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ABSTRACT

The Quadratic Diophantine equation given by 7x? — 2y? = 40 is studied for determining its infinitely many non-zero integral solutions. A few interesting
properties among its solutions are given. Also, knowing an integral solution of the given hyperbola, integer solutions for other choices of hyperbolas and parabolas
are presented. Also, employing the solutions of the given equation is constructed.
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INTRODUCTION

The hyperbola represented by the Diophantine equations of the form ax? + by? = N, (a,b# 0) are rich in variety and have been analyzed by many
mathematicians for their respective integer solutions for particular values of a, b and N. For an extensive review, one may refer[1-14].

This communication concerns with the problem of obtaining non-zero distinct integer solutions to the binary quadratic equation 7x? — 2y? = 40given
by representing hyperbola. A few interesting relations among its solutions are presented. Knowing an integral solutions of the given hyperbola, integer
solutions for other choices of hyperbolas and parabolas are presented.

METHOD OF ANALYSIS

The Diophantine equation under consideration is

2 2 _
7xX°—-2y° =40 o

It is to be noted that (1) represent a hyperbola

Taking,

X=X +2T  y=X+TT
In (1), it reduces to the equation,

X?%=14T%+8 -
The smallest positive integer solution (TO’ Xo ) of (3) is

To=2,X,=8

To obtain, the other solutions of (3), consider the Pellian equation

2 2
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Whose smallest positive integer solution is

Ty =4,X, =15

The gerenal solution (Tn ! X n ) of (4) is given by,
X +V14T, = (15+4414)"

Since, irrational roots occur in pairs, we have,

X —14T, = (15— 4414)"

otor (T2 %)
From (5) and (6) solving for we have,

T )
2\/—gn

n

_1
2
Where
f=fi5+ 414"+
- (15+4\/ﬁ)n+l -

h5-av1a)",
fi5- a4 )"

, where n=0,1,2,...  (5)

, where n=0,1,2,...  (6)

T Xo) . (T, X, Toins X
Applying Brahmagupta lemma between ( 0 0)and n*“*NJ the general integersolution( n+1s n+1) of (3) are found to be

Tn+1 = XOTn +T0Xn

T =f,+—

4
\/— On
X o1 = Xo X, + DT,T,
14

=9
Vig ™

Xog=4f,+

n+l

Using (7) & (8) in (2), we have

X Xn+1 + 2Tn+1

n+1 =

22

T

Yna1 = Xn+1 + 7Tn+1

Xps1 = 6f

Y = 11f = 12

Jia 9n
Thus, (9) and (10) represent the integer solutions of the hyperbola (1)

A few numerical examples are given in the following Table : 1

0]

®

)

(10)
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Table : 1 Numerical values

n Xn Vn
0 12 22
1 356 666
2 10,668 19,958
3 319,684 598,074
4 9,579,852 17,922,262

From the above table, we observe some interesting properties among the solutions which are presenting below:
i X, & ¥, values are always even.
ii. X, = 0(mod 2)
iii. X, + Y, = 0(mod 2)
1.  Relations between solutions

Xn+1 _30Xn+2 + X3 = 0

» Yni1 _Soyn+2 + Yni3 = 0

8Yn+1 +19X41 = Xq42 =0

>

o 8Yni2+Xq—15X%,,, =0

N 8Y.3 — 449X, +15X,,, =0

. 240Yn,1 —Xn,3+449%,,, =0
. 16Yn2 —Xn3+ Xy =0

. 240y,,3 449X, 3+ X3 =0
. 28Xn41 = Y2 +15Y5,, =0
N 840X,.1 — Yn+3 +449y,,, =0
N 28Xp,1 —15Y,,,3 +449y,,, =0
. 8Y¥ny1 —15X,, 5 +449%,,, =0
. 8¥ni2 —Xn3 +19%,,, =0

. 8Yn3—19%y 3+ Xy, =0

L 28%n,0=15Yp 5 + Y51 =0

. 96Xy = Yni3+ Y1 =0

. 28%n,0 = Yni3 +15Y,,, =0

5 Yne2 —15Yn,3+28X,,53=0

. Y1 —449Y,,3+840x,,3=0

28X;,3 —449Yy,0 +15Y,,1 =0
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2. Each of the following expressions represents a Nasty Number

