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ABSTRACT  

         This paper deal with the problem of obtaining non-zero distinct integer solutions to the  Non-homogeneous binary quadratic equation represented by the Pell–

like equation 6𝑥2 − 5𝑦2 = 4. different sets of integer solutions are presented. Employing the solutions of the above equation, integer solution for other choices of 

hyperbolas and parabolas are obtained. A special Pythagorean triangle is also determined. 
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INTRODUCTION  

The binary quadratic Diophantine equations (both homogeneous and non-homogeneous) are rich in variety
 61−

.In
 147 −

 the binary quadratic 

non-homogeneous equations representing hyperbolas respectively are studied for their non-zero integral solution of still another interesting binary 

quadratic equation given by  6x2 -5y2 =4. The recurrence relations satisfied by the solution x and y are given, also a few interesting properties among the 

solution are exhibited.  

METHOD OF ANALYSIS  

The Diophantine equation under consideration is  

                             
456 22 =− yx

                                                 (1)  

It is to be noted that (1) represent a hyperbola   

Taking,           

                                     x=X+5T,     y=X+6T                                           (2) 

 In (1), it reduces to the equation,  

                                         430 22 += TX                                                 (3)                                             

The smallest positive integer solution (𝑇0, 𝑋0) of (3) is  

                                         T0 =4, X0 =22  

To obtain the other solution of (1), consider the pell equation    

                                    130 22 += TX                                                       (4)  

Whose smallest positive integer solution is             

                       
11

~
,2

~
00 == XT
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The gerenal solution (�̃�0, �̃�0) of (4) is given by 

                                 
( ) 1

30211
~

30
~ +

+=+
n

nn TX
 , where n=0,1,2,…    (5)            

Since, irrational roots occur in pairs, we have, 

                                
( ) 1

30211
~

30
~ +

−=−
n

nn TX
 , where n=0,1,2,…    (6)                

From (5) and (6) solving for (�̃�𝑛 , �̃�𝑛) we have,  

                             

nnnn fXgT
2

1~
;

122

1~
==

 

Where 

                     
( ) ( ) 11

3021130211
++

−++=
nn

nf , 

                    
( ) ( ) 11

3021130211
++

−−+=
nn

ng
 

         Applying Brahmagupta lemma between 
( )00 , XT

and 
( )nn XT

~
,

~
, the general integer solution (Tn+1, Xn+1) of (3) are found to be  

                                  nnn XTTXT
~~

001 +=+  

                

nnn gfT
30

11
21 +=+

                                                           (7)                  

                nnn TDTXXX
~~

001 +=+                

                             

nnn gfX
30

60
111 +=+

                                             (8)         

  Using (7) & (8) in (2), we have  

                              111 5 +++ += nnn TXx
 

                              

nnn gfx
30

60
111 +=+

                                             (9)  

                               111 6 +++ += nnn TXy
 

                                

nnn gfy
30

126
231 +=+

                                             (10)  

Thus, (9) and (10) represent the integer solutions of the hyperbola (1)  

A few numerical examples are given in the following Table: 1  

                                               Table: 1 Numerical values  

             n  
                              

            0               42             46  

            1              922             1010 

            2             20242           22174 
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            3            444402          486818 

            4           9756602        10687822  

From the above table, we observe some interesting properties among the solutions which are presenting below:  

i. nn yx &
 values are always even 

ii. 
( )2mod0nx

 

iii. 
( )2mod0+ nn yx

 

Relations between solutions  

➢  
01022010 123 =+− +++ nnn xxx

 

➢ 
01110 121 =+− +++ nnn xxy

 

➢ 
01110 122 =+− +++ nnn xxy

 

➢ 
01124110 123 =+− +++ nnn xxy

 

➢ 
0241220 131 =+− +++ nnn xxy

 

➢ 
01111220 132 =+− +++ nnn xxy

 

➢ 
0241220 133 =+− +++ nnn xxy

 

➢ 
01112 112 =+− +++ nnn yxy

 

