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ABSTRACT : 

In this paper, we introduce a Finsler space which Cartan’s third curvature tensor 𝑅𝑗𝑘ℎ
𝑖  satisfies the generalized birecurrence property by using the first and second 

kind of covariant derivatives simultaneously in Cartan sense. Further, we prove that some tensors are non-vanishing. Certain identities belong to main space have 

been studied. 
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Introduction and Preliminaries   

Various curvature tensors that satisfy the generalized birecurrent by using two kinds of covariant derivatives in sense of Cartan introduced by [6, 9, 16]. 

Qasem and Hadi  [11-13] discussed Cartan's third curvature tensor 𝑅𝑗𝑘ℎ
𝑖 , Cartan's fourth curvature tensor 𝐾𝑗𝑘ℎ

𝑖  and Berwald curvature tensor 𝐻𝑗𝑘ℎ
𝑖  which 

are generalized birecurrent in sense of Cartan. Also, Assallal [8] introduced the generalized 𝑃ℎ −birecurrent space.  

      Let 𝐹𝑛 be an 𝑛 –dimensional Finsler space equipped with the metric function 𝐹(𝑥, 𝑦) satisfying the request conditions [4, 14, 17]. The vectors  𝑦𝑖  

and  𝑦𝑖 defined by  

(1.1)    𝑦𝑖 = 𝑔𝑖𝑗(𝑥, 𝑦)𝑦𝑗  . 

The metric tensor 𝑔𝑖𝑗 and its associative 𝑔𝑖𝑗  are connected by   

(1.2)    𝑔𝑖𝑗𝑔𝑖𝑘 = 𝛿𝑗
𝑘 =  {

1  𝑖𝑓  𝑗 = 𝑘 ,
0   𝑖𝑓  𝑗 ≠ 𝑘 .

         

In view of (1.1) and (1.2), we have 

(1.3)    a)  𝛿𝑗
𝑖𝑦𝑖 = 𝑦𝑗 ,              b)  𝛿𝑗

𝑖  𝑦𝑗 = 𝑦𝑖,                c)  𝛿𝑗
𝑖𝑔𝑖𝑟 = 𝑔𝑗𝑟 ,               d)  𝛿𝑗

𝑖  𝑔𝑗𝑘 =  𝑔𝑖𝑘               and                d)  𝑦𝑖  𝑦
𝑖 = 𝐹2. 

The (ℎ)ℎ𝑣 − torsion tensor which is positively homogeneous of degree −1 in 𝑦𝑖  and symmetric in all its indices introduced and defined by [5, 15] 

            𝐶 𝑖𝑗𝑘 =
1

2
�̇�𝑖  𝑔𝑗𝑘 =  

1

4
�̇�𝑖  �̇�𝑗 �̇�𝑘 𝐹2 . 

And satisfies  

(1.4)    a)  𝐶 𝑖𝑗𝑘 𝑦
𝑖 = 𝐶 𝑘𝑖𝑗  𝑦𝑖 = 𝐶 𝑗𝑘𝑖 𝑦

𝑖 = 0                            and                              b) 𝐶𝑗𝑘
ℎ 𝑔𝑖ℎ = 𝐶𝑖𝑗𝑘 . 

      �́�. Cartan [7] deduced the covariant derivatives of an arbitrary vector field 𝑋𝑖 with respect to 𝑥𝑘 which given by  

(1.5)    𝑋𝑖│𝑘 = �̇�𝑘𝑋𝑖  +  𝑋𝑟 𝐶 𝑟𝑘 
 𝑖  

and 

(1.6)    𝑋|𝑘
𝑖 = 𝜕𝑘 𝑋𝑖 −  (�̇�𝑟 𝑋𝑖) 𝐺 𝑘

 𝑟 + 𝑋𝑟Γ 𝑟𝑘
∗ 𝑖  , 

where the function Γ𝑟𝑘  
∗ 𝑖  is defined by 𝛤 𝑟𝑘

 ∗𝑖 = 𝛤 𝑟𝑘
 𝑖  −  𝐶 𝑚𝑟  

 𝑖 𝛤 𝑠𝑘
 𝑚  𝑦𝑠 .  The functions 𝛤 𝑟𝑘

 ∗𝑖  and 𝐺𝑘
𝑟 are connected by  𝐺 𝑘

 𝑟 =  Γ 𝑠𝑘
 ∗𝑟 𝑦𝑠   where   𝜕𝑗 ≡

𝜕

𝜕𝑥𝑗
 ,                    

�̇�𝑗 ≡
𝜕

𝜕𝑦𝑗
 ,   𝐺𝑗

𝑖 =  �̇�𝑗𝐺𝑖. 

The equations (1.5) and (1.6) give two kinds of covariant differentiations which are called 𝑣 −covariant differentiation (Cartan’s first kind covariant 

derivative) and ℎ −covariant differentiation (Cartan’s second kind covariant derivative), respectively. So 𝑋𝑖|𝑘 and  𝑋|𝑘  
𝑖 are 𝑣 −covariant derivative and 

ℎ −covariant derivative of the vector field Xi. Therefore, 𝑣 −covariant derivative and ℎ −covariant derivative of the vectors  𝑦𝑖 , 𝑦𝑖 and metric tensors  

𝑔𝑖𝑗  and its associative 𝑔𝑖𝑗 are satisfied [14] 

(1.7)    a)  𝑔𝑖𝑗│𝑘 = 0  ,                     b)  𝑔𝑖𝑗|𝑘 = 0 ,                     c)  𝑔𝑖𝑗│𝑘 = 0 ,                        d)  𝑔|𝑘
𝑖𝑗

= 0 , 
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            e)  𝑦|𝑘
𝑖 = 0  ,                         f)  𝑦

│𝑘
𝑖 = 𝛿𝑘

𝑖  ,                      g)  𝑦𝑗|𝑘 = 0                      and                     h)  𝑦𝑗|𝑘 = 𝑔𝑗𝑘.  

The tensor 𝑅𝑗𝑘ℎ
𝑖  called Cartan's third curvature tensor is positively homogeneous of degree zero in 𝑦𝑖 and defined by [1, 14] 

            𝑅𝑗𝑘ℎ
 𝑖 = 𝜕ℎΓ𝑗𝑘

∗𝑖 + (∂̇ℓΓ𝑗ℎ
∗𝑖)𝐺𝑘

ℓ + 𝐺𝑗𝑚
𝑖 (𝜕ℎ𝐺𝑘

𝑚 − 𝐺 ℎℓ
 𝑚 𝐺𝑘

 ℓ ) + Γ𝑚ℎ
∗𝑖 Γ𝑗𝑘

∗𝑚 − ℎ 𝑘⁄  , 

This tensor satisfies 

(1.8)   a)  𝑅 𝑗𝑘ℎ
 𝑖  𝑦 𝑗 = 𝐻 𝑘ℎ

 𝑖 = 𝐾 𝑗𝑘ℎ
 𝑖  𝑦 𝑗,              b)  𝑅𝑖𝑗𝑘ℎ = 𝑔𝑟𝑗𝑅𝑖𝑘ℎ

𝑟                 and                c)  𝑅𝑗𝑘ℎ
𝑖 = 𝑔𝑟𝑖𝑅𝑟𝑗𝑘ℎ , 

where  𝑅 𝑖𝑗𝑘ℎ  is the associative tensor of  𝑅 𝑗𝑘ℎ
 𝑖  . 

