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ABSTRACT :

In this paper, we introduce a Finsler space which Cartan’s third curvature tensor R}, satisfies the generalized birecurrence property by using the first and second
kind of covariant derivatives simultaneously in Cartan sense. Further, we prove that some tensors are non-vanishing. Certain identities belong to main space have
been studied.
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Introduction and Preliminaries

Various curvature tensors that satisfy the generalized birecurrent by using two kinds of covariant derivatives in sense of Cartan introduced by [6, 9, 16].
Qasem and Hadi [11-13] discussed Cartan's third curvature tensor R}kh, Cartan's fourth curvature tensor K}}m and Berwald curvature tensor H}kh which
are generalized birecurrent in sense of Cartan. Also, Assallal [8] introduced the generalized P" —birecurrent space.

Let F, be an n -dimensional Finsler space equipped with the metric function F(x, y) satisfying the request conditions [4, 14, 17]. The vectors y;
and y' defined by
11 y; = gij(er)yj-
The metric tensor g;; and its associative gY are connected by

. lif j=k,
ik — sk —
(1-2) 9ij9 _61' - {0 ifj:/:k.

In view of (1.1) and (1.2), we have
(1.3) &) &y =y, b) &' y/ =y, <) 89 = gjr» d) & g’ = g* and d) y; y' =F2
The (h)hv — torsion tensor which is positively homogeneous of degree —1 in y* and symmetric in all its indices introduced and defined by [5, 15]
Cij= %31' Gjk = %a'i 0; 0y F2.
And satisfies
(1.4) a Cijkyi = Chj yi= C ki yi=0 and b) le}cgih = Cijk -
E. Cartan [7] deduced the covariant derivatives of an arbitrary vector field X* with respect to x* which given by
(15) X'|,=d.X + X" Cl,
and
(1.6) X =0, X' — (8, X")GL +X"T;},
where the function Ty is defined by I} =I5, — Cf, I'q¢ ¥*. The functions I';}' and Gf are connected by Gf = I'qf y° where 8; = % ,
G

Gi= 9.

s 0
9 =57 G=79

The equations (1.5) and (1.6) give two kinds of covariant differentiations which are called v —covariant differentiation (Cartan’s first kind covariant
derivative) and h —covariant differentiation (Cartan’s second kind covariant derivative), respectively. So X¢|, and X“,( are v —covariant derivative and
h —covariant derivative of the vector field Xi. Therefore, v —covariant derivative and h —covariant derivative of the vectors y’, y; and metric tensors
gi; and its associative g'/ are satisfied [14]
@7 &) gyli=0, b) gijuc =0, 0) g7],=0, d) gt =0,
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&) Y =0, N ¥l =8k, 9) Yy =0 and N Yilic = Gine
The tensor R}kh called Cartan's third curvature tensor is positively homogeneous of degree zero in y* and defined by [1, 14]
Rl = 0Tk + (0,31 GE + Ghn (856G — GG ) + Tyl T — h/k
This tensor satisfies
(1.8) a) R,i-kn yl=HL, = K}kh vl D) Rijkn = GrjRixn and c) R}kh = 9" Ryjin
where Ry, is the associative tensor of Rj-kh.
R —Ricci tensor Ry, deviation tensor R}, and curvature scalar R of the curvature tensor R}'kh are given by [14]
(1.9) a) R;ki =R, b) Ry ¥y =Ry, ¢) Riwn g™ =Ry,
d) Ry g =R} and e) Ry =R.
The tensor Pjikh called hv —curvature tensor (Cartan's second curvature tensor) is positively homogeneous of degree —1 in y* and defined by
[2, 3, 14]
Phy =0, + CLPg, — Clyy . Thew (hv) —torsion tensor P, is given
(1.10) P_;lkh yl = Fﬁcihyj = Plih = Cgch|ryrv

The associate tensors P, and P ., Of the hv —curvature tensor Pjy, and v(hv) — torsion tensor Py, are given by [14]

(1.11) @) Py = gierTkh and b) Pikn = gjrPin -
P — Ricci tensor Py, curvature vector P, and curvature scalar P of Cartan's second curvature tensor P]-ikh are given by
(112) @) Py =Pl b)P. =Pl and c) P=P.y*.