➢ 
0241264 113 =−− +++ nnn yxy

 

➢ 
02411211 213 =−− +++ nnn yxy

 

➢ 
02411110 231 =−− +++ nnn xxy

 

➢ 
01110 232 =+− +++ nnn xxy

 

➢ 
01110 233 =+− +++ nnn xxy

 

➢ 
01211 122 =+− +++ nnn yxy

 

➢ 
01112 223 =−− +++ nnn yxy

 

➢ 
02641111 231 =−− +++ nnn xyy

 

➢  
01112241 132 =−− +++ nnn yxy

 

➢ 
0264241 133 =−− +++ nnn yxy

 

➢ 
01226412 123 =−− +++ nnn yyy

 

➢ 
01211 332 =−− +++ nnn xyy
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Each of the following expressions represents a Nasty Number  

➢ 

( )201152525
10

1
3222 +− ++ nn xx

 

➢ 

( )44011555435
220

1
4222 +− ++ nn xx

 

➢ 
( )2115126 2222 +− ++ nn yx

 

➢ 

( )221152766
11

1
3222 +− ++ nn yx

 

➢ 

( )48211560726
241

1
4222 +− ++ nn yx

 

➢ 

( )222525126
11

1
2242 +− ++ nn yx

 

➢ 

( )20252555435
10

1
4232 +− ++ nn xx

 

➢ 
( )225252766 3232 +− ++ nn yx

 

➢ 

( )22252560726
11

1
4232 +− ++ nn yx

 

➢ 

( )48255435126
241

1
2242 +− ++ nn yx

 

➢ 

( )22554352766
11

1
3242 +− ++ nn yx

 

➢ 
)25543560726( 4242 +− ++ nn yx

 

➢ 

( )242766126
12

1
2232 +− ++ nn yy

 

➢ 

( )24607262766
12

1
3242 +− ++ nn yy

 

➢ 

( )52860726126
264

1
2242 +− ++ nn yy

 

 3.    Each of the following expressions represents a cubical integer 

➢  

 214333 34575751152525
10

1
++++ −+− nnnn xxxx

 

➢ 

]34516630511555435[
220

1
315333 ++++ −+− nnnn xxxx

 

➢ 
]345378115126[ 113333 ++++ −+− nnnn yxyx

 

➢ 

]34582981152766[
11

1
214333 ++++ −+− nnnn yxyx

 



International Journal of Research Publication and Reviews, Vol 5, no 2, pp 2623-2632 February 2024                                     2627 

 

 

➢ 

]34518217811560726[
241

1
315333 ++++ −+− nnnn yxyx

 

➢ 

]7575166305252555435[
10

1
325343 ++++ −+− nnnn xxxx

 

➢ 

]75753782525126[
11

1
123343 ++++ −+− nnnn yxyx

 

➢ 
]7575829825252766[ 224343 ++++ −+− nnnn yxyx

 

➢ 

]7575182178252560726[
11

1
325343 ++++ −+− nnnn yxyx

 

➢ 

 133353 16630537855435126
241

1
++++ −+− nnnn yxyx

 

➢ 

]1663058298554352766[
11

1
234353 ++++ −+− nnnn yxyx

 

➢ 
 335353 1663051821785543560726 ++++ −+− nnnn yxyx

 

➢ 

]82983782766126[
12

1
123343 ++++ −+− nnnn yyyy

 

➢ 

]1821788298607262766[
12

1
234353 ++++ −+− nnnn yyyy

 

➢ 

 133353 18217837860726126
126

1
++++ −+− nnnn yyyy

 

  4.    Each of the following expression represents a Bi-quadratic Integer   

➢  

]60460101001152525[
10

1
32225444 +−+− ++++ nnnn xxxx

 

➢ 

]132046022174011555435[
220

1
42226444 ++++ −+− nnnn xxxx

 

➢ 
]6460504115126[ 22224444 +−+− ++++ nnnn yxyx

 

➢ 

]66460110641152766[
11

1
32225444 +−+− ++++ nnnn yxyx

 

