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ABSTRACT 

The Quadratic Diophantine equation given by 7𝑥2 − 2𝑦2 = 40 is studied for determining its infinitely many non-zero integral solutions.  A few interesting 

properties among its solutions are given.  Also, knowing an integral solution of the given hyperbola, integer solutions for other choices of hyperbolas and parabolas 

are presented.  Also, employing the solutions of the given equation  is constructed. 

Key words:  Binary quadratic, Hyperbola, Parabola, Pell equation, Integer solutions. 

INTRODUCTION 

The hyperbola represented by the Diophantine equations of the form 𝑎𝑥2 + 𝑏𝑦2 = 𝑁, (a,b≠ 0) are rich in variety and have been analyzed by many 

mathematicians for their respective integer solutions for particular values of a, b and N.  For an extensive review, one may refer[1-14]. 

This communication concerns with the problem of obtaining non-zero distinct integer solutions to the binary quadratic equation 7𝑥2 − 2𝑦2 = 40given 

by representing hyperbola.  A few interesting relations among its solutions are presented.  Knowing an integral solutions of the given  hyperbola, integer 

solutions for other choices of hyperbolas and parabolas are presented.   

METHOD OF ANALYSIS 

The Diophantine equation under consideration is 

                             
4027 22 =− yx

                                              (1) 

It is to be noted that (1) represent a hyperbola  

Taking,                              

                                          
TXx 2+=

,    
TXy 7+=

                             (2) 

In (1), it reduces to the equation, 

                                         814 22 += TX                                                      (3) 

The smallest positive integer solution 
( )00 , XT

of (3) is 

                                         
8,2 00 == XT

 

To obtain, the other solutions of (3), consider the Pellian equation   

                                        114 22 += TX                                                    (4) 
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Whose smallest positive integer solution is           

                                    
15

~
,4

~
00 == XT

                                             

The gerenal solution 
( )nn XT

~
,

~

 of (4) is given by, 

                                  

1)14415(
~

14
~ ++=+ n

nn TX
 , where n=0,1,2,…      (5) 

Since, irrational roots occur in pairs, we have, 

                                 

1)14415(
~

14
~ +−=− n

nn TX
 , where n=0,1,2,…      (6) 

From (5) and (6) solving for 
( )nn XT

~
,

~

 we have, 

                                  

nnnn fXgT
2

1~
;

142

1~
==

 

Where 

                               
( ) ( ) ,1441514415

11 ++
−++=

nn

nf  

                               
( ) ( ) 11

1441514415
++

−−+=
nn

ng
. 

Applying Brahmagupta lemma between 
( )00 , XT

and 
( )nn XT

~
,

~

 ,the general integer solution
( )11, ++ nn XT

 of (3) are found to be 

                   
nnn XTTXT

~~
001 +=+

 

                               

nnn gfT
14

4
1 +=+

                                            (7) 

                              nnn TDTXXX
~~

001 +=+  

                              

nnn gfX
14

14
41 +=+

                                              (8) 

Using (7) & (8) in (2), we have 

                           111 2 +++ += nnn TXx
 

                           

nnn gfx
14

22
61 +=+

                                                (9) 

                          111 7 +++ += nnn TXy
 

                          

nnn gfy
14

42
111 +=+

                                           (10) 

Thus, (9) and (10) represent the integer solutions of the hyperbola (1) 

A few numerical examples are given in the following Table : 1 
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 Table : 1 Numerical values 

             n             𝒙𝒏             𝒚𝒏 

            0              12             22 

            1             356            666 

            2             10,668           19,958 

            3            319,684          598,074 

            4           9,579,852        17,922,262 

From the above table, we observe some interesting properties among the solutions which are presenting below: 

i. 𝑥𝑛 & 𝑦𝑛 values are always even. 

ii. 𝑥𝑛 ≡ 0(𝑚𝑜𝑑 2) 

iii. 𝑥𝑛 + 𝑦𝑛 ≡ 0(𝑚𝑜𝑑 2) 

1. Relations between solutions 

➢ 
030 321 =+− +++ nnn xxx

 

➢ 
030 321 =+− +++ nnn yyy

 