𝑅 −Ricci tensor 𝑅𝑗𝑘, deviation tensor 𝑅ℎ 
𝑟  and curvature scalar 𝑅 of the curvature tensor 𝑅𝑗𝑘ℎ 

𝑖  are given by [14] 
(1.9)    a)  𝑅𝑗𝑘𝑖

𝑖 = 𝑅 𝑗𝑘 ,                                       b)  𝑅𝑗𝑘 𝑦
𝑗 = 𝑅𝑘 ,                                 c)  𝑅𝑖𝑘ℎ

𝑟  𝑔𝑖𝑘 = 𝑅ℎ
𝑟 ,  

            d)  𝑅𝑗𝑘 𝑔𝑖𝑗 = 𝑅𝑘
𝑖                                               and                                              e)  𝑔𝑗𝑘𝑅𝑗𝑘 = 𝑅 . 

      The tensor 𝑃𝑗𝑘ℎ 
𝑖 called  ℎ𝑣 −curvature tensor (Cartan's second curvature tensor) is positively homogeneous of degree −1 in 𝑦𝑖  and defined by           

[2, 3, 14] 

            𝑃𝑗𝑘ℎ
𝑖 = ∂̇ℎΓ𝑗𝑘

∗𝑖  + 𝐶𝑗𝑟
𝑖 𝑃𝑘ℎ

 𝑟  − 𝐶𝑗ℎ|𝑘
𝑖  .   The 𝑣 (ℎ𝑣) −torsion tensor  𝑃𝑘ℎ

𝑖  is given   

(1.10)  𝑃𝑗𝑘ℎ
𝑖  𝑦𝑗 = Γ𝑗𝑘ℎ

∗𝑖 𝑦𝑗 = 𝑃𝑘ℎ
𝑖 = 𝐶 𝑘ℎ|𝑟

𝑖 𝑦𝑟, 

The associate tensors 𝑃 𝑖𝑗𝑘ℎ and  𝑃 𝑗𝑘ℎ of the ℎ𝑣 −curvature tensor  𝑃𝑗𝑘ℎ 
𝑟  and  𝑣(ℎ𝑣) − torsion tensor  𝑃𝑘ℎ

𝑟  are given by [14] 

(1.11)  a)  𝑃𝑖𝑗𝑘ℎ = 𝑔𝑖𝑟𝑃𝑗𝑘ℎ
𝑟                                            and                                                b)  𝑃𝑗𝑘ℎ = 𝑔𝑗𝑟𝑃𝑘ℎ

𝑟  . 

𝑃 − Ricci tensor 𝑃𝑗𝑘, curvature vector 𝑃𝑘   and curvature scalar 𝑃  of Cartan's second curvature tensor 𝑃𝑗𝑘ℎ
𝑖  are given by 

(1.12)  a)  𝑃𝑗𝑘 = 𝑃𝑗𝑘𝑖
𝑖  ,                         b ) 𝑃𝑘 = 𝑃𝑘𝑖

𝑖                           and                            c)  𝑃 = 𝑃𝑘 𝑦𝑘 . 

The tensor 𝐾𝑗𝑘ℎ
𝑖  called Cartan's fourth curvature tensor is positively homogeneous of degree zero in 𝑦𝑖 and defined by [14] 

            𝐾 𝑗𝑘ℎ
 𝑖 = 𝜕ℎΓ 𝑘𝑗

 ∗𝑖 + ( ∂̇ℓΓ 𝑗ℎ
 ∗𝑖)𝐺 𝑘

 ℓ + Γ 𝑚ℎ
 ∗𝑖 Γ 𝑘𝑗

 ∗𝑚 − ℎ 𝑘⁄ ∗
. 

The associate tensor  𝐾𝑖𝑗𝑘ℎ, 𝐾 −Ricci tensor 𝐾𝑗𝑘  , curvature scalar 𝐾 and deviation tensor 𝐾𝑗
𝑖 of the curvature tensor 𝐾 𝑗𝑘ℎ  

 𝑖 are given by 

(1.13)  a)  𝐾 𝑖𝑗𝑘ℎ = 𝑔 𝑟𝑗  𝐾 𝑖𝑘ℎ
 𝑟  ,                                b)  𝐾𝑗𝑘𝑖

𝑖  = 𝐾𝑗𝑘  ,                                 c)  𝐾𝑗𝑘𝑔 𝑖𝑗 = 𝐾𝑘
𝑖  , 

            d) 𝐾𝑗𝑘𝑔 𝑗𝑘 = 𝐾                                                  and                                              e)  𝐾𝑗𝑘𝑦𝑘 = 𝐾𝑗.                   

The Berwald curvature tensor  𝐻 𝑗𝑘ℎ
 𝑖  is defined by [14]  

            𝐻 𝑗𝑘ℎ
 𝑖 = 𝜕ℎ𝐺 𝑗𝑘

 𝑖  + 𝐺 𝑗𝑘
 𝑠 𝐺 𝑠ℎ

 𝑖 + 𝐺 𝑠𝑗ℎ
 𝑖 𝐺 𝑘

 𝑠 − ℎ 𝑘⁄ . 

The torsion tensor  𝐻 𝑘ℎ
 𝑖  and deviation tensor 𝐻 𝑘

 𝑖  are satisfied  

(1.14)  a)  𝐻 𝑗𝑘ℎ 
 𝑖 𝑦  𝑗 = 𝐻 𝑘ℎ

 𝑖                                             and                                              b) 𝐻𝑗𝑘 
𝑖 𝑦  𝑗 = 𝐻 𝑘

 𝑖  .          

𝐻 – Ricci tensor 𝐻𝑗𝑘 , curvature vector 𝐻𝑘 and scalar curvature 𝐻 are given by 

(1.15)  a)  𝐻 𝑗𝑘𝑖 
 𝑖 = 𝐻𝑗𝑘 ,                      b) 𝐻 𝑘𝑖 

 𝑖 = 𝐻𝑘                         and                          c)  𝐻 𝑖
 𝑖 = (𝑛 − 1) 𝐻 . 