➢ 

]144646024290411560726[
241

1
42226454 +−+− ++++ nnnn yxyx

 

➢ 

]6010100221740252555435[
10

1
42326454 +−+− ++++ nnnn xxxx

 

➢ 

]66101005042525126[
11

1
22324454 +−+− ++++ nnnn yxyx

 

➢ 
]6101001106425252766[ 32325454 +−+− ++++ nnnn yxxx

 

➢ 

]6610100242904252560726[
11

1
42326454 +−+− ++++ nnnn yxyx
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➢ 

]144622174050455435126[
241

1
22424464 +−+− ++++ nnnn yxyx

 

➢ 

]6622174011064554352766[
11

1
32425464 +−+− ++++ nnnn yxyx

 

➢ 
]62217402429045543560726[ 42424464 +−+− ++++ nnnn yxyx

 

➢ 

]72110645042766126[
12

1
22324454 +−+− ++++ nnnn yyyy

 

➢ 

]7224290411064607262766[
12

1
32425464 +−+− ++++ nnnn yyyy

 

➢ 

 158424290450460726126
246

1
22424464 +−+− ++++ nnnn yyyy

 

   5.   Each of the following expressions represents a Quintic integer   

➢ 

]115025250575126251152525[
10

1
2143336555 ++++++ −+−+− nnnnnn xxxxxx

 

➢ 

]115055435057527717511555435[
220

1
3153337555 ++++++ −+−+− nnnnnn xxxxxx

 

➢ 
]11501260575630115126[ 1133335555 ++=+++ −+−+− nnnnnn yxyxyx

 

➢ 

]115060726057530363011560726[
241

1
3153337555 ++++++ −+−+− nnnnnn yxyxyx

 

➢ 

]2525055435012625277175252555435[
10

1
3253437565 +=++++ −+−+− nnnnnn xxxxxx

 

➢ 

]252501260126256302525126[
11

1
1233435565 ++++++ −+−+− nnnnnn yxyxyx

 

➢ 
]2525027660126251383025252766[ 2243436565 ++++++ −+−+− nnnnnn yxyxyx

 

➢ 

]252560726012625303630252560726[
11

1
3253437565 ++++++ −+−+− nnnnnn yxyxyx

 

➢ 

]554350126027717563055435126[
241

1
1333535575 ++++++ −+−+− nnnnnn yxyxyx

 

➢ 

 2343536575 5543502766027717513830554352766
11

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 
 3353537575 5543506072602771753036305543560726 ++++++ −+−+− nnnnnn yxyxyx

 

➢ 

 1233435565 2766001260138306302766126
12

1
++++++ −+−+− nnnnnn yyyyyy

 

➢ 

 1333535575 607260126030363063060726126
264

1
++++++ −+−+− nnnnnn yyyyyy

 

➢ 

 2343536575 6072602766030363013830607262766
12

1
++++++ −+−+− nnnnnn yyyyyy
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REMARKABLE OBSERVATIONS:  

1. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola which are 

presented in the Table: 2 below  

Table: 2 Hyperbola  

 

S. No Hyperbola (P,Q) 

1. 
40022 =−QP

 

]46121[30

1152525

12

21

++

++

−=

−=

nn

nn

xxQ

xxP

 

2. P2-Q2=193600 

]2110121[30

11555435

31

31

++

++

−=

−=

nn

nn

xxQ

xxP

 

3. P2-Q2=4 

]2321[30

115126

11

11

++

++

−=

−=

nn

nn

xyQ

yxP

 

4. 
48422 =−QP

 

]50521[30

1152766

12

21

++

++

−=

−=

nn

nn

xyQ

yxP

 

5. P2-Q2=232324 

]1108721[30

11560726

13

31

++

++

−=

−=

nn

nn

xyQ

yxP

 

6. 

P2-Q2= 400 

]10121461[30

252555435

23

32

++

++

−=

−=

nn

nn

xxQ

xxP

 

7. 