>

>

%(666x2n+2 — 22Xy, +160)

1
m(19958x2n+2 — 22Xy, 4 +4800)

1
E(42X2n+2 —22Yoni0 + 20)

1
ﬁ(1246xzn+2 —22Y,,,3+300)

L(37338x2n+2 —22Y 50,4 +8980)

4490

%(19958x2n+3 — 666X, 4 +160)

1
150 (425,43 — 666, +300)

%(1246x2n+3 —666Y,,,3 +20)

1
ﬁ(37338x2n+3 —666Y,,,, +300)

1
m (42X2n+4 —19958y,,,, + 8980)

i(1246x2n+4 —19958%,,, 5 +300)

150

%(37338x2n+4 ~19958y,,,,, +20)

1
2T‘0(42y2n+3 —1246Yy,,, + 560)

1
m(deYan —37338y,,,, +16800)

1
%(1246y2n+4 —37338Y,,,,5 +560)

3. Each of the following expressions represents a Cubical Integer

>

1
%[666X3n+3 - 22X3n+4 + 1998Xn+1 - 66Xn+2]
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>

>

L

5400 [19958Xs,,, 3 — 22X3p,, 5 +59874X,,,1 —66X,,,3]

1
0 [42X30,3 = 22Y34,3 +126X;,4 —66Y,,4]
1
5[1246x3n+3 —22Y34,4 +3738X,,1 — 66y, ]
1
2490 [37338X3,,3 —22Y3,5 +112014X, ,, —66Y, 3]
%[1995&3n+4 — 666Xy, 5 + 59874, ,, —1998X, ]
1
ﬁ[42x3n+4 —666Y3,,3 +126X,,, —1998y, 4]
1
5[1246X3n+4 —666Y3,,4 +3738X,,, —1998y,,, ]
%[37338X3n+4 —666Ys,,,5 +112014x,,,, —1998y,, 5]
L 42y, ~19958ys,.; +126%,.; ~ 59874y, ]

4490

%[1246@,”5 —19958Y,,,, +3738X,,5 —59874y, ,]

%[37338x3n+5 —19958ys, 5 +112014X, .5 59874y, 4]
1
%[42y3n+4 _1246y3n+3 +126yn+2 _3738yn+1]

1
m[‘lz)’sms —37338Y3,,3 +126Y,,3 -112014y, ]

%[1246)/&”5 _37338y3n+4 + 3738yn+3 _112014yn+2]

4.  Each of the following expression represents a Bi-quadratic Integer

>

1
o 1086 X404 = 22X+ 266431, —~88zy.5 + 480]

1
= [19958X,,,, 4 — 22X, + 79832Xop,, 5 — 88Xy, 4 +14400]

2400

1
E[42X4n+4 —22Y 4014 +168X5,, 5 —88Y,,,, +60]
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>

>

1
5[1246X4n+4 - 22 y4n+5 + 4984X2n+2 —88y2n+3 + 600]
—44190 [37338X4n44 —22Y4n15 +149352X5, 5 —88Yq,.4 +26940]

1
ﬁ[42x4n+5 —666Y,,4 +168X5,,3 — 26645, +900]

% [37338X,,,,5 — 666y, +149352X,,,, 5 — 2664y, 4 +900]

L [42x,,. ~19958y,,,, +168%,,,, — 79832y, , + 26940]

4490

%[1246&1”+6 —19958Y 4,5 + 4984X,,,, 4 — 79832Y,,,. 5 +900]
%[37338x4n+6 —19958Y .6 +149352X5,, 4 — 79832Y,,, 4 +60]
2—;0[42y4n+5 —1246y,,,., +168Y,,.5 —4984y, . , +1680]
L[42y4n+6 —37338Y,,,4 +168Y,,, 4 —149352y,,,, , +50400]

8400

2—5130[1246y4n+6 —37338y,,,5 + 4984y, ., —~149352y, . +1680]

5. Each of the following expressions represents a Quintic Integer

8—10[666x5n+5 —22X5,,,6 +3330X3,,3 —110X5,,, 4 +6660x,, .1 — 220X, ]

24100_ [19958Xs.,,5 — 22X, 7 + 997905, 5 —110Xg, 5 +199580X,,,; — 220X, 5]

1
E[42X5n+5 —22 Ysnis T 210X3n+3 _110y3n+3 o 22()yn+1 + 420Xn+1]

1
5[1246X5n+5 —22Y50,6 + 62303, 3 ~110Y3,, 4 +12460X, 3 — 220y, -]
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10.