The tensor K;'kh called Cartan's fourth curvature tensor is positively homogeneous of degree zero in ¥ and defined by [14]
Khn =0T+ (0,T})GE+ T 5T —h/k'
The associate tensor K;j;,, K —Ricci tensor K, , curvature scalar K and deviation tensor Kj" of the curvature tensor K}kh are given by
(1.13) @) Kijxn=G+j Kitn » b) Kjiki = Kj ) Kig =K,
d) Kipg’* = K and e) Kyy* = K;.
The Berwald curvature tensor H}kh is defined by [14]
Hip=0,Glh +G5Gh+GLGE—h/k.
The torsion tensor H },, and deviation tensor H | are satisfied
(1.14) @) Hjpy/ =Hly and b)Hyy/ =H.
H - Ricci tensor Hy, , curvature vector H,, and scalar curvature H are given by

(1.15) @) Hy = Hy, b)H}; = H, and ) Hi=(m-1)H.

A Generalized R — mixed birecurrent space

This section introduces a Finsler space which R}'kh satisfies the generalized birecurrence property by using two kinds of covariant derivatives in Cartan
sense. Qasem and AL-Qashbari [10] introduced Finsler space F, which Cartan’s third curvature tensor R}kh satisfies the generalized recurrence property
with respect to Cartan’s second kind covariant derivative, i.e. characterized by the condition
(2.1) R}khu = AzR;kh + w(SLgin — 8Lgj) . R}kh # 0,
where |1 is the h —covariant derivative operator of first order with respect to x!, also A, and y, are called recurrence covariant vectors. They called this
space and tensor, the generalized R" —recurrent space and generalized h —recurrent tensor and denoted them briefly by GR® — RE, and Gh —R,
respectively.

In the same vein, let us consider that the Cartan’s third curvature tensor R}kh satisfies the generalized recurrence property with respect to Cartan’s
first kind covariant derivative, i.e. characterized by the condition
(22) Ry = mBhin + Hm(8kgjn = 819) +  Rjn # 0,
where | m is the v — covariant derivative operator of first order with respect to x™. A Finsler space F, which R}'kh satisfies the condition (2.2) will be
called a generalized RY —recurrent space and the tensor will be called a generalized v —recurrent tensor. This space and tensor denote them briefly by
GRY — RF, and Gv — R, respectively.

Now, taking v — covariant derivative for (2.1) and using (1.7a) with respectto x™, we get
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R;khu\m = AlImR;kh + }”R;kn\m + ”llm(‘sllcgih = 8hGji)-

Using the condition (2.2) in above condition, we get

R;kh”\m =X|m R;kh +4 [AmR}kh + Hm((sligjh - 5;1'191'1()] + #l|m(51i<9jh - 5}29;’1()

Or

Rinitm = Pl A2 R + abtn + by ) (8kjn = 51 s)-

The above equation can be written as
(2.3) R;kh”\m = GZmekn + blm((sligjh - 5};!}}'1()' R}kh #0,

where |1 | m is hv —covariant differential operator of second mixed order with respect to x! and x™, respectively. Also, a;,, = 4,|, + 4,4, and

l|m

byn = 14 [m + Ay a@re non — zero covariant tensors field of second order.

Definition 2.1. A Finsler space E, which Cartan’s third curvature tensor R;'kh satisfies the condition (2.3) will be called a generalized R" — mixed

birecurrent space and the tensor will be called a generalized hv — mixed birecurrent tensor. This space and tensor denote them briefly by GR™ —
(M)BRF, and Ghv — (M)BR, respectively.

Remark 2.1. The condition R!

S almR}kh, R}kh # 0, looks as a mixed birecurrent. Also considers as a particular case of the condition (2.3), but

it does not do.

Now, transvecting the condition (2.3) by g, using (1.8b), (1.7a), (1.7b) and (1.3c), we get
(2.4) Riknt)m = UumPRjprn + bim (Grp9jn — Inp9ji)-
Remark 2.2. Conversely, transvecting (2.4) by the associate metric tensor g® and using (1.8c), (1.7¢), (1.7d) and (1.2), yields the condition (2.3) i.e.
the condition (2.3) is equivalent (2.4), therefore GR™ — (M)BRE, can represent by the condition (2.4). Thus, we conclude.

Theorem 2.1. GR™ — (M)BRF, may characterize by (2.4).

