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ABSTRACT:

In this research paper the SEJI (Sadig- Emad-Jinan) integral transform technique is applied to obtain a solution for non-linear delay differential equations (DDE).

Definitions of the transformations that have been applied in this paper was obtained in previous work, we intend to find an approximation for some non-linear delay
differential equations (DDE). Some examples were introduced to prove that the transformations can be applied on the non-linear class of differential equations.
Examples of several SEJI transformations was approached throughout this work.
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1. INTRODUCTION

The transforms with integration techniques [1] such as Laplace, Fourier and Sudumu transforms [2]-[3], Elzaki, ZZ transform [4]-[8], Natural,
cryptography logarithm function [13], and Aboodh transforms [9-11] can be applied to differential and integral equations, some exact solutions or close
approximations for them were calculated using those transforms similar to the analytical way. The "SEJI integral complex transform" [12] was invented
to find approximations for some delay differential equations (DDEs). This technique is related in the manner to the Laplace and Jaffari transforms. The
SEJI transform ability to solve (ODEs) with variable coefficients is the main goal to approach. In this research paper, the SEJI transform is adopted to
find a solution of non-linear delay differential equations with a solution so close to the exact solution and it becomes more accurate as the number of
iterations increase, several SEJI transforms were evaluated and used to find out other transforms and their inverses during the work.

2. MAIN CONCEPTS

Definition [1]: Let h(x) be an integrable function defined for all t > 0, where p(s) # 0 and q(s) are complex parameter functions Im(q(s)) <0 (imaginary

H;(s)

part) , i is a complex number; the "SEJI" integral transform, of h(z) via the formula:

o0
i RO j e O h(r)dr Im(q(s)) <0
T H:(s) %o
I {h@)ya= 9" 7= = ;
Provided the integral exists for some complex with negative imaginary part parameter function q(s). [12]
Proposition [1]: let h(t) be a real function with these features:
1. h(7) is a piecewise continuous for every 0 < t <t (t1 >0).

2. h(z) is of exponential order, i.e., there exist a, M greater than 0,and 7o >03

e”|h(z)|<sin™ oM

forallt>1g.

Then the SEJI integral transform exist V s > a. [12]
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3. SEJI TECHNIQUES FOR SOME IMPORTANT ELEMENTARY FUNCTIONS [12]

In the following formulas of some important functions in the SEJI integral technique

TS {1} = ‘;‘ES) a(s) > 0
1.
TZ{X"}=(_i)n+l—n!nE(S) q(s) = 0
) [a(s)]
T ) = pe)| 2 i 9(s) >
s { } a’+(q(s))”  a*+(a(s)) “
c H B (S)
T; {sin(ax)} = # q(s) > |e]
. (a(s)) -
T: {cos(ax)} = qu(s)z q(s) = |a|
. (a6s)) -
T; {cosh(ax)} = M q(s) =0
6_ (o) +
T; {sinh(ax)} = (q(_s‘;l)—g(i)az, q(s) -0

7.

4. INVERSE OF SEJI TRANSFORM FOR SOME ESSENTIAL FUNCTIONS [12]

T;l{_ip(s)}:l q(s) >0
1.

qa(s)
S [ 7O
X ] [q(s)]ml n!
¢t (_i)mln!p(s) _ X" ns —1
| [ae)]" | T(n+1)

Tr;—l —p(S) a 2+ Q(S) 2:| :eax, q(5)>'
N { Lc%(q(s)) a’+(q(s)) “

{ ~ap(s) }_s.n Q(s) - o]
. a(s))’

> { |p(s)q(8) }_Cos q(s) = |e|
i a(s))’
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TS {(_ql(z)(;—zi(z)z} = cosh(ax), q(s) =0
6

T {m(_so)l)—ef)oﬂ} —sinh(ax), q(s) = 0
7

5. THE GENERAL COMPLEX INTEGRAL TECHNIQUE FOR DERIVATIVES [12]

Function h(r) defined as the SEJI integral transform of fg U\ g\ then:

TS {M'(0)} =ia(s)H; () - p(s)h(0)
TS {"(9)} = (i(s))" Hg(s) - p(9N'(0) ~i(s) p($)h(0)
T¢ {h"(0} = (ia(s))” Hg ()~ p(s)| h7(0) +ia(9)h'(0) + (ia(s))" h(0) |

1.