11.

12.

13.

14.

15.

1

7205 137398%sn.5 = 22Y5n.7 +186690K3,,3 ~110yg,. 5 +37338X,.; ~220¥,.]

%[19958X5n+6 —666Xg,,,7 +99790X3,, 4 —3330X3,,,5 +199580x,,,, —6660X,,5]
1

E[42X5n+6 —666Ys,, 5 +210X3,, 4 —3330Y3,, 5 +420%,,, —6660y,,,]
%[1246x5n+6 —666Ys, g +6230Xy,, 4 — 3330y, 4 +12460x, ,, — 6660y, ,,]

%[3733&5“6 — 666V, , 7 +186690X,,, 4 — 3330y, +373380X,,,, —6660Y,,,5]

B

%[124&5n+7 —19958Y: . 6 +6230X5,,5 —99790Ys,, 4 +12460x,, 5 —199580y,, -]
%[37338X5n .7 —19958y:, . 7 +186690X5,,5 —99790Ys,,, 5 +373380X,,, 5 —199580Y,, 5]
%[42)/%% —1246Ys,,5 + 210Y3,, 4 —6230Y5,, 3 + 420y, , —12460y, 4]
L[42y5n+7 —37338Ys,,,5 +210y5,.5 —186690Y5, . 5 + 420y, 53 —373380y, 4]

8400

%[1246%”” 37338V, + 6230ys,,5 —186690ys,, , +12460Y,,,5 — 373380y, ]

REMARKABLE OBSERVATIONS:

1.Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola which are presented in

the Table: 2 below

Table: 2 Hyperbola

S. No Hyperbola (P,Q)

P2 Q% =25600 P =666X,,1— 22X, ,
Q= ‘/E[GXMZ _178Xn+1]

P2 —Q? = 23040000 P =19958X,,,1 — 22X 3
Q= ‘/E[GXMB - 5334Xn+1]

P2 Q2% =400 P=42%,,1 - 22y, 4
Q = \/E[6yn+l _11Xn+1]
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PZ —Q? =90000

P =1246X,,; —22Y,.»
Q= \/ﬂ[Gymg —333Xn+1]

P2 —Q? = 80640400

P =37338x,,,1 —22Y,,.5
Q= \/E[Byn+3 - 9979X”+1]

P% - Q? = 25600

P= 19958Xn+2 - 666Xn+3
Q= \/ﬁ[l?SXn+3 - 5334Xn+2]

P2 - Q2 =90000

P= 42Xn+2 - 666yn+1
Q= \/ﬂ[178yn+1 _11Xn+2]

P -Q% =400

P =1246x,,., —666Y,_,
Q= \/ﬁ[178yn+2 _333Xn+2]

PZ —Q? =90000

P= 37338Xn+2 - 666yn+3
Q= \/ﬂ[178yn+3 - 9979Xn+2]

10.

P2 -~ Q2 = 80640400

P =42x,,3—-19958y, .,
Q=+14[5334y, ; ~11x,,5]

L p2_ Q2 —=90000 P =1246x,,53 —19958y,,,,
Q =+14[5334y,,, —333X,,5]
12. P2 _ Q2 — 400 P =37338x,,5 —19958yY,

Q = \/ﬂ[5334yn+3 - 9979Xn+3]

13.

P2 —Q? = 313600

P =42y,,, -1246y, 4
Q= \/ﬂ[333yn+1 _1lyn+2]

14.

P2 —Q? = 282240000

P= 42yn+3 —37338yn+l
Q=414 [9979y,,., —11y,.5]

15.

P2~ Q2 = 313600

P =1246y,,; —37338y,,
Q= \/ﬂ[9979yn+2 - 333yn+3]

2. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola which are presented in

the Table: 3 below:
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Table :3 Parabola

S. No

Parabola

(RQ)

1.