          
48422 =−QP

 

]23461[30

2525126

21

12

++

++

−=

−=

nn

nn

xyQ

yxP

 

8. P2-Q2=4 P=2766xn+2 -2525yn+2 

]461505[30 22 =+ +−= nn yxQ
 

9. P2-Q2=484 

 23

32

1108746130

252560726

++

++

−=

−=

nn

nn

xyQ

yxP

 

10. 
23232422 =−QP

 

]2310124[30

55435126

31

13

=+

++

−=

−=

nn

nn

xyQ

yxP

 

11. 
48422 =−QP

 

 32

23

5051012130

554352766

++

++

−=

−=

nn

nn

xyQ

yxP
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12. 
422 =−QP

 

 33

33

110871012130

5543560726

++

++

−=

−=

nn

nn

xyQ

yxP

 

13. 
57622 =−QP

 

]23505[30

2766126

21

12

+=

++

−=

−=

nn

nn

yyQ

yyP

 

14. 
27878422 =−QP

 

 31

13

231108730

60726126

++

++

−=

−=

nn

nn

yyQ

yyP

 

15. 
57622 =−QP

 

]50511087[30

607262766

32

23

++

++

−=

−=

nn

nn

yyQ

yyP

 

  

2.  Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola which are presented in 

the Table: 3 below:  

                                                      Table :3 Parabola  

 

 S. No Parabola (R,Q) 

1. 
40010 2 =−QR

 

 12

3222

4612130

201152525

++

++

−=

+−=

nn

nn

xxQ

xxR

 

2. 220R-Q2=193600 

 31

4222

211012130

44012555435

++

++

+=

+−=

nn

nn

xxQ

xxR

 

3. R-Q2=4 

 11

2222

232130

2115126

++

++

+=

+−=

nn

nn

xyQ

yxR

 

4. 11R-Q2=484 

 12

3222

5052130

221152766

++

++

−=

+−=

nn

nn

xyQ

yxR

 

5. 241R-Q2=232324 

 13

4222

110872130

48211560726

++

++

−=

+−=

nn

nn

xyQ

yxR

 
 

6. 
40010 2 =−QR

 

 23

4232

1012146130

20252555435

++

++

−=

+−=

nn

nn

xxQ

xxR

 

7. 48411 2 =−QR
 

 21

2232

2346130

222525126

++

++

−=

+−=

nn

nn

xyQ

yxR
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8. 
42 =−QR

 

 22

3232

50546130

225252766

++

++

−=

+−=

nn

nn

xyQ

yxR

 

9. 
48411 2 =−QR

 

 23

4232

1108746130

22252560726

++

++

−=

+−=

nn

nn

xyQ

yxR

 

10. 
232324121 2 =−QR

 

 31

2242

231012130

48255435126

++

++

−=

+−=

nn

nn

xyQ

yxR

 

11. 
48411 2 =−QR

 

]50510121[30

22554352766

32

3242

++

++

−=

+−=

nn

nn

xyQ

xxR

 

12. 
42 =−QR

 

 33

4242

110871012130

25543560726

++

++

−=

+−=

nn

nn

xyQ

xyR

 

13. 
576126 2 =−QR

 

 21

2232

2350530

242766126

++

++

−=

+−=

nn

nn

yyQ

yyR

 

14. 
278784264 2 =−QR

 

 31

2242

231108730

52860726126

++

++

−=

+−=

nn

nn

yyQ

yyR

 

15. 
409600320 2 =−QR

 

 32

3242

5051108730

24607262766

++

++

−=

+−=

nn

nn

yyQ

yyR

 

CONCLUSION:  

   In this paper, we have presented infinitely many integer solutions for the Diophantine equations represented by hyperbola is given 6x2 −5y2 = 4.  As the 

binary quadratic  

Diophantine equations are rich in variety, one may search for the other choices of equations and determine their solutions among the suitable properties.  

REFERENCES :  

1. WhitfordEE.  Some solutions of the Pellian Equation x2 −Ay2 =4JSTOR: Annals of mathematics, Second series, 1913-1914;1:157-160.  