T3 {h™ (x)} = (ia(s))" Hg(s) - p(s){i(iq(s))“ h“‘”(@}

J=1

6. SOLVING NON-LINEAR (DDE) USING SEJI TRANSFORM METHOD COMBINED WITH ADOMIAN
POLYNOMIALS

Consider the general non-linear ordinary differential equation (ODE)

d” Y(t)+p(y)+u(t 7)=9(t) n=123,....
dt” 01)

N L = - [ ) ) ) )
with initial conditions y ( ) yO , P is a linear operator, non-linear operator and g(t) is continuous function.

Apply Seji transformation to both sides and represent Y and i in a series expansion with Adomian polynomials for the non-linear part 0 we get the
following equations;

T;{d"yft)}ﬂ;[wy)]ﬂ; [ ¢-9]=T¢[9®)]

dt
0.2)

2]y -0 Sl 50
k=1 (0.3)
Provided that;

T;[Pm]:n{ zyﬂ

n=0

=3

(ia(s))" Y, ()~ p(s)

k=1 n=0

[ (t— r) [ (i nﬂ B, : Adomian polynomials
{ (i9(s))" ““(@}:—T;{p@ynﬂ g{iBn}w 9(t)]

We get;



International Journal of Research Publication and Reviews, Vol 6, no 2, pp 646-663 February 2025 649
o [Sworeo] w(E)] wEs]
c _ k=1 n=0 (t)]
Tg Z yn - p(S) . n - - n +
= (ia(s)) (ia(s)) (ia(s))’ (Iq(s)) 04

y01yl,y2, ........

Starting an iteration method to find ; we obtain.

3 (iq(s))" y(”k)(O)} C
TgC(yO): p(s)|:k_l : : +Tg [g(t)n]
(ia(s)) (ia(s))

TLp(%)] Ti[B]
(i9)"  (ia(s))’

Ty [ p(yl)] Ty [B]
(ias))”  (ia(s))"

Tgc(yl)z_

Tgc(yz):_

c __Tgc[p(yn—l)]_Tgc[Bn—l] n>
R T ] =

7. ILLUSTRATIVE EXAMPLES

Example 1: non-linear (DDE)

WO g, 5028 5 0stsl y(0)=0
dt (0.5)
Applying SEJI transform to both sides

T;{‘;_{} T (12T {y( )}

- c p(S) c 2t
(ST (Y0}~ pOY(O) = o, {y (5)}

t

;{yZ()}

Te(y(t) = P®) T U 2
i?(s) Ciq0s) 08

Now, we use the inverse of SEJI transform technique ;

t
Tgc { y2 ()}
y(t) — -I-gc—l {_ p(S) } + 2-|-gc—1 2

q°(s) iq(s)

©.7)

Starting the iteration calculations combined with Adomian polynomials for the non-linear part we have;
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na)=ﬁ”{3539}=t ()=

q°(s)

But

y’ (%) =>'B, B, : Adomian Polynomials

n=0
T, ‘!B
yn+1 (t) 2T c-1 { { n } }
iq(s) 08)

The Adomian polynomials formulas we will are;
B, = f (yo)
B, = ylf '(yo)

’ 1 14
B,=Y,f (YO)+Ey12f (Yo)
’ " 1 3em
BS = y3f (yo)"' ylyzf (YO)"'E ylf (yo)

2
Apply them on f (y) =Y we have,

t) t?
B, = f(Yo)=yg(§j=Z

Ulevyov (Bl (L
Bl=y1[§jf (yo)—yl[szo(zj
B—n()fwa+ Fjﬂwa

o -3 Se(2) 00+ 2 17

So using those equations for our non-linear function f (y) =Y

B, = f(yo)=y§ej=§
s 5)) -on 3]
o n(3) )bl

0TS0

Now starting to evaluate the values of
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Yol) =t yo(§)=§

TC[B ]
=orety ot 1l >1
e { iq(s) } !