A Generalized 𝑹𝒉𝒗 – mixed birecurrent space 

This section introduces a Finsler space which 𝑅𝑗𝑘ℎ
𝑖  satisfies the generalized birecurrence property by using two kinds of covariant derivatives in Cartan 

sense. Qasem and AL-Qashbari [10] introduced Finsler space 𝐹𝑛 which Cartan’s third curvature tensor 𝑅𝑗𝑘ℎ
𝑖  satisfies the generalized recurrence property 

with respect to Cartan’s second kind covariant derivative, i.e.  characterized by the condition  

(2.1)    𝑅𝑗𝑘ℎ|𝑙
𝑖 =  𝜆𝑙𝑅𝑗𝑘ℎ

𝑖 + 𝜇𝑙(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘) ,    𝑅𝑗𝑘ℎ
𝑖 ≠ 0, 

where |𝑙 is the ℎ −covariant derivative operator of first order with respect to 𝑥𝑙, also  𝜆𝑙 and 𝜇𝑙 are called recurrence covariant vectors. They called this 

space and tensor, the generalized 𝑅ℎ −recurrent space and generalized ℎ −recurrent tensor and denoted them briefly by 𝐺𝑅ℎ − 𝑅𝐹𝑛  and  𝐺ℎ − 𝑅, 

respectively.  

      In the same vein, let us consider that the Cartan’s third curvature tensor 𝑅𝑗𝑘ℎ
𝑖  satisfies the generalized recurrence property with respect to Cartan’s 

first kind covariant derivative, i.e. characterized by the condition 

(2.2)    𝑅
𝑗𝑘ℎ│𝑚
𝑖 = 𝜆𝑚𝑅𝑗𝑘ℎ

𝑖 + 𝜇𝑚(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘) ,     𝑅𝑗𝑘ℎ
𝑖 ≠ 0 ,   

where │𝑚 is the 𝑣 − covariant derivative operator of first order with respect to 𝑥𝑚.  A Finsler space 𝐹𝑛 which 𝑅𝑗𝑘ℎ
𝑖  satisfies the condition (2.2) will be 

called a generalized 𝑅𝑣 −recurrent space and the tensor will be called a generalized 𝑣 −recurrent tensor. This space and tensor denote them briefly by 

𝐺𝑅𝑣 − 𝑅𝐹𝑛 and 𝐺𝑣 − 𝑅, respectively.   

      Now, taking 𝑣 – covariant derivative for (2.1) and using (1.7a) with respect to  𝑥𝑚, we get 
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            𝑅
𝑗𝑘ℎ|𝑙│𝑚
𝑖 = 𝜆𝑙│𝑚𝑅𝑗𝑘ℎ

𝑖 + 𝜆𝑙𝑅
𝑗𝑘ℎ│𝑚
𝑖 + 𝜇𝑙│𝑚(𝛿𝑘

𝑖 𝑔𝑗ℎ − 𝛿ℎ
𝑖 𝑔𝑗𝑘).  

Using the condition (2.2) in above condition, we get 

            𝑅
𝑗𝑘ℎ|𝑙│𝑚
𝑖 = 𝜆𝑙│𝑚 𝑅𝑗𝑘ℎ

𝑖 + 𝜆𝑙[𝜆𝑚𝑅𝑗𝑘ℎ
𝑖 + 𝜇𝑚(𝛿𝑘

𝑖 𝑔𝑗ℎ −  𝛿ℎ
𝑖 𝑔𝑗𝑘)] + 𝜇𝑙│𝑚(𝛿𝑘

𝑖 𝑔𝑗ℎ − 𝛿ℎ
𝑖 𝑔𝑗𝑘)    

Or  

            𝑅
𝑗𝑘ℎ|𝑙│𝑚
𝑖 = (𝜆𝑙│𝑚 + 𝜆𝑙𝜆𝑚)𝑅𝑗𝑘ℎ

𝑖 + (𝜆𝑙𝜇𝑚 + 𝜇𝑙│𝑚) (𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘).    

The above equation can be written as   

(2.3)    𝑅
𝑗𝑘ℎ|𝑙│𝑚
𝑖 = 𝑎𝑙𝑚𝑅𝑗𝑘ℎ

𝑖 + 𝑏𝑙𝑚(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘),     𝑅𝑗𝑘ℎ
𝑖 ≠ 0  ,   

where |𝑙│𝑚  is ℎ𝑣 −covariant differential operator of second mixed order with respect to 𝑥𝑙  and 𝑥𝑚 , respectively. Also, 𝑎𝑙𝑚 = 𝜆𝑙│𝑚 + 𝜆𝑙𝜆𝑚  and          

𝑏𝑙𝑚 = 𝜇𝑙│𝑚 + 𝜆𝑙𝜇𝑚 are non − zero covariant tensors field of second order. 

Definition 2.1. A Finsler space 𝐹𝑛 which Cartan’s third curvature tensor 𝑅𝑗𝑘ℎ
𝑖  satisfies the condition (2.3) will be called a generalized 𝑅ℎ𝑣 – mixed 

birecurrent space and the tensor will be called a generalized ℎ𝑣 – mixed birecurrent tensor. This space and tensor denote them briefly by 𝐺𝑅ℎ𝑣 −

(𝑀)𝐵𝑅𝐹𝑛 and 𝐺ℎ𝑣 − (𝑀)𝐵𝑅, respectively. 

Remark 2.1. The condition 𝑅
𝑗𝑘ℎ|𝑙│𝑚
𝑖 = 𝑎𝑙𝑚𝑅𝑗𝑘ℎ

𝑖 ,  𝑅𝑗𝑘ℎ
𝑖 ≠ 0, looks as a mixed birecurrent. Also considers as a particular case of the condition (2.3), but 

it does not do.         

      Now, transvecting the condition (2.3) by 𝑔𝑖𝑝, using (1.8b), (1.7a), (1.7b) and (1.3c),  we get 

(2.4)    𝑅𝑗𝑝𝑘ℎ|𝑙│𝑚 =  𝑎𝑙𝑚𝑅𝑗𝑝𝑘ℎ +  𝑏𝑙𝑚(𝑔𝑘𝑝𝑔𝑗ℎ − 𝑔ℎ𝑝𝑔𝑗𝑘).    

Remark 2.2. Conversely, transvecting (2.4) by the associate metric tensor 𝑔𝑖𝑝 and using (1.8c), (1.7c), (1.7d) and (1.2), yields the condition (2.3) i.e. 

the condition (2.3) is equivalent (2.4), therefore 𝐺𝑅ℎ𝑣 − (𝑀)𝐵𝑅𝐹𝑛 can represent by the condition (2.4). Thus, we conclude. 