80R - Q2 = 25600

Q = ‘/ﬂ[6xn+2 _178Xn+1]

2400R —Q? = 23040000

Q= \/ﬂ[6xn+3 - 5334)(n+1]

10R — Q2% = 400

R=42X5,,2 = 225042 +20
Q= ‘/E[Gynﬂ _11Xn+l]

150R — Q? = 90000

R :1246X2n+2 - 22y2n+3 + 300
Q= \/ﬂ[6yn+2 _333Xn+1]

4490R —Q? =80640400

R = 37338X2n+2 - 22y2n+4 + 8980
Q= \/E[G Ynisz — 9979)(n+1]

80R — Q2 = 25600

R =19958X,,,,5 — 666Xy, 4 +160
Q =14[178x,, ; —5334x, ., |

150R — Q? = 90000

R = 42X,,,5 —666Y,,,, +300
Q= \/E[178yn+1 _11Xn+2]

10R - Q? =400

R =1246X,,,5 — 666Y,,,5 + 20
Q = \/E[178yn+2 - 333Xn+2]

150R — Q2% =90000

Q = ‘/E[178yn+3 _9979Xn+2]

10.

4490R - Q? = 80640400

R = 42X,,,, —19958Y,, ., + 8980
Q= ‘/E[5334yn+1 _11Xn+3]

11.

150R —Q? = 90000

R =1246Xy,,, , —19958Y,. 5 +300
Q = ‘/E[5334yn+2 - 333Xn+3]

12.

10R - Q? =400

R = 37338, , —19958Y,. ., + 20
Q =+/14[5334y,, ; —9979x, 5]
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s 280R — Q? =313600 R =42Y,,,5 —1246Y,,,, +560
Q = \/ﬁ[‘?’?’syml _11yn+2]
1 8400R — Q2 = 282240000 R=42Yy;.4 —37338Y5,,, +16800
Q= \/E[9979yn+1 _llyn+3]
15. 280R — Q2 = 313600 R =1246Y,,,, —37338Y,,,5 + 560
Q = \/ﬂ[9979yn+2 - 333yn+3]
CONCLUSION:

In this paper, we have presented infinitely many integer solutions for the Diophantine equations represented by hyperbola is given 7x? —

2y% = 40. As the binary quadratic Diophantine equations are rich in variety, one may search for the other choices of equations and determine their
solutions among the suitable properties.

REFERENCES :

1)  WhitfordEE. Some solutions of the Pellian Equation x? — Ay? = +4JSTOR: Annals of mathematics, Second series, 1913-1914;1:157-160.

2) R.D.Carmichael, “ The Theory of Numbers and Diophantine Analysis, Dover Publications, New York (1950).

3) Mollinra, Anithasrinivasan. A note on the negative pell equation, International journal of Algebra, 2010;4(19):919-922.

4)  Dr.T.R.Usha Rani & K.Ambika- “Observation on the Non-Homogeneous Binary Quadratic Diophantine Equation 5x? — 6y? = 5", Journal
of Mathematics and Informatics, www.researchmathsci.org , Peer reviewed, Google Scholar, IF: 1.627, ISSN: 2349-0632(P), 2349-
0640(online), Vol 10, Page No: 67-74, Dec 2017, http://www.researchmathsci.org/JMlart/JMI-v10-9.pdf .

5) Dr.S.Mallika, Ms.G.Ramya- “On the Diophantine Equation 7x2 — 5y% = 8, Global Journal of Engineering Science and Researches
www.giesr.org , Peer reviewed, UGC, IF: 5.070, ISSN: 2348-8034, Page No: 271-278, April 2019.

6) Dr.S.Mallika, Ms.V.Surya- “On the Binary Diophantine Equation 3x? — 5y% = 12”, International Journal of Engineering Science and
Research Technology, www.ijesrt.org , Peer reviewed, UGC, IF: 5.947, ISSN: 2321-9653,Vol 7, Issue V, May 2019.

7) Dr.T.R.Usharani & K.Dhivya-“Observations on the Hyperbola 7x? — 5y% = 28, International Journal of Emerging Technolgies in
Engineering Research, www.ijser.everscience.org , Peer reviewed, Google Scholar, IF: 4.225, ISSN: 2454-6410, Vol 6, Issue 5, Page No: 1-
6, May 2018.