Transvecting (2.3) by g’* , using (1.9c), (1.7c), (1.7d) and (1.2), we get
(2.5) R;;Mm = ay,R}.
Thus, we conclude

Corollary 2.1. The behavior of deviation tensor R as mixed birecurrent in GR"™ — (M)BRE, .

Contracting the indices i and h in the condition (2.3), using (1.9a), (1.3c) and (1.2), we get
(2.6) Rjk|l|m = ymRjx + by (1 — 1) G jic-
Contracting the indices i and h in the condition (2.1), using (1.9a), (1.3c) and (1.2), we get
(27) Ry = ARy + (1 —n)gj.
Now, transvecting (2.6) by y* , then using (2.7), (1.9b), (1.7e), (1.7f) and (1.1), we get
Rjjt|m = QimRyF+bym(1 =)y + 85 [ARy + (1 = 1) g ]
which can written as
(2.8) Rj|l|m = @R + by (1 —n)y; + 4Ry + (1 = 1) g o
Transvecting (2.6) by g’*, using (1.9¢), (1.7¢), (1.7d) and (1.2), we get
(29) Ry|m = amR + by (1 —n).
From equations (2.6), (2.8) and (2.9), we conclude
Theorem 2.2. In GR"™ — (M)BRE,, R —Ricci tensor Ry, , curvature vector R; and curvature scalar R of Cartan’s third curvature tensor R}'kh are

non- vanishing .

Now, transvecting (2.3) by y/, we get
[R;kh”M]yj = [aymRien + bun (8igjn — 619501y’
Or

Ry V| m = Rhon V1., = [@imR + bim (S5 = 819,01y
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Using the condition (2.1) in above equation, then using (1.7e), (1.7f), (1.8a), (1.1) and (1.3c), we get
(2.10) Hlih|l|m = aHi, + me(‘S/ic)’h - 5};3/1() + 4R + Ml((sligmh - 5}ilgmk)
Transvecting the condition (2.1) by y/, using (1.8a) and (1.1), we get
(2.11) Hipy = AHiy + 1 (8iyn — 8hyi)-
Now, transvecting (2.10) by y*, we get
[H,ih”\m]yk = [aumHin + bim (8iyn — 84Yi) + ARipen + 118k Gmn — Sngmi)1¥*
Or
(H};hyk)ll‘m - Hlihu mi = [aumHin + bim (Bkyn — 8Lyi) + AiRbn + 18k Gmn — SLGmi) 1™
Using (2.11), (1.14b), (1.7e), (1.7), (1.3b), (1.3d), (1.1) and put (R.,.,y* = RL,,) in above equation, we get
(2.12) H,i”\m = aHf + blm(yiy}z - Fz5fiz) + MR+ M HL, + #z()’i!}mh+ 8y — Efilym)'
Contracting the indices i and h in the condition (2.10), using (1.15b), (1.3a), (1.9a), (1.3c) and (1.2), we get
(2.13) Hyj | = @imHi + by (1 = ) ¥i + 4Ry + (1 — 1) G-
Contracting the indices i and h in the condition (2.12), using (1.15c), (1.3d), (1.1), (1.2), (1.15b) and put (R.,; = R,,), we get

-

A
(214) Hyjpy = QuH + by F? + S22 1y, + 2 Ry + Hy)

From equations (2.10), (2.12), (2.13) and (2.14), we conclude
Theorem 2.3. In GR™ — (M)BRE,, the torsion tensor Hj,, , deviation tensor H}, , curvature vector H, as mixed birecurrent in GR" — (M)BRE,

and curvature scalar H of Berwald curvature tensor Hj,, is non - vanishing .