      Theorem 2.1.  𝐺𝑅ℎ𝑣 − (𝑀)𝐵𝑅𝐹𝑛 may characterize by (2.4). 

      Transvecting (2.3) by  𝑔𝑗𝑘 , using (1.9c), (1.7c), (1.7d) and (1.2), we get 

(2.5)    𝑅
ℎ|𝑙│𝑚
𝑖 = 𝑎𝑙𝑚𝑅ℎ

𝑖 . 

Thus, we conclude  

      Corollary 2.1. The behavior of deviation tensor 𝑅ℎ
𝑖  as mixed birecurrent in   𝐺𝑅ℎ𝑣 − (𝑀)𝐵𝑅𝐹𝑛 . 

Contracting the indices 𝑖 and ℎ in the condition (2.3), using (1.9a), (1.3c) and (1.2), we get  

(2.6)    𝑅𝑗𝑘|𝑙│𝑚 = 𝑎𝑙𝑚𝑅𝑗𝑘 + 𝑏𝑙𝑚(1 − 𝑛)𝑔𝑗𝑘.      

Contracting the indices 𝑖 and ℎ in the condition (2.1), using (1.9a), (1.3c) and (1.2), we get 

(2.7)    𝑅𝑗𝑘|𝑙 =  𝜆𝑙𝑅𝑗𝑘 + 𝜇𝑙(1 − 𝑛)𝑔𝑗𝑘. 

Now, transvecting (2.6) by  𝑦𝑘 , then using (2.7), (1.9b), (1.7e), (1.7f) and (1.1), we get 

            𝑅𝑗|𝑙│𝑚 = 𝑎𝑙𝑚𝑅𝑗+𝑏𝑙𝑚(1 − 𝑛)𝑦𝑗 + 𝛿𝑚
𝑘 [𝜆𝑙𝑅𝑗𝑘 + 𝜇𝑙(1 − 𝑛)𝑔𝑗𝑘]  

which can written as 

(2.8)    𝑅𝑗|𝑙│𝑚 = 𝑎𝑙𝑚𝑅𝑗 + 𝑏𝑙𝑚(1 − 𝑛)𝑦𝑗 + 𝜆𝑙𝑅𝑗𝑚 + 𝜇𝑙(1 − 𝑛)𝑔𝑗𝑚. 

Transvecting (2.6) by  𝑔𝑗𝑘, using (1.9e), (1.7c), (1.7d) and (1.2), we get  

(2.9)    𝑅|𝑙│𝑚 = 𝑎𝑙𝑚𝑅 + 𝑏𝑙𝑚(1 − 𝑛). 

From equations (2.6), (2.8) and (2.9), we conclude 

      Theorem 2.2. In 𝐺𝑅ℎ𝑣 − (𝑀)𝐵𝑅𝐹𝑛, 𝑅 −Ricci tensor 𝑅𝑗𝑘 , curvature vector 𝑅𝑗 and curvature scalar 𝑅 of Cartan’s third curvature tensor 𝑅𝑗𝑘ℎ
𝑖  are 

non- vanishing  . 

      Now, transvecting (2.3) by  𝑦𝑗 , we get 

            [𝑅
𝑗𝑘ℎ|𝑙│𝑚
𝑖 ]𝑦𝑗 = [𝑎𝑙𝑚𝑅𝑗𝑘ℎ

𝑖 + 𝑏𝑙𝑚(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘)]𝑦𝑗        

Or 

           (𝑅𝑗𝑘ℎ
𝑖 𝑦𝑗)|𝑙│𝑚 − 𝑅𝑗𝑘ℎ|𝑙

𝑖  𝑦
│𝑚

𝑗
= [𝑎𝑙𝑚𝑅𝑗𝑘ℎ

𝑖 + 𝑏𝑙𝑚(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘)]𝑦𝑗 .  
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Using the condition (2.1) in above equation, then using (1.7e), (1.7f), (1.8a), (1.1) and (1.3c), we get  

(2.10)  𝐻
𝑘ℎ|𝑙│𝑚
𝑖 = 𝑎𝑙𝑚𝐻𝑘ℎ

𝑖 + 𝑏𝑙𝑚(𝛿𝑘
𝑖 𝑦ℎ − 𝛿ℎ

𝑖 𝑦𝑘) + 𝜆𝑙𝑅𝑚𝑘ℎ
𝑖 +  𝜇𝑙(𝛿𝑘

𝑖 𝑔𝑚ℎ − 𝛿ℎ
𝑖 𝑔𝑚𝑘) 

Transvecting the condition (2.1) by  𝑦𝑗 , using (1.8a) and (1.1), we get 

(2.11)  𝐻𝑘ℎ|𝑙
𝑖 =  𝜆𝑙𝐻𝑘ℎ

𝑖 + 𝜇𝑙(𝛿𝑘
𝑖 𝑦ℎ − 𝛿ℎ

𝑖 𝑦𝑘). 

Now, transvecting (2.10) by  𝑦𝑘, we get 

           [𝐻
𝑘ℎ|𝑙│𝑚
𝑖 ]𝑦𝑘 = [𝑎𝑙𝑚𝐻𝑘ℎ

𝑖 + 𝑏𝑙𝑚(𝛿𝑘
𝑖 𝑦ℎ − 𝛿ℎ

𝑖 𝑦𝑘) + 𝜆𝑙𝑅𝑚𝑘ℎ
𝑖 + 𝜇𝑙(𝛿𝑘

𝑖 𝑔𝑚ℎ − 𝛿ℎ
𝑖 𝑔𝑚𝑘)]𝑦𝑘 

Or 

            (𝐻𝑘ℎ
𝑖 𝑦𝑘)|𝑙│𝑚 − 𝐻𝑘ℎ|𝑙

𝑖  𝑦
│𝑚
𝑘 = [𝑎𝑙𝑚𝐻𝑘ℎ

𝑖 + 𝑏𝑙𝑚(𝛿𝑘
𝑖 𝑦ℎ − 𝛿ℎ

𝑖 𝑦𝑘) + 𝜆𝑙𝑅𝑚𝑘ℎ
𝑖 + 𝜇𝑙(𝛿𝑘

𝑖 𝑔𝑚ℎ − 𝛿ℎ
𝑖 𝑔𝑚𝑘)]𝑦𝑘.                                              

Using (2.11), (1.14b), (1.7e), (1.7f), (1.3b), (1.3d), (1.1) and put (𝑅𝑚𝑘ℎ
𝑖 𝑦𝑘 = 𝑅𝑚ℎ

𝑖 ) in above equation, we get  

(2.12)  𝐻
ℎ|𝑙│𝑚
𝑖 = 𝑎𝑙𝑚𝐻ℎ

𝑖 + 𝑏𝑙𝑚(𝑦𝑖𝑦ℎ − 𝐹2𝛿ℎ
𝑖 ) + 𝜆𝑙𝑅𝑚ℎ

𝑖 + 𝜆𝑙𝐻𝑚ℎ
𝑖 + 𝜇𝑙(𝑦𝑖𝑔𝑚ℎ+ 𝛿𝑚

𝑖 𝑦ℎ − 𝛿ℎ
𝑖 𝑦𝑚). 