➢ 
0158 211 =−+ +++ nnn xxy

 

➢ 
0158 212 =−+ +++ nnn xxy

 

➢ 
0154498 123 =+− +++ nnn xxy

 

➢ 
0449240 131 =+− +++ nnn xxy

 

➢ 
016 132 =+− +++ nnn xxy

 

➢ 
0449240 133 =+− +++ nnn xxy

 

➢ 
01528 121 =+− +++ nnn yyx

 

➢ 
0449840 131 =+− +++ nnn yyx

 

➢ 
04491528 231 =+− +++ nnn yyx

 

➢ 
0449158 231 =+− +++ nnn xxy

 

➢ 
0158 232 =+− +++ nnn xxy

 

➢ 
0158 233 =+− +++ nnn xxy

 

➢ 
01528 122 =+− +++ nnn yyx

 

➢ 
056 132 =+− +++ nnn yyx

 

➢ 
01528 232 =+− +++ nnn yyx

 

➢ 
02815 332 =+− +++ nnn xyy

 

➢ 
0840449 331 =+− +++ nnn xyy

 

➢ 
01544928 123 =+− +++ nnn yyx
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2. Each of the following expressions represents a Nasty Number 

➢  

( )16022666
80

1
3222 +− ++ nn xx

 

➢ 
( )48002219958

2400

1
4222 +− ++ nn xx

 

➢ 
( )202242

10

1
2222 +− ++ nn yx

 

➢ 
( )300221246

150

1
3222 +− ++ nn yx

 

➢ 
( )89802237338

4490

1
4222 +− ++ nn yx

 

➢ 
( )16066619958

80

1
4232 +− ++ nn xx

 

➢ 
( )30066642

150

1
2232 +− ++ nn yx

 

➢ 
( )206661246

10

1
3232 +− ++ nn yx

 

➢ 
( )30066637338

150

1
4232 +− ++ nn yx

 

➢ 
( )89801995842

4490

1
2242 +− ++ nn yx

 

➢ 
( )300199581246

150

1
3242 +− ++ nn xx

 

➢ 
( )201995837338

10

1
4242 +− ++ nn yx

 

➢ 
( )560124642

280

1
2232 +− ++ nn yy

 

➢ 
( )168003733842

8400

1
2242 +− ++ nn yy

 

➢ 
( )560373381246

280

1
3242 +− ++ nn yy

 

 

3. Each of the following expressions represents a Cubical Integer 

➢  

]66199822666[
80

1
214333 ++++ −+− nnnn xxxx
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➢ 
]66598742219958[

2400

1
315333 ++++ −+− nnnn xxxx

 

➢ 
]661262242[

10

1
113333 ++++ −+− nnnn yxyx

 

➢ 
]663738221246[

150

1
214333 ++++ −+− nnnn yxyx

 

➢ 
]661120142237338[

4490

1
315333 ++++ −+− nnnn yxyx

 

➢ 
]19985987466619958[

80

1
325343 ++++ −+− nnnn xxxx

 

➢ 
]199812666642[

150

1
123343 ++++ −+− nnnn yxyx

 

➢ 
]199837386661246[

10

1
224343 ++++ −+− nnnn yxyx

 

➢ 
]199811201466637338[

150

1
325343 ++++ −+− nnnn yxyx

 

➢ 
]598741261995842[

4490

1
133353 ++++ −+− nnnn yxyx

 

➢ 
]598743738199581246[

150

1
234353 ++++ −+− nnnn yxyx

 

➢ 
]598741120141995837338[

10

1
335353 ++++ −+− nnnn yxyx

 

➢ 
]3738126124642[

280

1
123343 ++++ −+− nnnn yyyy

 

➢ 
]1120141263733842[

8400

1
133353 ++++ −+− nnnn yyyy

 

➢ 
]1120143738373381246[

280

1
234353 ++++ −+− nnnn yyyy

 

 

4. Each of the following expression represents a Bi-quadratic Integer  

➢ 
]48088266422666[

80

1
32225444 +−+− ++++ nnnn xxxx

 

➢ 
]1440088798322219958[

2400

1
42226444 +−+− ++++ nnnn xxxx

 