2. R.D.Carmichael, “ The Theory of Numbers and Diophantine Analysis, Dover Publications, New York (1950).  

3. Mollinra,  Anithasrinivasan.  A note on the negative pell equation, International journal of Algebra, 2010;4(19):919-922.  

4. Dr.T.R.Usha Rani & K.Ambika- “Observation on the Non-Homogeneous Binary Quadratic Diophantine Equation 5x2−6y2 =5 ", Journal 

of Mathematics and Informatics, www.researchmathsci.org , Peer reviewed, Google Scholar, IF: 1.627, ISSN: 2349-0632(P), 2349-

0640(online), Vol 10, Page No: 67-74, Dec 2017, http://www.researchmathsci.org/JMIart/JMI-v10-9.pdf .  

5. Dr.S.Mallika, Ms.G.Ramya- “On the Diophantine Equation 7x2 −5y2 =8”, Global Journal of Engineering Science and Researches 

www.giesr.org , Peer reviewed, UGC, IF: 5.070, ISSN: 2348-8034, Page No: 271-278, April 2019.  

6. Dr.S.Mallika, Ms.V.Surya- “On the Binary Diophantine Equation 3x2 −5y2 =12 ”, International Journal of Engineering Science and 

Research Technology, www.ijesrt.org , Peer reviewed, UGC, IF: 5.947, ISSN: 2321-9653,Vol 7, Issue V, May 2019.  

http://www.researchmathsci.org/
http://www.researchmathsci.org/
http://www.researchmathsci.org/JMIart/JMI-v10-9.pdf
http://www.researchmathsci.org/JMIart/JMI-v10-9.pdf
http://www.researchmathsci.org/JMIart/JMI-v10-9.pdf
http://www.researchmathsci.org/JMIart/JMI-v10-9.pdf
http://www.researchmathsci.org/JMIart/JMI-v10-9.pdf
http://www.researchmathsci.org/JMIart/JMI-v10-9.pdf
http://www.giesr.org/
http://www.giesr.org/
http://www.ijesrt.org/
http://www.ijesrt.org/


International Journal of Research Publication and Reviews, Vol 5, no 2, pp 2623-2632 February 2024                                     2632 

 

 

7. Dr.T.R.Usharani & K.Dhivya-“Observations on the Hyperbola 7x2 −5y2 =28”, International Journal of Emerging Technolgies in 

Engineering Research, www.ijser.everscience.org , Peer reviewed, Google Scholar, IF: 4.225, ISSN: 24546410, Vol 6, Issue 5, Page No: 

1-6, May 2018.  

8. Ms.S.Mallika & D.Hema-“Observations on the Hyperbola 8𝑥2 − 3𝑦2 = 20",International Journal on Research Innovations in 

Engineering Science and Technology, www.ijriest.com, Peer reviewed, ISSN: 2455-8540, Vol 3, Issue 4, Page No: 575-582, April 2018.  

9. Dr.M.A.Gopalan & Sharadha Kumar- “On the Hyperbola  2x2 −3y2 =23" , Journal of Mathematics and Informatics, 

www.researchmathsci.org , Peer reviewed, Google Scholar, IF: 1.627, ISSN: 2349-0632(P), 2349-0640(O), Vol 10, Page No: 1-9, Dec 

2017, http://www.researchmathsci.org/JMIart/JMI-v10-1.pdf   

10. Ms.J.Shanthi, Ms.R.Maheswri, Dr.M.A.Gopalan, V.Tamilselvi “A Peer Search on  Integral  Solutions  to  Non-

Homogeneous  Binary  Quadratic  Equation  15x2−2y2 =78”, Journal of Scientific computing, http://jscglobal.org, Peer Reviewed, 

IF:6.1, UGC Indexed in Google Scholar, ISSN NO 1524-2560, Vol 9, Issue 3, Page No.108-131, 2020. 