Necessary and sufficient condition for some tensors to be GR®™ — (M)BRF,,

This section concentrates on the necessary and sufficient condition for some tensors to be generalized R™” — mixed birecurrent. We know that Cartan’s
third curvature tensor R}, and Cartan’s fourth curvature tensor K}, are connected by [10]
(3.1) R;kh = Kjikh + C}LsHlih
Taking hv —covariant derivative of mixed second order for (3.1) with respect to x* and x™, successively, we get
R}khu\m = Kjikhu\m + (C}SHEh)Il\m :
Using the condition (2.3) in above equation, then using (3.1) in the resulting equation, we get
(B2 am (K}kn + Cjisngh) + by (81gjm — 6h9ji) = Kjikh|l|m + (C}sHlih)|l|m .
This show that
(3:3) K]-ikh”\m = @K i, + bim (8kgjn — h951)-
if and only if
(34) (C}sHlih)|1|m = alm(C}sngh) :
Transvecting (3.2) by g, , using (1.13a), (1.4b), (1.3c), (1.7a) and (1.7b), we get
(3.5) alm(ijkh + ijsHlih) + by (gkpgjh - ghpgjk) =Kipenp|m + (ijsHlih)mm
This show that
(B8) Kipknji|m = %m Kjpien + bim (9rp9jn — InpGjrc)-
if and only if
@7 (CpsHEn)y | m = Gim CipsHin -
From equations (3.3) and (3.6), we obtain
Theorem 3.1. In GR"™ — (M)BRE,, Cartan’s four curvature tensor Kjkh and its associative tensor Kj,, are generalized hv — mixed birecurrent if

and only if the tensors (Cj‘sH,ih) and (C;,sHjy) behave as mixed birecurrent, respectively.

Contracting the indices i and h in the condition (3.2), using (1.13b) and (1.3c), we get
(38)  am(Kjx + ClHir) + bim (1 = W) gjk = Ky m + (CLHir) i m -
This show that
(3.9) Kjk|l|m = mKjx + by (1 — 1) g ji-
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if and only if
(3.10) (CLH) 1| m = Qim (ClHE) -
Theorem 3.2. In GR™ — (M)BRE,, the K-Ricci tensor Kj of Cartan’s fourth curvature tensor Kj"kh is non — vanishing if and only if the tensor

(C/sHy,) behaves as mixed birecurrent.

Transvecting (3.8) by y*, using(1.13e),(1.14b) (1.1), (1.7e) and (1.7), we get
(3.12) Ky + [CGHED) | Y™ = @imK) + bim (1 = 1)y; + Kjpe 165, + apn CLHF
This show that
(312) (Kjjj|m) = amK; + by (1 —n)y; .
if and only if
(3.13) [(CLHE) ]V = QumCHE + Ky -

Theorem 3.3. In GR" — (M)BRF,, the curvature vector K; of Cartan’s fourth curvature tensor Igikh is non —vanishing if and only if (3.13) holds.

Transvecting (3.8) by g¥, using (1.13c), (1.2), (1.7c) and (1.7d), we get
(344) @y (K + gUCHHE) + b1 = m)8E = KL+ (0T CLHE yjm -
This show that
(3.15) K,i”‘m = @ Ki + by (1 — )81
if and only if
(3.16) (9" CLHE) 1| m = @um (9 CLHE) -

Transvecting (3.8) by g’*, using (1.13d), (1.2), (1.7c) and (1.7d), we get
(B17) am(K + g CLHE) + (L =MWy = K|y + (9 CLHE) | -
This show that
(3.18) K|, = aimK + (1 — )by
if and only if
(3.19) (g™ CLHE | m = Qum (97 CHE,) -
From equations (3.15) and (3.18), we conclude
Theorem 3.4. In GR™ — (M)BRE,, the deviation tensor K and curvature scalar K of Cartan’s fourth curvature tensor Kjik,, are is non — vanishing

if and only if the tensors (g% C};H;,) and (g/*C[;H,) behave as mixed birecurrent.

S

For a Riemannian space V,, Cartan's second curvature tensor ,-"kh and Cartan's third curvature tensor R}kh can be expressed as follows [18]
. . 1 . .
(3:20) Pjn = Rfin — 5 (RjxSh — Rinbi).
Taking hv - covariant derivative of mixed second order for (3.20) with respect to x! and x™, successively, we get
. 1 . .
P} =5 (RS — Rjndi)

_ pi
;khu\m_Rjkhu\m jt|m "

Using the condition (2.3) in above equation, then using (3.20) in the resulting equation, we get
(3:2) Py = Gum[Pon +5 (RicOh = Rin 0] + bim (8495 — 0h90) =5 (Riedh = Rindt) .-
This show that

(3.22) Pjikh”|m = Ay Pfin+bim (859jn — 89 51c)

if and only if

(3.23) (RixSi — thﬁ,‘;)“‘m = Ay (Rj 8k — RjnSL).