➢ 
]60881682242[

10

1
22224444 +−+− ++++ nnnn yxyx
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➢ 
]600884984221246[

150

1
32225444 +−+− ++++ nnnn yxyx

 

➢ 
]26940881493522237338[

4490

1
42226444 +−+− ++++ nnnn yxyx

 

➢ 
]48026647983266619958[

80

1
42326454 +−+− ++++ nnnn xxxx

 

➢ 
]900266416866642[

150

1
22324454 +−+− ++++ nnnn yxyx

 

➢ 
]60266449846661246[

10

1
32325454 +−+− ++++ nnnn yxyx

 

➢ 
]900266414935266637338[

150

1
42326454 +−+− ++++ nnnn yxyx

 

➢ 
]26940798321681995842[

4490

1
22424464 +−+− ++++ nnnn yxyx

 

➢ 
]900798324984199581246[

150

1
32425464 +−+− ++++ nnnn yxyx

 

➢ 
]60798321493521995837338[

10

1
42426464 +−+− ++++ nnnn yxyx

 

➢ 
]16804984168124642[

280

1
22324454 +−+− ++++ nnnn yyyy

 

➢ 
]504001493521683733842[

8400

1
22424464 +−+− ++++ nnnn yyyy

 

➢ 
]16801493524984373381246[

280

1
32425464 +−+− ++++ nnnn yyyy

 

 

5. Each of the following expressions represents a Quintic Integer 

1. 

]2206660110333022666[
80

1
2143336555 ++++++ −+−+− nnnnnn xxxxxx

 

2. 

]220199580110997902219958[
2400

1
3153337455 ++++++ −+−+− nnnnnn xxxxxx

 

3. 

]4202201102102242[
10

1
1133335555 ++++++ +−−+− nnnnnn xyyxyx

 

4. 

]220124601106230221246[
150

1
2143336555 ++++++ −+−+− nnnnnn yxyxyx
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5. 

]220373381101866902237338[
4490

1
3153337555 ++++++ −+−+− nnnnnn yxyxyx

 

6. 

]666019958033309979066619958[
80

1
3253437565 ++++++ −+−+− nnnnnn xxxxxx

 

7. 

]6660420333021066642[
150

1
1233435565 ++++++ −+−+− nnnnnn yxyxyx

 

8. 

]666012460333062306661246[
10

1
2243436565 ++++++ −+−+− nnnnnn yxyxyx

 

9. 

]6660373380333018669066637338[
150

1
3253437565 ++++++ −+−+− nnnnnn yxxxyx

 

10. 

]199580420997902101995842[
4490

1
1333535575 ++++++ −+−+− nnnnnn yxyxyx

 

11. 

]19958012460997906230199581246[
150

1
2343536575 ++++++ −+−+− nnnnnn yxyxyx

 

12. 

]199580373380997901866901995837338[
10

1
3353537575 ++++++ −+−+− nnnnnn yxyxyx

 

13. 

]124604206230210124642[
280

1
1233435565 ++++++ −+−+− nnnnnn yyyyyy

 

14. 

]3733804201866902103733842[
8400

1
1333535575 ++++++ −+−+− nnnnnn yyyyyy

 

15. 

]373380124601866906230373381246[
280

1
2343536575 ++++++ −+−+− nnnnnn yyyyyy

 

REMARKABLE OBSERVATIONS: 

1.Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola which are presented in 

the Table: 2 below 

Table: 2 Hyperbola 

S. No Hyperbola (P,Q) 

1. 
2560022 =−QP

 

 12

21

178614

22666

++

++

−=

−=

nn

nn

xxQ

xxP

 

2. 
2304000022 =−QP

 

 13

31

5334614

2219958

++

++

−=

−=

nn

nn

xxQ

xxP

 

3. 
40022 =−QP

 

 11

11

11614

2242

++

++

−=

−=

nn

nn

xyQ

yxP
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4. 
9000022 =−QP

 

 12

21

333614

221246

++

++

−=

−=

nn

nn

xyQ

yxP

 

5. 
8064040022 =−QP

 

 13

31

9979614

2237338

++

++

−=

−=

nn

nn

xyQ

yxP

 