8) Ms.S.Mallika & D.Hema-“Observations on the Hyperbola 8x? — 3y2 = 20, International Journal on Research Innovations in Engineering
Science and Technology, www.ijriest.com, Peer reviewed, ISSN: 2455-8540, Vol 3, Issue 4, Page No: 575-582, April 2018.

9) Dr.M.AGopalan & Sharadha Kumar- “On the Hyperbola  2x%—3y? =23" , Journal of Mathematics and Informatics,
www.researchmathsci.org , Peer reviewed, Google Scholar, IF: 1.627, ISSN: 2349-0632(P), 2349-0640(0), Vol 10, Page No: 1-9, Dec 2017,
http://www.researchmathsci.org/JMlart/JMI-v10-1.pdf

10) Ms.J.Shanthi, Ms.R.Maheswri, Dr.M.A.Gopalan, V.Tamilselvi “A Peer Search on Integral Solutions to Non-Homogeneous Binary Quadratic
Equation 15x2 — 2y? = 78”, Journal of Scientific computing, http://jscglobal.org, Peer Reviewed, IF:6.1, UGC Indexed in Google Scholar,
ISSN  NO 1524-2560, Vol 9, Issue 3, Page No0.108-131, 2020. https://drive.google.com/file/d/1eE3qDblpqYy-
czRPtegMgSqgNIeUa7rnM/view

11) Dr.J.Shanthi, Ms.T.Mahalakshmi, Dr.S.Vidhyalakshmi, Dr.M.A.Gopalan, “A Study On The Pell Like Equation 5x% — 8y? = —48,
International Journal of All Research Education &Scientific Methods (IJARESM), www.ijaresm.com , UGC Care, Impact Factor:7.429, ISSN
NO: 2455-6211, Volume 9, Issue 4, Page N0:2179-2190, April 2021,
http://www.ijaresm.com/uploaded_files/document_file/J._Shanthi,_ T_._Mahalakshmi,_S_.Vidhyalakshmi,M_.A_._Gopalan_nODC.pdf .

12) Dr.J.Shanthi, Dr.M.A.Gopalan, “A Study on the Pell-Like Equation 3x% — 8y? = —20”, Juni Kyat Journals, http:/junikhyatjornal.in, UGC
Care, Impact Factor:6.625, ISSN NO:2278-4632, Vol-11, Issue-02 No.01, Page No:35-43, February 2021.

13) Dr.M.A.Gopalan, Dr.J.Shanthi, Dr.S.Vidhyalakshmi, “A Study on the Hyperbola 9x? — 7y? = 8”, International journal of Engineering

development and Research, www.ijedr.org , Google Scholar, Impact Factor:7.37, Volume 9, Issue 2, Page No0:160-168, 2021,
https://www.ijedr.org/viewfull.php?&p_id=1JEDR2102025 .



http://www.researchmathsci.org/
http://www.researchmathsci.org/JMIart/JMI-v10-9.pdf
http://www.giesr.org/
http://www.ijesrt.org/
http://www.ijser.everscience.org/
http://www.researchmathsci.org/
http://www.researchmathsci.org/JMIart/JMI-v10-1.pdf
https://drive.google.com/file/d/1eE3qDb1pqYy-czRPtegMqSqNleUa7rnM/view
https://drive.google.com/file/d/1eE3qDb1pqYy-czRPtegMqSqNleUa7rnM/view
http://www.ijaresm.com/
http://www.ijaresm.com/uploaded_files/document_file/J._Shanthi,_T_._Mahalakshmi,_S_.Vidhyalakshmi,M_.A_._Gopalan_nODC.pdf
http://www.ijedr.org/
https://www.ijedr.org/viewfull.php?&p_id=IJEDR2102025

International Journal of Research Publication and Reviews, Vol 5, no 2, pp 2537-2547 February 2024 2547

14) Dr.J.Shanthi, Ms.T.Mahalakshmi, Dr.S.Vidhyalakshmi, Dr.M.A.Gopalan, “A Study on the Pell-like equation 3x2 —8y? = —20”,
Vidyabharati International Interdisciplinary Research Journal, www.viirj.org , UGC Care, Impact Factor:1.469, ISSN NO:2319-4979, Special
Issue on Recent Research Trends in Management, Science and Technology, Page No:2137-2144, August 2021.