https://drive.google.com/file/d/1eE3qDb1pqYyczRPtegMqSqNleUa7rnM/view  

11. Dr.J.Shanthi, Ms.T.Mahalakshmi, Dr.S.Vidhyalakshmi, Dr.M.A.Gopalan, “A Study On The Pell Like Equation 5x2−8y2 =−48, 

International Journal of All Research Education &Scientific Methods (IJARESM), www.ijaresm.com  , UGC Care, Impact Factor:7.429, 

ISSN  

12. NO:  2455-6211, Volume 9, Issue 4, Page No:2179-2190, April 2021, http://www.ijaresm.com/uploaded_ 

files/document_file/J._Shanthi,_T_._Mahalakshmi,_S_.Vidhyalakshmi,M_.A_._Gopalan_nODC.pdf .  

13. Dr.J.Shanthi, Dr.M.A.Gopalan, “A Study on the Pell-Like Equation 3x2−8y2 =−20”, Juni  Kyat Journals, http://junikhyatjornal.in, UGC 

Care, Impact Factor:6.625, ISSN NO:22784632, Vol-11, Issue-02 No.01, Page No:35-43, February 2021.  

14. Dr.M.A.Gopalan, Dr.J.Shanthi, Dr.S.Vidhyalakshmi, “A Study on the Hyperbola 9x2−7y2 =8 ”, International journal of Engineering 

development and Research, www.ijedr.org  , Google Scholar, Impact Factor:7.37, Volume 9, Issue 2, Page No:160-168, 2021 

https://www.ijedr.org/viewfull.php?&p_id=IJEDR2102025 .  

15. Dr.J.Shanthi, Ms.T.Mahalakshmi, Dr.S.Vidhyalakshmi, Dr.M.A.Gopalan, “A Study on the Pell-like equation 3x2 −8y2 =−20”, 

Vidyabharati International Interdisciplinary Research Journal, www.viirj.org , UGC Care, Impact Factor:1.469, ISSN NO:2319-4979, 

Special Issue on Recent Research Trends in Management, Science and Technology, Page No:2137-2144, August 2021.  

 

 

http://www.ijser.everscience.org/
http://www.ijser.everscience.org/
http://www.researchmathsci.org/
http://www.researchmathsci.org/
http://www.researchmathsci.org/JMIart/JMI-v10-1.pdf
http://www.researchmathsci.org/JMIart/JMI-v10-1.pdf
http://www.researchmathsci.org/JMIart/JMI-v10-1.pdf
http://www.researchmathsci.org/JMIart/JMI-v10-1.pdf
http://www.researchmathsci.org/JMIart/JMI-v10-1.pdf
http://www.researchmathsci.org/JMIart/JMI-v10-1.pdf
https://drive.google.com/file/d/1eE3qDb1pqYy-czRPtegMqSqNleUa7rnM/view
https://drive.google.com/file/d/1eE3qDb1pqYy-czRPtegMqSqNleUa7rnM/view
https://drive.google.com/file/d/1eE3qDb1pqYy-czRPtegMqSqNleUa7rnM/view
http://www.ijaresm.com/
http://www.ijaresm.com/
http://www.ijaresm.com/uploaded_%20files/document_file/J._Shanthi,_T_._Mahalakshmi,_S_.Vi
http://www.ijaresm.com/uploaded_%20files/document_file/J._Shanthi,_T_._Mahalakshmi,_S_.Vi
http://www.ijaresm.com/uploaded_files/document_file/J._Shanthi,_T_._Mahalakshmi,_S_.Vidhyalakshmi,M_.A_._Gopalan_nODC.pdf
http://www.ijaresm.com/uploaded_files/document_file/J._Shanthi,_T_._Mahalakshmi,_S_.Vidhyalakshmi,M_.A_._Gopalan_nODC.pdf
http://www.ijedr.org/
http://www.ijedr.org/
https://www.ijedr.org/viewfull.php?&p_id=IJEDR2102025
https://www.ijedr.org/viewfull.php?&p_id=IJEDR2102025