6. 
2560022 =−QP

 

 23

32

533417814

66619958

++

++

−=

−=

nn

nn

xxQ

xxP

 

7. 
9000022 =−QP

 

 21

12

1117814

66642

++

++

−=

−=

nn

nn

xyQ

yxP

 

8. 
40022 =−QP

 

 22

22

333178`14

6661246

++

++

−=

−=

nn

nn

xyQ

yxP

 

9. 
9000022 =−QP

 

 23

32

997917814

66637338

++

++

−=

−=

nn

nn

xyQ

yxP

 

10. 
8064040022 =−QP

 

 31

13

11533414

1995842

++

++

−=

−=

nn

nn

xyQ

yxP

 

11. 
9000022 =−QP

 

 32

23

333533414

199581246

++

++

−=

−=

nn

nn

xyQ

yxP

 

12. 
40022 =−QP

 

 33

33

9979533414

1995837338

++

++

−=

−=

nn

nn

xyQ

yxP

 

13. 
31360022 =−QP

 

 21

12

1133314

124642

++

++

−=

−=

nn

nn

yyQ

yyP

 

14. 
28224000022 =−QP

 

 31

13

11997914

3733842

++

++

−=

−=

nn

nn

yyQ

yyP

 

15. 
31360022 =−QP

 

 32

23

333997914

373381246

++

++

−=

−=

nn

nn

yyQ

yyP

 

 

2.  Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola which are presented in 

the Table: 3 below: 
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 Table :3 Parabola 

S. No Parabola (R,Q) 

1. 
2560080 2 =−QR

 

 12

3222

178614

16022666

++

++

−=

+−=

nn

nn

xxQ

xxR

 

2. 
230400002400 2 =−QR

 

 13

4222

5334614

48002219958

++

++

−=

+−=

nn

nn

xxQ

xxR

 

3. 
40010 2 =−QR

 

 11

2222

11614

202242

++

++

−=

+−=

nn

nn

xyQ

yxR

 

4. 
90000150 2 =−QR

 

 12

3222

333614

300221246

++

++

−=

+−=

nn

nn

xyQ

yxR

 

5. 
806404004490 2 =−QR

 

 13

4222

9979614

89802237338

++

++

−=

+−=

nn

nn

xyQ

yxR

 

6. 
2560080 2 =−QR

 

 23

4232

533417814

16066619958

++

++

−=

+−=

nn

nn

xxQ

xxR

 

7. 
90000150 2 =−QR

 

 21

2232

1117814

30066642

++

++

−=

+−=

nn

nn

xyQ

yxR

 

8. 
40010 2 =−QR

 

 22

3232

33317814

206661246

++

++

−=

+−=

nn

nn

xyQ

yxR

 

9. 
90000150 2 =−QR

 

 23

4232

997917814

30066637338

++

++

−=

+−=

nn

nn

xyQ

yxR

 

10. 
806404004490 2 =−QR

 

 31

2242

11533414

89801995842

++

++

−=

+−=

nn

nn

xyQ

yxR

 

11. 
90000150 2 =−QR

 

 32

3242

333533414

300199581246

++

++

−=

+−=

nn

nn

xyQ

yxR

 

12. 
40010 2 =−QR

 

 33

4242

9979533414

201995837338

++

++

−=

+−=

nn

nn

xyQ

yxR
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13. 
313600280 2 =−QR

 

 21

2232

1133314

560124642

++

++

−=

+−=

nn

nn

yyQ

yyR

 

14. 
2822400008400 2 =−QR

 

 31

2242

11997914

168003733842

++

++

−=

+−=

nn

nn

yyQ

yyR

 

15. 
313600280 2 =−QR

 

 32

3242

333997914

560373381246

++

++

−=

+−=

nn

nn

yyQ

yyR

 

CONCLUSION: 

   In this paper, we have presented infinitely many integer solutions for the Diophantine equations represented by hyperbola is given 7𝑥2 −
2𝑦2 = 40.  As the binary quadratic Diophantine equations are rich in variety, one may search for the other choices of equations and determine their 

solutions among the suitable properties. 
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