensor Kjikh defines a generalized trirecurrent Finsler space if and only if the
tensors (64 R, — gji Ri,) and (C},Hy, ) are a generalized trirecurrent Finsler space.

By contracting the indices i and h in equation (4.35) and utilizing equations (1.1d), (1.1b), (1.13e), (1.14e), (1.12c) and (1.12b), we obtain the
following result:

1 1 1 1
Kjklmll|n = dmanjk + (1 - n)emlngjk + ;vmlnm/jk + ;lem/jkm + annVij\l + ZymVij\l\n

i i 1 1 .

—(¢}, HY; )Imllln + din Gy Hig 5 dan(Rite = 96 R ) + 5 (Rie — 90 R )\mmn' (4.39) This demonstrates

that
1 1 1
Kjklmll|n = dmanjk + (1 - n)emlngjk + ;vmanij + Zcmlm/jkln + annm/jk\l
1

+ 2 YmWikin - (4.40)
If and only if

(Rjk —9gixR )Imllln = dmln(Rjk —9gjkR ) . (4.41)
and

(Gl HEL )y = man Gl Hil (4.42)

By transvecting condition (4.39) with y*, and applying relations (1.1a), (1.1c), (1.4b), (1.12a), (1.12€), (1.14c) and (1.13d), we obtain the following result
Kjlmll|n = dmanj + (1 - n)emln yj + g (Rj - yj R ) + %dmln( Rj - yj R)

—(cj, H? )|mu|n + dygn G, HY (4.43)

|mlin

This demonstrates that

Kiimjyn = @minK; + (1 — e y; - (4.44) If and only if
(R =9 R) i = Gmin (R =Y R) - (4.45)

and
(G HE )y = @min Gl HY - (4.46)
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Therefore, we conclude

Theorem 4.9. In the context of G2"¢ R, — TRE, ,the K—Ricci tensor K, and curvature vector K; are defined in equations (4.40) and (4.44), respectively,
provided that the conditions (4.41), (4.42), (4.45) and (4.46) are satisfied.

By transvecting conditions (4.35) and (4.39) with g/*, respectively, and applying relations (1.2a), (1.2b), (1.12d), (1.14d) and (1.14f), we obtain:
Khmitn = doinKh + (0 = Dempn8h 47 (0 = Do Wit +35 (= DeaWi,
+ i (n— 1)7ImnWif|l + i(n - 1)VmWii|l|n - gjk(c}'ilefh )|m|”n + dmlngjk(Cjilefh
+2(1 = ) (R}) +3 (1 — DI - (4.47)
This demonstrates that

. . 1 T .
Kllllmllln = dmanlfL + (Tl - 1)emln5)lz + Z(n - 1)vman}i + Z(n - 1)leW}:\n

+2 0= D Wiy + 5 (0= Dy Wiy - (4.48) If and only if
(¢t HE, )Imllln = dyn (C, HY,), where g/* =0 (4.49)

Ry = dontn Rl (450)

Kimjijn = @mmK + (1 — m)nepy, + i”mmW + %szWm + %Uman + %VmWMn
=07 (Gl Hit )y + min 97 (G Hip) + 2(1 =R +5(A=1) Ry - (451)

This demonstrates that
Kimitn = GunK + (1 = n)nep, + %vmmW + %cman + %r]mnW” + %yml/lq”n . (4.52) If and only if
(¢, Hy, il = mn (¢, HY, ), where g/* =0, and (4.53)
Rimiyn = dmin R. (4.54)

Therefore, the proof of theorem is completed, we conclude

Theorem 4.10. In the context of G2™* Ry, — TREF, , the projective deviation tensor K}, and scalar K are defined in equations (4.48) and (4.52),
respectively, provided that the conditions (4.49), (4.50), (4.53) and (4.54) are satisfied.