(0.9)

. _oT {(—i)SZ!P(s)}
C | 4(q(s)ia(s)

y :-I-c—l P(S) :ﬁ n>1
1 g (q(s))4 31 =

t3 t. t

n=7 nE)=_
! 3! 27 48 0.10)

[ S

B =2yy,=2——=—
! 0482 48 0.11)

Y,

Now we calculate,

o)t
Ts {48} i) 41P
}: oT ¢t T cl{ (_I) . (S) }

P iacs) ?148(a(s)) ia(s)

Y, = 2Tgc_l {'Tg.—c {Bl}} = 2Tgc_1 {_E(S)} = E Y, {l} = 5t5
iq(s) q°(s) 5! 2) 2°x5!

, £t ()
B,=2 +y, =2 —+|—| =
=Nt = e [48) 1440

(0.12)

(0.13)
Y3

Now we calculate,
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tG
X Tgc{ } i)’ '
. _ZTQH{T {BZ}}—zTgH 1440f| 1 TH{(_') 6!P(S)}:t_

iq(s) ig(s) [ 720°° |(q(s))ig(s)| 7!

W(3)-7,
Y SaveT
2 2" x7! 0.15)

Y=Yot Yt +Yo Y5t and hence the exact solution is:

y—£+ t + t + t’ + —sinh(lj
2 231 2551 2771 7 2

Example 2: linear (DDE) with exponential coefficient

Similarly to the previous example we apply SEJI transformation and the inverse SEJI transformation to the DDE;

dy(t)zery(£)+y(t) o<t<l  y(0)=1
dt 2 (0.16)

o)

AT (YO}~ DOV =T; {ety(%)}ﬂ;{y(t)}

(0.18)
Iq(S) Iq(S) iq(s) (0.19)
p(s) _ —ip(s) t) =1 0
Tg Y0} = iq(s)  q(s) Yl 1) (0.20)

Applying the SEJI and the inverse SEJI transformation we have;

t
TQC {et yn ()} TC
Ty {Vea®)} = 2’) T .0

iq(s) iq(s) (0.21)
t
Tty (= .
TE (O} =— {e yO(Z)}+T9 A0}
g L1 iq(s) iq(s) (0.22)
TC{et} T {1
0= " a) 0
1 Loa) i P(s)
T {00} =p(o)| S0, .q(zS)

(0.24)

(0.14)
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C ps)[ 1 . q() p(s)
T, 1y, () =—- 2 2 e
g {y ( )} iq(s) {1+q (s) +I1+q (S)} q°(s) (0.25)

We use here the series expansion to evaluate the terms so we obtain the following;

—P(s) _-p(s)| 1 —p(s)z[ j Ly PO
iq(s)(1+9%(s)) ia*(s)| 1 4| ia’(s) q°(s) |55 (-1)" 9°™(s)
q°(s)
1 o )2n+3 P( )
z n 2n+3 2n+3
193 (-1) (- (s) (0.26)
c-1 _P(S) S — ht -1
g !iq(s)(1+q2(s))] = men (0.27)
—p(S)[ iq(s) } —p(s) _—p(s) 1
iq(s) [1+0°(s) | 1+0°(s)  a’(s) 1
v (S)
_-p(s) S —p(s)
q°(s) Z( q° (s)j zo )" 4*"%(s)

© _ p(S)( )2n+2
g )n ( I)2n+2 q2n+2 (S)

(0.28)
. © 2n+1
To —p(s){ iq(s) ﬂ Z t =sinh(t)
g . 2
| iq(s) [1+9°(s) i (2n+1)! (0.29)
ot —p(s)}:t
o} 2
L q°(s) (0.30)
Ty T {va(O)}} = v, = cosh(t) ~L+sinh(t) +t =e' +t -1 0:31)
t t i t
y,(t)=e -1+t )ﬁ(_J:ez —1+-
2 2 o3y
Y,

Now we start calculating

¢ty (8
Tg {e yl(z)} +-|-gc {yl(t)}

iq(s) iq(s) (0.33)

c _L ¢ J)at %_ £ L —
Tg{yz}—iq(S)Tg {e (e 1+2]}+|q(S)Tg{ e +t-1}

Tgc {Y2 (t)} =

(0.34)
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3
Tg°{y2(t)}:—p(s) 2 4 q(s) (—p(s))[ 1 " q(s) }

ia(s) (2]2+q2(s) (2j2+q2<5) i) [Lai(s)  1+a%(9)