Contracting the indices 𝑖 and ℎ in the condition (2.10), using (1.15b), (1.3a), (1.9a), (1.3c) and (1.2), we get     

(2.13)  𝐻𝑘|𝑙│𝑚 = 𝑎𝑙𝑚𝐻𝑘 + 𝑏𝑙𝑚(1 − 𝑛)𝒚𝒌 + 𝜆𝑙𝑅𝑚𝑘 + 𝜇𝑙(1 − 𝑛)𝑔𝑚𝑘. 

Contracting the indices 𝑖 and ℎ in the condition (2.12), using (1.15c), (1.3d), (1.1), (1.2), (1.15b) and put (𝑅𝑚𝑖
𝑖 = 𝑅𝑚), we get  

(2.14)   𝐻|𝑙│𝑚 = 𝑎𝑙𝑚𝐻 + 𝑏𝑙𝑚𝐹2 +
(2−𝑛)

𝑛−1
𝜇𝑙𝑦𝑚 +

𝜆𝑙

𝑛−1
 (𝑅𝑚 + 𝐻𝑚) . 

From equations (2.10), (2.12), (2.13) and (2.14), we conclude 

      Theorem 2.3. In 𝐺𝑅ℎ𝑣 − (𝑀)𝐵𝑅𝐹𝑛, the torsion tensor 𝐻𝑘ℎ
𝑖  , deviation tensor 𝐻ℎ

𝑖  , curvature vector 𝐻𝑘 as mixed birecurrent in 𝐺𝑅ℎ𝑣 − (𝑀)𝐵𝑅𝐹𝑛 

and curvature scalar 𝐻 of Berwald curvature tensor 𝐻𝑗𝑘ℎ
𝑖  is  non - vanishing . 

Necessary and sufficient condition for some tensors to be 𝑮𝑹𝒉𝒗 − (𝑴)𝑩𝑹𝑭𝒏 

This section concentrates on the necessary and sufficient condition for some tensors to be generalized 𝑅ℎ𝑣 – mixed birecurrent. We know that Cartan’s 

third curvature tensor 𝑅𝑗𝑘ℎ
𝑖  and Cartan’s fourth curvature tensor 𝐾𝑗𝑘ℎ

𝑖  are connected by [10] 

(3.1)    𝑅𝑗𝑘ℎ
𝑖 = 𝐾𝑗𝑘ℎ

𝑖 + 𝐶𝑗𝑠
𝑖 𝐻𝑘ℎ

𝑠 . 

      Taking ℎ𝑣 −covariant derivative of mixed second order for (3.1) with respect to 𝑥𝑙 and 𝑥𝑚, successively, we get    

            𝑅
𝑗𝑘ℎ|𝑙│𝑚
𝑖 = 𝐾

𝑗𝑘ℎ|𝑙│𝑚
𝑖 + (𝐶𝑗𝑠

𝑖 𝐻𝑘ℎ
𝑠 )|𝑙│𝑚 . 

Using the condition (2.3) in above equation, then using (3.1) in the resulting equation, we get 

(3.2)    𝑎𝑙𝑚 (𝐾𝑗𝑘ℎ
𝑖 + 𝐶𝑗𝑠

𝑖 𝐻𝑘ℎ
𝑠 ) + 𝑏𝑙𝑚(𝛿𝑘

𝑖 𝑔𝑗ℎ − 𝛿ℎ
𝑖 𝑔𝑗𝑘) = 𝐾

𝑗𝑘ℎ|𝑙│𝑚
𝑖 + (𝐶𝑗𝑠

𝑖 𝐻𝑘ℎ
𝑠 )|𝑙│𝑚 . 

This show that  

(3.3)    𝐾
𝑗𝑘ℎ|𝑙│𝑚
𝑖 = 𝑎𝑙𝑚𝐾𝑗𝑘ℎ

𝑖 + 𝑏𝑙𝑚(𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘). 

if and only if 

(3.4)    (𝐶𝑗𝑠
𝑖 𝐻𝑘ℎ

𝑠 )|𝑙│𝑚 = 𝑎𝑙𝑚(𝐶𝑗𝑠
𝑖 𝐻𝑘ℎ

𝑠 ) .        

Transvecting (3.2) by  𝑔𝑖𝑝 , using (1.13a), (1.4b), (1.3c), (1.7a) and (1.7b), we get 

(3.5)    𝑎𝑙𝑚(𝐾𝑗𝑝𝑘ℎ + 𝐶𝑗𝑝𝑠𝐻𝑘ℎ
𝑠 ) + 𝑏𝑙𝑚 (𝑔𝑘𝑝𝑔𝑗ℎ − 𝑔ℎ𝑝𝑔𝑗𝑘) = 𝐾𝑗𝑝𝑘ℎ|𝑙│𝑚 + (𝐶𝑗𝑝𝑠𝐻𝑘ℎ

𝑠 )|𝑙│𝑚 

This show that  

(3.6)    𝐾𝑗𝑝𝑘ℎ|𝑙│𝑚 = 𝑎𝑙𝑚 𝐾𝑗𝑝𝑘ℎ + 𝑏𝑙𝑚 (𝑔𝑘𝑝𝑔𝑗ℎ − 𝑔ℎ𝑝𝑔𝑗𝑘). 

if and only if   

(3.7)    (𝐶𝑗𝑝𝑠𝐻𝑘ℎ
𝑠 )|𝑙│𝑚 = 𝑎𝑙𝑚 𝐶𝑗𝑝𝑠𝐻𝑘ℎ

𝑠  . 

From equations (3.3) and (3.6), we obtain    

      Theorem 3.1. In 𝐺𝑅ℎ𝑣 − (𝑀)𝐵𝑅𝐹𝑛, Cartan’s four curvature tensor  𝐾𝑗𝑘ℎ
𝑖  and its associative tensor  𝐾𝑗𝑝𝑘ℎ are generalized ℎ𝑣 – mixed birecurrent if 

and only if the tensors (𝐶𝑗𝑠
𝑖 𝐻𝑘ℎ

𝑠 ) and (𝐶𝑗𝑝𝑠𝐻𝑘ℎ
𝑠 ) behave as mixed birecurrent, respectively. 