By transvecting condition (4.35) by g;,., applying relations (1.1d), (1.2c), (1.3c), (1.12c), (1.13f) and (1.14a), we obtain

K jknimiyn = Qin Ko jkn + emln(grk 9jn — Grn gjk) + %len (ergjh - thgjk)

+icml(ergjh ~Winjie )In + %nmn(ergjh - thgjk)” + %Ym(wrkgjh ~Winjr )mn

_(erlefh)|m|[|n + dyin (CrjpHign) + gdmln(grk Rin = Gjx Ren)

+§(~grk Rip — 9k Rrh)lm“ln- (4.55)
This demonstrates that

Ky jknmiyn = dminKrjkn + €min (Gri G0 — Grn Gjx) + %vmln(ergjh — Wngj)

1 1
+;Cm1(er.9jh —Wingj )In + ;Wmn(ergjh —Windjik )”

+ 1V (Wekgjn = Wendj) (4.56)
If and only if
(grk Rin — 9k Rrh)|m|l|n:dmln(grk Rin — Gk Rrh)' (4.57)

(erlefh)lmllln = dmln(erlefh . (4.58)
Therefore, we can say

Theorem 4.11. In the context of G2"¢ Ry, — BRE, ,associate tensor K, (Cartan’s 4™ curvature tensor Igikh) represents a generalized trirecurrent
Finsler space, if and only if the condition (4.57) and (4.58) are satisfied.

It is known that Cartan’s 4" curvature tensor K}kh and Berwald curvature tensor I-I}kh are connected by the formula
Hjikh = K}kh + ys((j]ngn)- (4.59)
By taking the h —covariant derivative of (4.59), with respect to x™, x* and x™, using (1.4b), we get

Hjikhlmll|n = jikh|m|l|n + ys(é1K§kn )|m|1|n' (4.60)
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By substituting equations (4.35) and (4.59) in to (4.60), we obtain:
. . . . 1 . .
Hinmiyn = QmmHien, + emln(Sllzgjk - 5ll<gjh) + valn(Whlgjk - Wklgjh)
1 i i 1 i { 1 { i
+2 o (Wadje = Wiegin ), + 3mn(WaGic = Wiegin )y, + 5¥m(Wadje = Wedjn)

) ) 1 ) ) 1 )
_(lep HE, )Imllln + dpun Cjpy Hp, + gdmzn(‘sfc Ry — Gj RL) + 3 (6% Ry — gji R})

mlin
+ys (aj Kékh )Imllln - dmlnys (aj Kékh)- (4-61)
This demonstrates that
. ) ) ) 1 ) .
Hjnimiyn = QounHjien, + emzn(5ﬁgjk - 5fcgjh) + ;szn(W)igjk - Wklgjh)
) . ) 1 ) . 1 . . .
+ 2 (Wagie = Wgin ), + s tmn(Wadje = Wiegin ), + 5 Ym(Wajx = Wigjn )y, (4.62) If and only if
( 511; Ry — Gj Rii1 )Imllln = dmln( 5}; Ry — Gj R;z )' (4.63)
(C]Lp Hlfn T dinin Cjip H;fh- (4.64)
and
(3, Kien )l‘mllln = dpin(9,Kign), Where ys = 0. (4.65)

Therefore, we can say

Theorem 4.12. In the context of GZ"deh — TRE, , Berwald curvature tensor H}kh defines a generalized trirecurrent Finsler space if and only if the
tensors (85 Ry, — gjx RE), (ClpHE,) and (8,KL,,) are a generalized trirecurrent Finsler space.