! Tgc{tet}__p(S){ L, 46 }_ 1 {_E(S)}. 1 {—ip(sq
2iq(s) iq(s)[1+qg°(s) 1+q°(s)| iq(s)| a°(s) | ia(s)| a(s)

(0.35)

We use here the series expansion to evaluate the terms so we obtain the following;

3 3
-p(s) 2 _=p(s) 2

iq(s) (3}1 )
P’ q (S) 2 2
3 q°(s)
(zj 1+(3j2

2

PG 2 _=p(©) 3 -1
iq(s) iq(s) a’(s) ==| 9°(s)

(sz
q 1+ ——
(S) Z(S)

) (=" () @

s g2 (s) ()"
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We need to calculate

n+l ana( 3" onsa [ 3 2
O] | e[
LE) -S>

o 2n+3 (S)( )2n+3 pr 2n N 2)

& (2n+2) & 2n! 35 ont 3 2

t2n+2 (3j2n+l tzn (3j2n—l tzn (3j2n
_Z 2 :gzz—z—g{cosh(ﬁj_l}

(0.38)
(—p(s)j 9(s) |_=pG) s 1
iq(s) )| (3, O =1
(2) +a'(s) s
)
2
3)2) (3"
—p(s)z (Zj :i_p(s)(_l) (2)
9’(s) | 9°(s) | = 9(s)
(0.39)

O (3] (3
Tc—l =-|-c—1
g HZ:(; q2n+2 (S) g nZ:O qzmg (S) (_i)2n+2

t2n+l (3j2n+1
:ZE—Zzzsmh(gj
34 (2n+1)! 3 2 040

3

1| ZP6) 2 +1 q(s) :gcosh(gtj+25|nh(3tj g{ezt—l}
Tl ? 2 3 2) 3 2) 3

v (3] vao

(0.41)

TS {te‘}



International Journal of Research Publication and Reviews, Vol 6, no 2, pp 646-663 February 2025

656

Ty {te'} = p(s)]oe‘i

1)eldt = p(s) I te'e gt = p(s) J' te 19Ut
0 0

i te—(iq(s)—l)t |OO © e (iq(s)-1)
= - dt
" a0, =@ 1 }
i e_(iq(s)_l)t ” p(s)
=pS)|————=| |=— >
_—(iq(s)—l) J (iq(s)-1)
Note;

i[ 1 j:i 1 _d
dglig(s)-1) dq |q()( 1 J dq
iq(s)

EEEny

This imply
i e (1Y a1 Y
(iq(s)—l)z -~ (iq(s))’ ;n(iq(S)] +(iq(s))2 nZ:c;(iQ(S)j
(|q(s) -1y’ Z—l: ) n+2(s) Z:; )
rea| 0 Z'ZTH'@” (ONNL O ]
* Liaes)(iats)-1) ] 2
S T I S TOTE )”*"‘ & pE)(-)"” ]
T 2 :Tg n .\ N+3 n+3 3 n+3 n+3 n43
" Lia(s)(ia(s)-1)° | zl (i)™ (=) g™ Z (=)™ q™(s)
c_1_ l B 0 tn+2 0 tn+2 B Ee) B E ) E . .
" _iq(s)(iq(s)—l)z}_gn(n+2)'+§(n+2)!_é(" TP TR
T —Tg_c {tEt} =te' —e'+1
Tl iacs)
L (0.42)
cl c ﬂ: _
’ Lq(s)} ”Z‘; n! (0.43)
Tgc_l_T_;{t}'=Tgc_1‘_—g(s)}=Tgc_1‘ir;(s>}=t_2|
o) | 0 L] o) 2
or| | qea| L {—ip(s)'}:t
Poliaes) | ° lia(s)[ a(s) |

(0.45)

Hence adding up (3.27-3.30) we obtain;
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2| & 1/ ¢ t?
yz(t)=§{e2 _1}7(& —e +1)+E_t
(0.46)
2

2| % 1, . t
Yz(t)=§{e2 —1}+§(te —-e +1)+E—t

t 2% 2 1(t 5 t? t
)=Zet -S| —e2—e2 41 |+———
V5)=3%" 3 2(2 8 2

Now we calculate 3 ;

T eyz( )} yz(t)}

iq(s) IQ(S)