      Contracting the indices 𝑖 and ℎ in the condition (3.2), using (1.13b) and (1.3c),  we get  

(3.8)    𝑎𝑙𝑚(𝐾𝑗𝑘 + 𝐶𝑗𝑠
𝑟 𝐻𝑘𝑟

𝑠 ) + 𝑏𝑙𝑚(1 − 𝑛)𝑔𝑗𝑘 = 𝐾𝑗𝑘|𝑙│𝑚 + (𝐶𝑗𝑠
𝑟 𝐻𝑘𝑟

𝑠 )|𝑙│𝑚 . 

This show that  

(3.9)    𝐾𝑗𝑘|𝑙│𝑚 = 𝑎𝑙𝑚𝐾𝑗𝑘 + 𝑏𝑙𝑚(1 − 𝑛)𝑔𝑗𝑘. 
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if and only if   

(3.10)  (𝐶𝑗𝑠
𝑟 𝐻𝑘𝑟

𝑠 )|𝑙│𝑚 = 𝑎𝑙𝑚(𝐶𝑗𝑠
𝑟 𝐻𝑘𝑟

𝑠 ) . 

      Theorem 3.2. In 𝐺𝑅ℎ𝑣 − (𝑀)𝐵𝑅𝐹𝑛, the  𝐾–Ricci tensor 𝐾𝑗𝑘 of Cartan’s fourth curvature tensor 𝐾𝑗𝑘ℎ
𝑖  is non – vanishing if and only if the tensor 

(𝐶𝑗𝑠
𝑟 𝐻𝑘𝑟

𝑠 ) behaves as mixed birecurrent. 

      Transvecting (3.8) by 𝑦𝑘, using(1.13e),(1.14b) (1.1), (1.7e) and (1.7f), we get  

(3.11)  𝐾𝑗|𝑙│𝑚 + [(𝐶𝑗𝑠
𝑟 𝐻𝑘𝑟

𝑠 )|𝑙│𝑚]𝑦𝑘 = 𝑎𝑙𝑚𝐾𝑗 + 𝑏𝑙𝑚(1 − 𝑛)𝑦𝑗 + 𝐾𝑗𝑘|𝑙𝛿𝑚
𝑘 + 𝑎𝑙𝑚𝐶𝑗𝑠

𝑟 𝐻𝑟
𝑠  

This show that  

(3.12)  (𝐾𝑗|𝑙│𝑚) = 𝑎𝑙𝑚𝐾𝑗 + 𝑏𝑙𝑚(1 − 𝑛)𝑦𝑗 . 

if and only if   

(3.13)  [(𝐶𝑗𝑠
𝑟 𝐻𝑘𝑟

𝑠 )|𝑙│𝑚]𝑦𝑘 = 𝑎𝑙𝑚𝐶𝑗𝑠
𝑟 𝐻𝑟

𝑠 + 𝐾𝑗𝑚|𝑙 .   

      Theorem 3.3. In 𝐺𝑅ℎ𝑣 − (𝑀)𝐵𝑅𝐹𝑛, the curvature vector 𝐾𝑗 of Cartan’s fourth curvature tensor  𝐾𝑗𝑘ℎ
𝑖   is non – vanishing  if and only if (3.13) holds. 

      Transvecting (3.8) by  𝑔𝑖𝑗, using (1.13c), (1.2), (1.7c) and (1.7d), we get 

(3.14)  𝑎𝑙𝑚(𝐾𝑘
𝑖 + 𝑔𝑖𝑗𝐶𝑗𝑠

𝑟 𝐻𝑘𝑟
𝑠 ) + 𝑏𝑙𝑚(1 − 𝑛)𝛿𝑘

𝑖 = 𝐾
𝑘|𝑙│𝑚
𝑖 + (𝑔𝑖𝑗𝐶𝑗𝑠

𝑟 𝐻𝑘𝑟
𝑠 )|𝑙│𝑚 . 

This show that  

(3.15)  𝐾
𝑘|𝑙│𝑚
𝑖 = 𝑎𝑙𝑚𝐾𝑘

𝑖 + 𝑏𝑙𝑚(1 − 𝑛)𝛿𝑘
𝑖 . 

if and only if   

(3.16)  (𝑔𝑖𝑗𝐶𝑗𝑠
𝑟 𝐻𝑘𝑟

𝑠 )|𝑙│𝑚 = 𝑎𝑙𝑚(𝑔𝑖𝑗𝐶𝑗𝑠
𝑟 𝐻𝑘𝑟

𝑠 ) . 

Transvecting (3.8) by 𝑔𝑗𝑘, using (1.13d), (1.2),  (1.7c) and (1.7d), we get 

(3.17)  𝑎𝑙𝑚(𝐾 + 𝑔𝑗𝑘𝐶𝑗𝑠
𝑟 𝐻𝑘𝑟

𝑠 ) + (1 − 𝑛)𝑏𝑙𝑚 = 𝐾|𝑙│𝑚 + (𝑔𝑗𝑘𝐶𝑗𝑠
𝑟 𝐻𝑘𝑟

𝑠 )|𝑙│𝑚 . 

This show that 

(3.18)  𝐾|𝑙│𝑚 = 𝑎𝑙𝑚𝐾 + (1 − 𝑛)𝑏𝑙𝑚. 

if and only if   

(3.19)  (𝑔𝑗𝑘𝐶𝑗𝑠
𝑟 𝐻𝑘𝑟

𝑠 )|𝑙│𝑚 = 𝑎𝑙𝑚(𝑔𝑗𝑘𝐶𝑗𝑠
𝑟 𝐻𝑘𝑟

𝑠 ) . 

From equations (3.15) and (3.18), we conclude 

     Theorem 3.4. In 𝐺𝑅ℎ𝑣 − (𝑀)𝐵𝑅𝐹𝑛, the deviation tensor 𝐾𝑘
𝑖  and curvature scalar 𝐾 of Cartan’s fourth curvature tensor 𝐾𝑗𝑘ℎ

𝑖  are is non – vanishing 

if and only if the tensors (𝑔𝑖𝑗𝐶𝑗𝑠
𝑟 𝐻𝑘𝑟

𝑠 ) and (𝑔𝑗𝑘𝐶𝑗𝑠
𝑟 𝐻𝑘𝑟

𝑠 ) behave as mixed birecurrent. 

      For a Riemannian space 𝑉4, Cartan's second curvature tensor 𝑃𝑗𝑘ℎ
𝑖  and Cartan's third curvature tensor  𝑅𝑗𝑘ℎ

𝑖  can be expressed as follows [18] 

(3.20)  𝑃𝑗𝑘ℎ
𝑖 = 𝑅𝑗𝑘ℎ

𝑖 −
1

3
(𝑅𝑗𝑘𝛿ℎ

𝑖 − 𝑅𝑗ℎ𝛿𝑘
𝑖 ). 