Transvecting (3.21) by g, , using (1.11a), (1.3c), (1.7a) and (1.7b), we get

1 1
(3-24) Pjrynpt|m = QmPiren + galm(Rjkgrh - thgrk) + by, (grkgjh - grhgjk) -3 (Rjkgrh - thgrk)

[tlm’
This show that

(3-25) Pjrynit|m = mPirentbim (grkgjh - grhgjk)

if and only if

(3.26) (Rjkgrh - thgrk) = alm(Rjkgrh - Rjngrk) .

|l‘m
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From equations (3.22) and (3.25), we obtain

Theorem 3.5. In GR"™ — (M)BRE,, Cartan’s second curvature tensor P}kh and its associative tensor P;,., are generalized hv —mixed birecurrent if

and only if the tensors (R;, 81 — R 6%) and (R;grn — Rjngri) behave as mixed birecurrent, respectively.

Transvecting (3.21) by y/ , we get

[ jikh”\m]yj = {am [Pjikh +§(Rjk5fi1 - thtsli)] +bim (890 — Shgjx) — i(Rjk&i — Rin6%),(, 3

t|m

Or
i i j i 1 i i i i 1 i i j

(ijnyj)|l|m = Pienp y‘]m = {alm [ijh + 3 (Rjk5n - th5k)] +bim (5kgjh - 5h9jk) - g(Rjk5h - th5k)‘l|m}y]-

Using the (1.10), (1.9b), (1.1), (1.7€) and (1.7f), we get

(3:27) Pyl = U [Pln + 5 (ReSh = Ru8E)| +bum (8531 — 641) + Penyi =  (Ri 8% — Ri51)

This show that

(3.28) Plih|l|m = atmplih+b1m(51ic)’h - 5};3/1()

if and only if

(3.29) (RySL — Ry6L)

jt|m’

= ay (Ri S, — Rh5lic)+3prinkh|l .

It|m
Transvecting (3.27) by g;, , using (1.11a), (1.11b), (1.3c), (1.7a) and (1.7b), we get
Print|m = @i |Pricn + > Rien = Rngrid)| +bum (Grickn = Gon¥ie) + Pronints = RiGrn = Ruric) | m -

This show that
(3:30) Prinjt|m = mPrintbim (Griyn — Grnyi)-
if and only if
(3.31) (Regrn — Rh.grk)|1|m = @y (R Grn — RnGric) + 3Prminys -

Theorem 3.6. In GR"™ — (M)BRE,, Cartan's covariant derivative of mixed second order for the (v)hv —torsion tensor P, and its associative
tensor P, are given by (3.28) and (3.30) if and only if (3.29) and (3.31) hold, respectively.

Contracting the indices i and h in (3.27), using (1.12a), (1.12b), (1.3a), (1.9b) and (1.2), we get
Pilm = @mPe + 5 @m0 = DRy + by (1= )i + Py =5 (= DRy,

This show that

(332) Py = @mPx + by (1 = )y

if and only if

(3.33) (m—1DR = @yn(n — DR + 3Py -

kit my

Theorem 3.7. In GR"™ — (M)BRE,, the curvature vector P, of Cartan’s second curvature tensor P]-"k,, is non — vanishing if and only if (3.33) holds.

Contracting the indices i and h in (3.21), using (1.12a), (1.3c) and (1.2), we get
Poat|m = @umPprc + %a,m(n = DRj + by (1 =) g — g(n - 1)Rjk|l|m;::'
This show that
(3.34) ij”‘m = @ Pje + by (1 — 1) g .

if and only if
(3:37) Ryt m,, = UmPRjic -

Corollary 3.1. In GR"™ — (M)BRE,, the behavior of R —Ricci tensor R;, as mixed birecurrent if and only if P —Ricci tensor P, is non —

vanishing.

Conclusion :

We discussed the necessary and sufficient condition for different tensors which satisfy the generalized R™” — mixed birecurrent space. Also, some
tensors behave as mixed birecurrent. Furthermore, we concluded that the R —Ricci tensor R;,. , curvature scalar R , torsion tensor H,, , deviation tensor
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H} , curvature vector H,, , curvature scalar H , K-Ricci tensor Kjy , deviation tensor K}, curvature vector K; and curvature scalar K are non-vanishing
in GR"™ — (M)BRE, .
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