T{e{ e4——+ (te;—e;ﬂ}rtz—tﬂ
2 8 2
s 1Y)} =

AUIE

iq(s)
2 2 2
T{e2 te —e +1)+—t}
3
IQ(S)
7t 3t 3t 2
To|2et 2 Lt o e | bty
. 137 3 2 2
o 10} = 9(s)
3t 2
To| 2622 1(te —e'+1)+ -t
913 3 2
+ -
iq(s)
7t 3t 3t 2 t2 1
T/l -et+-e2+—e2+—e——e+_—-t—=
T ) = 6 4 8 3 2 6
o DRI a(s)

21clos |4 17l g2 |+ 17el o2 |4 17 2 ey Le ey Lre
C 30 { }61{ 2}41} {te2}+8Tg [tze‘]—ng [et]+§Tg [t ]-T, [t]+5 TS ]
Tg {ys(t)}_

iq(s)
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7 3

-2p(s) 4 ;o908 |, =P 2 9
2 2 6 2 2
e (G] v SR CHHEIC
Tgc {y3(t)} = |q(5) +
relier T g . O e IO OB RS S 1O
4° 8 ° 3[1+9°(s) 1+a(s)) 2[a’®) ] [a°(9)] 2 °[ a(s)
iq(s)

(0.47)

There are several transforms we need to evaluate,
3t ° 3t 8t ® —[iq(s)—éjt
TS te? v = p(s)J.e"q“”tezdt = p(s)jteZe"q(s)tdt = p(s)jte 2Jtdt
0 0 0

0

a —[iq(s)—g]t . —(iq(s)—%)t —(iq(s)—%)t
TQC{tez}zp(s) S [t = p(e)| =~ |- p(5)3 :
3] o -[(aw-3 ) @-3] | | (fa0-3)
(0.48) )
Note;
3 n
a1 _4 1 4t s 2
da| qe)— 3 | 9 3 )| daia(s) =) ia(s)
2 1-_2
iq(s) ia(s)
This imply

Ms

- _§I § n-1 § n
—1 x i
s=—2>n
(iq(s)_g) (|q(s) ™) lq(S) lq(s) = q(S)

(3jn (3jn
in n+2 +i . ”+22 n+2
[IQ(S)—J P (s) (i) "q"(s)
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P(s) (2) p(s) (ij

8 3 + \N43 43
()" () nz(;(l) q"3(s)

Tgc_l p(S) 5 — TgC—l
iq(S)(iq(s)—zj g

NgE

n

I
=

| 1 [ p(s)(g)n (=) . pGs) Gj (i)™

_To! - N 3 3 . - !
g 2:1: (i)n+ (_i)n+ qn+3(s) nz;‘(|) (—I) qn+3(s)

N

c-1
TQ

>

iQ(S)(iq(s) —2)

HEgER

c-1 1 _ o\ 2 _ \ 2

T | — 3V _nZ;‘(n—l)! 223 !
(o) 6~ |

c-. 1 2
Tg ' =§

iq(S)(iq(s)—zj

HE
Tgc—l 1 : =gti 2

; . 3 3
|Q(S)(Iq(s)—2)

1 2_§3 :|

L 7|=5t e —st-1
. ; 3 2
|q(s)(|q(s)_2j L

{ 3’[}

T, qte?

g 3t 3t

Tgc_l e :gte2_£92_£t+£

(0.49)

gc {tzet}
We need to find out
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To{t%e'} = p(s).[tzete“q“)tdt = p(s)jtze‘“q(s)‘”tdt
0 0

[ e—(iq(s)—l)t ® ® e—(iq(S)—l)t
TS {t%e'} = p(s)| t* — +2[t= dt
—(ia(s)-1)|, 5 (ia(s)-1)

L I o-(ia(9)-1) |°C o)1) |°° 2
Tgc t%e = p(s)| 2t — 7| —2— 3| | T 3
{ } —(iq(s)-1) ‘0 (iq(s)-1) ‘0] (ig(s)-1)

From Previous steps;

i[ 1 j_i 1 _4ad Li 1
dglia(s)-1) da|. 1 J dg | ig(s) s\ i
This imply

o7 T (we) ey Lla)
j_q(m};_q[@qé)fg”(iw1 (ia(s)) Z( q(s)jn
(iq(s?—lf:(iq;)“g”(o):(sﬂnd Tl 1)[()q(3)
ey i[( >3<s>Jn (.q(ls))mi”((i):(sJ _l