Taking ℎ𝑣 – covariant derivative of mixed second order for (3.20) with respect to 𝑥𝑙 and 𝑥𝑚, successively, we get 

           𝑃
𝑗𝑘ℎ|𝑙│𝑚
𝑖 = 𝑅

𝑗𝑘ℎ|𝑙│𝑚
𝑖 −

1

3
(𝑅𝑗𝑘𝛿ℎ

𝑖 − 𝑅𝑗ℎ𝛿𝑘
𝑖 )

|𝑙│𝑚
 . 

Using the condition (2.3) in above equation, then using (3.20) in the resulting equation,        we get 

(3.21)  𝑃
𝑗𝑘ℎ|𝑙│𝑚
𝑖 = 𝑎𝑙𝑚[𝑃𝑗𝑘ℎ

𝑖 +
1

3
(𝑅𝑗𝑘𝛿ℎ

𝑖 − 𝑅𝑗ℎ𝛿𝑘
𝑖 )] + 𝑏𝑙𝑚 (𝛿𝑘

𝑖 𝑔𝑗ℎ − 𝛿ℎ
𝑖 𝑔𝑗𝑘) −

1

3
(𝑅𝑗𝑘𝛿ℎ

𝑖 − 𝑅𝑗ℎ𝛿𝑘
𝑖 )

|𝑙│𝑚
.      

This show that 

(3.22)  𝑃
𝑗𝑘ℎ|𝑙│𝑚
𝑖 = 𝑎𝑙𝑚𝑃𝑗𝑘ℎ

𝑖 +𝑏𝑙𝑚 (𝛿𝑘
𝑖 𝑔𝑗ℎ − 𝛿ℎ

𝑖 𝑔𝑗𝑘)  

if and only if 

(3.23)  (𝑅𝑗𝑘𝛿ℎ
𝑖 − 𝑅𝑗ℎ𝛿𝑘

𝑖 )
|𝑙│𝑚

= 𝑎𝑙𝑚(𝑅𝑗𝑘𝛿ℎ
𝑖 − 𝑅𝑗ℎ𝛿𝑘

𝑖 ).  

Transvecting (3.21) by 𝑔𝑖𝑟 , using (1.11a), (1.3c), (1.7a) and (1.7b), we get 

(3.24)  𝑃𝑗𝑟𝑘ℎ|𝑙│𝑚 = 𝑎𝑙𝑚𝑃𝑗𝑟𝑘ℎ +
1

3
𝑎𝑙𝑚(𝑅𝑗𝑘𝑔𝑟ℎ − 𝑅𝑗ℎ𝑔𝑟𝑘) + 𝑏𝑙𝑚 (𝑔𝑟𝑘𝑔𝑗ℎ − 𝑔𝑟ℎ𝑔𝑗𝑘) −

1

3
(𝑅𝑗𝑘𝑔𝑟ℎ − 𝑅𝑗ℎ𝑔𝑟𝑘)

|𝑙│𝑚
.   

This show that 

(3.25)  𝑃𝑗𝑟𝑘ℎ|𝑙│𝑚 = 𝑎𝑙𝑚𝑃𝑗𝑟𝑘ℎ+𝑏𝑙𝑚 (𝑔𝑟𝑘𝑔𝑗ℎ − 𝑔𝑟ℎ𝑔𝑗𝑘) 

if and only if 

(3.26)  (𝑅𝑗𝑘𝑔𝑟ℎ − 𝑅𝑗ℎ𝑔𝑟𝑘)
|𝑙│𝑚

= 𝑎𝑙𝑚(𝑅𝑗𝑘𝑔𝑟ℎ − 𝑅𝑗ℎ𝑔𝑟𝑘) . 
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From equations (3.22) and (3.25), we obtain    

      Theorem 3.5. In 𝐺𝑅ℎ𝑣 − (𝑀)𝐵𝑅𝐹𝑛, Cartan’s second curvature tensor 𝑃𝑗𝑘ℎ
𝑖  and its associative tensor 𝑃𝑗𝑟𝑘ℎ are generalized ℎ𝑣 –mixed birecurrent if 

and only if the tensors (𝑅𝑗𝑘𝛿ℎ
𝑖 − 𝑅𝑗ℎ𝛿𝑘

𝑖 ) and (𝑅𝑗𝑘𝑔𝑟ℎ − 𝑅𝑗ℎ𝑔𝑟𝑘) behave as mixed birecurrent, respectively. 

      Transvecting (3.21) by  𝑦𝑗  , we get 

            [𝑃
𝑗𝑘ℎ|𝑙│𝑚
𝑖 ]𝑦𝑗 = {𝑎𝑙𝑚 [𝑃𝑗𝑘ℎ

𝑖 +
1

3
(𝑅𝑗𝑘𝛿ℎ

𝑖 − 𝑅𝑗ℎ𝛿𝑘
𝑖 )] +𝑏𝑙𝑚 (𝛿𝑘

𝑖 𝑔𝑗ℎ − 𝛿ℎ
𝑖 𝑔𝑗𝑘) −

1

3
(𝑅𝑗𝑘𝛿ℎ

𝑖 − 𝑅𝑗ℎ𝛿𝑘
𝑖 )

|𝑙│𝑚
}𝑦𝑗 

Or  

            (𝑃𝑗𝑘ℎ
𝑖 𝑦𝑗)

|𝑙│𝑚
− 𝑃𝑗𝑘ℎ|𝑙

𝑖  𝑦
│𝑚

𝑗
= {𝑎𝑙𝑚 [𝑃𝑗𝑘ℎ

𝑖 +
1

3
(𝑅𝑗𝑘𝛿ℎ

𝑖 − 𝑅𝑗ℎ𝛿𝑘
𝑖 )] +𝑏𝑙𝑚 (𝛿𝑘

𝑖 𝑔𝑗ℎ − 𝛿ℎ
𝑖 𝑔𝑗𝑘) −

1

3
(𝑅𝑗𝑘𝛿ℎ

𝑖 − 𝑅𝑗ℎ𝛿𝑘
𝑖 )

|𝑙│𝑚
} 𝑦𝑗 . 

Using the (1.10), (1.9b), (1.1), (1.7e) and (1.7f), we get 

(3.27)  𝑃
𝑘ℎ|𝑙│𝑚
𝑖 = 𝑎𝑙𝑚 [𝑃𝑘ℎ

𝑖 +
1

3
(𝑅𝑘𝛿ℎ

𝑖 − 𝑅ℎ𝛿𝑘
𝑖 )] +𝑏𝑙𝑚 (𝛿𝑘

𝑖 𝑦ℎ − 𝛿ℎ
𝑖 𝑦𝑘) + 𝑃𝑗𝑘ℎ|𝑙

𝑖 𝛿𝑚
𝑗

−
1

3
(𝑅𝑘𝛿ℎ

𝑖 − 𝑅ℎ𝛿𝑘
𝑖 )

|𝑙│𝑚
. 