By contracting the indices i and h in equation (4.61) and utilizing equations (1.1d), (1.1b), (1.13e), (1.13m), (1.14e), (1.12c) and (1.12b), we
obtain the following result:

Hymign = GmmHje + (1 — n)enungjn + %sznij + %szijm + %Umniju
+ 5 YW = (Gl HE, )impgn + dmin Cjp Hi + S dmin(Ryc = gk R)
+5 (R~ g R Dimitin + ¥ (0K, — Gniny® (8K (4.66) This demonstrates that

1 1 1
Hymign = GmmHje + (1 — n)enungjn + 2 Vmin Wik + 2 CniWikn + 2 mnWiien

+ =Y Wikquin - (4.67)
If and only if

(R — gjx R )lmllln = dmin(Rix — xR ), (4.68)

(Cfip Hy; i dinin jip Hy; (4.69)

(31Ksk)|mu|n = dpiny*(9, K ), where y* # 0. (4.70)

Therefore, we can say

Theorem 4.13. In the context of GZ"deh — TRE, , Berwald H—Ricci tensor H;,, defines a generalized trirecurrent Finsler space if and only if the tensors
(Ri — g R ).(C},HY,) and (8,Ky,) are a generalized trirecurrent Finsler space.

By contracting the indices i and h in equation (4.61) and utilizing equations (1.1d), (1.1b), (1.13e), (1.12c) and (1.13l), we obtain the following
result:

1 1
(Hpye — Hkh)|m|l|n = dyin(Hpg — Hi) + valn(th W) + ;sz(th. — Wi )in
1 1 ) )
+ 2 mn Whie = Wi D + 5 Ve Whie = Wien djyn — (ChHRy )|m|l|n + din (CiHigy)
+ys(aLK§kn )

This demonstrates that

- dmlnys (a.lK.iSkh) . (4-71)

Imlin

1 1
(Hpwe — Hkh)|m|l|n = dyyn(Hpe — Hi) + valn(th - W) + ;sz(Wnk ~ Wi in

+ = N Whie = Wit + 5V Waie = Wi D - (4.72) If and only if
(ci, HE, it = Fmin (CL, Hy. (4.73)

(3K en P dpmin (8,KEer), where yS = 0. (4.74)

Therefore, we can say
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Theorem 4.14. In the context of GZ"deh — TRE, ,the tensor (Hy, — H,;, ) defines a generalized trirecurrent Finsler space if and only if the tensors
(cLHE,) and (8,K%,) are a generalized trirecurrent Finsler space.

By taking the h — covariant derivative of (1.14h), with respect to x™, x* and x™, using (1.4b), we get

Hjikhlmllln jkhlmllln =(p k|h+ ik Pl —h/k) (4.75)

|m|l|n‘

From the equations (4.35) and (4.61), we get

Hnmitn = Klenpmitn = Gmin Hin — Kin) + (8, K i) Aininy* (0, Ken).  (4.76)

|mlln

By substituting equations (4.76) and (1.14h) in to (4.75), we obtain:
. . o h L
(lek|h + PPy )Imlll = diin (lek|h + Pji Py — ;) +¥°(0,Kiun )|m|l|n
@iy * (8 K- @.77)

This demonstrates that

i i R .
(Pion + PlPin = )|mu| = dyin (Plgn + PjcPln —2). (4.78) If and only if
(0.Ken )|m|z|n Apmin (0,KEer), Where yS = 0. (4.79)
Thus, we get

Theorem 4.15. In G?"¢ W, — TRE, , the tensor (Pjik|h + P],(PT ) is a generalized trirecurrent Finsler space if and only if the tensor (8,K.,,) is a
generalized trirecurrent Finsler space.

5. Conclusions

In this work, we introduced and studied a new class of Finsler spaces, referred to as generalized W,-trirecurrent Finsler spaces. This class extends the
concept of trirecurrence in the context of Finsler geometry by exploring the third-order h-covariant derivatives of the Weyl’s projective curvature tensor.
We obtained expressions for the corresponding Ricci tensors, scalar curvatures, and higher-order derivatives. These expressions revealed that the scalar
curvature W in this context is non-vanishing. This paper focus on the conditions for some tensors which satisfy the trirecurrence property in the main
space (GZ"dR|h — TRE,). These results can have potential implications in the geometric formulation of physical theories, particularly in gravitational and
cosmological models where higher-order curvature interactions play a crucial role.
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