(|q(s) iy Z( q(s)J +3n0- [)q(s)]
Z_é[ q(s)] Zo( q(s)J

2p(s) —3p(s )z L © J +p(s)Zn(n 1)(()(1(5)]

iq(s) (ia(s) -1)° =

+2 p(S)Z( ] 2 ( q(S)}

Il
4N
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2 p(s) _ 4 " 1 n+4 " _1 ( 1 Jn+4
a)(9(5) 17 p(s)én((i)q@)] PO (g

+2p(s )Z( )q(S)J

e 2p(5) B 0 tn+3 _
k T{iq(s)(iq(s)—lf} PR e O N T

0 tn+3

22, n+3)!

clrc 2p(s) - t"
T,T s =4) (n=-3)—+
C l:iQ(S)(iQ(S)—l) } ”Z:‘;( )ﬂ! n=5

—

M8
—_
3
\"_’/
~~
:)
3
21

0 tn
+2) —
n=3 n!

Tg“T;Lq(S)Z_p(S) 3}=4Znt—12 +Zn 7y al iyl

(lCI(S)—l) n=4 n! n4nI n=5 n=5 n! n:5n!

c-ltc 2p(S) . = t" B » t"
K TgLq(s)' }42@1). 123 .+nz;‘n 5y RO M vy

(|q(s)—1) - = n!
+2 3 ﬂ
= n!
(0.50)
T“T{ 2p(s) } ii—lzz +Z n+1) M—?i v
’ iq(s) (iaq(s)-1)° | = !
+2 3 ﬂ
= n!
o 2p(3) o0 tn n+l ) tn+1
T, THSANIED) QLN o).
’ Lq(s)(lq(s) 1)} s n! n4n' nZ; ! Zn.
o0 n+1
—72 1125 +2Z—
nsnI n3
e 2p(s) 2t 2" &t = t"
T,T, — 12 —+ +ty —
’ Lq(s)(lq(s) 1) } Z;n nzj;n! nz_;(n—l. n;n!
o0 n+1
—72 1125 +22—

nsnl n3



International Journal of Research Publication and Reviews, Vol 6, no 2, pp 646-663 February 2025 662

o . 2 S ] tn [e's) tn [e's) tn+2 0 tn
T Lq(s) p(s) }4@:——12 LENI JLNT gl

(iQ(S)—l)S s n! = nl ol =l
—7tz +12 —+ 22—
=5 n! n= 3 (0.51)

Teire| 2RO =4t{et—1—t—q 12{e ~1- t—ﬁ—ﬁ}
e (i) -1) 2 2. ®

2 3 2 3
le—1-t-L Y| _gt|e 1L _L
2 6 2 6

2 3 4 2
+12[et_1_t_t__t__t_}z{er_1_t_%}

2 6 24
T C t2et 5
T ———— { } _ %t —2te' +2¢' —L 2
iq(s) 6
(0.52) (0.53)

7t 3t 3t
zT{e‘*}éT{ez}iTg{tez};T;[tze‘]—iT;[ -+ ;Tg [t ]-Ty [t]+;Tg°[1]

iq(s)

And so,

n 3t 3 42
y,(t)=—c¢e* +1te2 +lt e —lte —ie‘+t——t—+15t+ L
210 6 8 4 12 6 2 16 28 (s

Y=Y+ ¥ +tY, T+ Y+
_at _
y, =€ +t-1 (056)
2

2| % 1, . t
yZ(t)=§{e2 —1}+§(te —-e +1)+E—t

L ERPN 3
y,(t)=—e* ilier i 2er  tpg Ly Lo U 10U 95
21 6 3 8 2 12 6 16 84

n 3t 3 42
y(t)=—e* +1te2 +£t2et—1tet—£et+t——t—+§+i+
21 6 8 4 12 6 2 16 28

8. CONCLUSION

After applying SEJI transform to different forms of delay differential equations (DEE), we can conclude that the transform is valid for those kinds of
equations, in some cases it gives the exact solutions, and other cases if evaluate more iterations it gives results closer to the exact solution, non-linearity
do not guarantee an accurate exact solution. In the future we will apply this transformation on fractional non-linear differential equations to see if we can

obtain some valid results.
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