This show that 

(3.28)  𝑃
𝑘ℎ|𝑙│𝑚
𝑖 = 𝑎𝑙𝑚𝑃𝑘ℎ

𝑖 +𝑏𝑙𝑚(𝛿𝑘
𝑖 𝑦ℎ − 𝛿ℎ

𝑖 𝑦𝑘)  

if and only if   

(3.29)  (𝑅𝑘𝛿ℎ
𝑖 − 𝑅ℎ𝛿𝑘

𝑖 )
|𝑙│𝑚

= 𝑎𝑙𝑚(𝑅𝑘𝛿ℎ
𝑖 − 𝑅ℎ𝛿𝑘

𝑖 )+3𝑃𝑚𝑘ℎ|𝑙
𝑖  . 

Transvecting (3.27) by 𝑔𝑖𝑟 , using (1.11a), (1.11b), (1.3c), (1.7a) and (1.7b), we get 

            𝑃𝑟𝑘ℎ|𝑙│𝑚 = 𝑎𝑙𝑚 [𝑃𝑟𝑘ℎ +
1

3
(𝑅𝑘𝑔𝑟ℎ − 𝑅ℎ𝑔𝑟𝑘)] +𝑏𝑙𝑚 (𝑔𝑟𝑘𝑦ℎ − 𝑔𝑟ℎ𝑦𝑘) + 𝑃𝑟𝑚𝑘ℎ|𝑙 −

1

3
(𝑅𝑘𝑔𝑟ℎ − 𝑅ℎ𝑔𝑟𝑘)

|𝑙│𝑚 .                    

This show that 

(3.30)  𝑃𝑟𝑘ℎ|𝑙│𝑚 = 𝑎𝑙𝑚𝑃𝑟𝑘ℎ+𝑏𝑙𝑚 (𝑔𝑟𝑘𝑦ℎ − 𝑔𝑟ℎ𝑦𝑘). 

if and only if 

(3.31)  (𝑅𝑘𝑔𝑟ℎ − 𝑅ℎ𝑔𝑟𝑘)
|𝑙│𝑚 = 𝑎𝑙𝑚(𝑅𝑘𝑔𝑟ℎ − 𝑅ℎ𝑔𝑟𝑘) + 3𝑃𝑟𝑚𝑘ℎ|𝑙 . 

      Theorem 3.6. In 𝐺𝑅ℎ𝑣 − (𝑀)𝐵𝑅𝐹𝑛, Cartan’s covariant derivative of mixed second order for the (𝑣)ℎ𝑣 −torsion  tensor 𝑃𝑘ℎ
𝑖  and its associative 

tensor 𝑃𝑟𝑘ℎ are given by (3.28) and (3.30) if and only if (3.29) and (3.31) hold, respectively.        

      Contracting the indices 𝑖 and ℎ in (3.27), using (1.12a), (1.12b), (1.3a), (1.9b) and (1.2), we get  

            𝑃𝑘|𝑙│𝑚 = 𝑎𝑙𝑚𝑃𝑘 +
1

3
𝑎𝑙𝑚(𝑛 − 1)𝑅𝑘 + 𝑏𝑙𝑚(1 − 𝑛)𝑦𝑘 + 𝑃𝑚𝑘|𝑙 −

1

3
(𝑛 − 1)𝑅𝑘|𝑙│𝑚⬚

  

This show that 

(3.32)  𝑃𝑘|𝑙│𝑚 = 𝑎𝑙𝑚𝑃𝑘 + 𝑏𝑙𝑚(1 − 𝑛)𝑦𝑘. 

if and only if 

(3.33)  (𝑛 − 1)𝑅𝑘|𝑙│𝑚⬚
= 𝑎𝑙𝑚(𝑛 − 1)𝑅𝑘 + 3𝑃𝑚𝑘|𝑙 . 

      Theorem 3.7. In 𝐺𝑅ℎ𝑣 − (𝑀)𝐵𝑅𝐹𝑛 , the curvature vector 𝑃𝑘 of Cartan’s second curvature tensor 𝑃𝑗𝑘ℎ
𝑖  is non – vanishing if and only if (3.33) holds. 

      Contracting the indices 𝑖 and ℎ in (3.21), using (1.12a), (1.3c) and (1.2), we get 

            𝑃𝑗𝑘|𝑙│𝑚 = 𝑎𝑙𝑚𝑃𝑗𝑘 +
1

3
𝑎𝑙𝑚(𝑛 − 1)𝑅𝑗𝑘 + 𝑏𝑙𝑚(1 − 𝑛)𝑔𝑗𝑘 −  

1

3
(𝑛 − 1)𝑅𝑗𝑘|𝑙│𝑚⬚

.    

This show that 

(3.34)  𝑃𝑗𝑘|𝑙│𝑚 = 𝑎𝑙𝑚𝑃𝑗𝑘 + 𝑏𝑙𝑚(1 − 𝑛)𝑔𝑗𝑘. 

if and only if 

(3.37)  𝑅𝑗𝑘|𝑙│𝑚⬚
= 𝑎𝑙𝑚𝑅𝑗𝑘 . 

      Corollary 3.1. In 𝐺𝑅ℎ𝑣 − (𝑀)𝐵𝑅𝐹𝑛 , the behavior of 𝑅 −Ricci tensor 𝑅𝑗𝑘  as mixed birecurrent if and only if  𝑃 −Ricci tensor 𝑃𝑗𝑘  is non – 

vanishing. 

Conclusion : 

We discussed the necessary and sufficient condition for different tensors which satisfy the generalized 𝑅ℎ𝑣 – mixed birecurrent space. Also, some 

tensors behave as mixed birecurrent. Furthermore, we concluded that the 𝑅 −Ricci tensor 𝑅𝑗𝑘 , curvature scalar 𝑅 , torsion tensor 𝐻𝑘ℎ
𝑖  , deviation tensor 
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𝐻ℎ
𝑖  , curvature vector 𝐻𝑘 , curvature scalar 𝐻 , 𝐾–Ricci tensor 𝐾𝑗𝑘 , deviation tensor 𝐾𝑘

𝑖  , curvature vector 𝐾𝑗 and curvature scalar 𝐾 are non-vanishing 

in  𝐺𝑅ℎ𝑣 − (𝑀)𝐵𝑅𝐹𝑛 . 
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