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ABSTRACT:    

       The non-homogenous binary quadratic equation with two unknowns represented by the Pell-like equation 3𝑥2 − 2𝑦2 = 4 is studied for finding its distinct 

integer solutions. A few interesting properties between the above solutions are presented. 
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INTRODUCTION: 

       The non-homongenous binary quadratic equations of the form 𝑎𝑥2 − 𝑏𝑦2 = 𝑁,(𝑎, 𝑏, 𝑁 ≠ 0) are rich in variety and have been analyzed by many 

mathematicians for their respective integer solutions for particular values of a,b and N. In this context, one may refer [1-13].  This communication 

concerns with the problem of obtaining  non-zero distinct interger solutions to the binary quadratic equation given by 3𝑥2 − 2𝑦2 = 4 representing 

hyperbola.  A  few interesting relations among its solutions are presented.  Knowning an integral solutions of the given hyperbola,integer  solution for 

other choices of hyperbolas and parabolas are presented. 

METHOD OF ANALYSIS: 

       The non-homogenous binary quadratic equation under consideration is 

                                       
423 22 =− yx

                                                                                (1) 

It is to be noted that (1) represents a hyberbola 

Taking x=X+2T,y=X+3T                                                                                                     (2) 

in (1), it reduced to the equation 

            46 22 += TX                                                                                                           (3) 

The smallest positive integer solution
),( 00 XT

 of (3) is 

               
10,4 00 == XT

      

To obtain the other solutions of (3), consider the pellian equations 

              16 22 += TX                                                                                                          (4) 

whose smallest positive integer solutions is 

               
5

~
,2

~
00 == XT
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The general solution 
)

~
,

~
( nn XT

 of (4) is given by 

              
...2,1,0,)625(

~
6

~ 1 =+=+ + nTX n

nn                            (5) 

Since irrational roots occur in pairs, we have 

               
...2,1,0,)625(

~
6

~ 1 =−=− + nTX n

nn                            (6) 

From (5) and (6), solving for
,

~
,

~
nn TX

 we have 

                
n

nn

n fX
2

1
])625()625[(

2

1~ 11 =−++= ++

 

                 

n

n

n gT
n

62

1
])625()625[(

62

1~ 11 =−−+=
++

 

Applying Brahmagupta lemma between the solutions 
),( 00 XT

 and 
)

~
,

~
( nn XT

, the general solution 
)

~
,

~
( 11 ++ nn XT

 of (3) is found to be 

                
=+=+ nnn XTTXT

~~
001

nn fg 2
6

5
+

                                                                 (7) 

               

nnnnn gfTTXXX
6

2
2

~~
001 +=+=+

                                                              (8)  

Using (7) and (8) in (2) we have, 

                nnn gfx 611273 1 +=+  

               nnn gfy 69222 1 +=+                                                                                              

Thus (9) and (10) represent the integer of the hyperbola (1). 

A  few numerical values are given in the following  Table: 1 

Table: 1 Numerical Examples 

                       n      

                    1+nx
                       1+ny

 

                     -1                     18                 22  

      0                    178                 218 

                      1                    1762                  2158 

                      2 

                17442 

               21362 

Recurrence relations for x and y are: 

                  
.....1,0,1,010 123 −==+− +++ nxxx nnn     

                  
...1,0,1,010 123 −==+− +++ nyyy nnn  

A.   A few interesting relations among the solutions are given be 

▪ 
010 321 =+− +++ nnn xxx

 

▪ 
045 121 =+− +++ nnn yxx
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▪ 
045 221 =+− +++ nnn yxx

 

▪ 
04495 321 =+− +++ nnn yxx

 

▪ 
04049 131 =+− +++ nnn yxx

 

▪ 
08 231 =+− +++ nnn yxx

 

▪ 
04049 331 =+− +++ nnn yxx

 

▪ 
056 211 =−+ +++ nnn yyx

 

▪ 
04960 311 =−+ +++ nnn yyx

 

▪ 
05496 321 =−+ +++ nnn yyx

 

▪ 
05494 321 =−+ +++ nnn xxy

 

▪ 
054 322 =−+ +++ nnn xxy

 

▪ 
054 323 =−+ +++ nnn xxy

 

▪ 
056 221 =−+ +++ nnn yxy

 

▪ 
012 321 =−+ +++ nnn yxy

 

▪ 
065 322 =−+ +++ nnn yxy

 

▪ 
06549 312 =−− +++ nnn xyy

 

▪ 
06049 313 =−− +++ nnn xyy

 

▪ 
065 323 =−− +++ nnn xyy

 

▪ 
010 123 =+− +++ nnn yyy

 

B.   Each of following expressions represents a cubic integer 

1. 

)11109(3)11109(
2

1
214333 ++++ −+− nnnn xxxx

 

2. 

)111079(3)111079(
20

1
315333 ++++ −+− nnnn xxxx

 

3. 
)2227(32227 113333 ++++ −+− nnnn yxyx

 

4. 

)22267(3)22267(
5

1
214333 ++++ −+− nnnn yxyx

    

5. 

)222643(3)222643(
49

1
315333 ++++ −+− nnnn yxyx

 

6. 

)1091079(3)1091079(
2

1
325343 ++++ −+− nnnn xxxx
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7. 

)21827(3)21827(
5

1
123343 ++++ −+− nnnn yxyx

 

8. 
)218267(3218267 224343 ++++ −+− nnnn yxyx

 

9. 

)2182643(3)2182643(
5

1
325343 ++++ −+− nnnn yxyx

 

10. 

)215827(3)215827(
49

1
133353 ++++ −+− nnnn yxyx

 

11. 

)2158267(3)2158267(
5

1
234353 ++++ −+− nnnn yxy

 

12. 
)21582643(321582643 335353 ++++ −+− nnnn yyx

 

13. 

)17818(3)17818(
4

1
123343 ++++ −+− nnnn yyyy

 

14. 

)176218(3)176218(
40

1
133353 ++++ −+− nnnn yyyy

 

15. 

)1762178(3)1762178(
4

1
234353 ++++ −+− nnnn yyyy

 

C.  Each of following expressions represents a Bi-Quatratic integers 

 

( )  611109411109
2

1
32225444 +−+− ++++ nnnn xxxx

 

 

( )  61110794111079
20

1
42226444 +−+− ++++ nnnn xxxx

 

 
( )  6222742227 22224444 +−+− ++++ nnnn xxxx

 

 

( )  622267422267
5

1
32225444 +−+− ++++ nnnn xxxx

 

 

( )  62226434222643
49

1
42226444 +−+− ++++ nnnn xxxx

 

 

( )  6109107941091079
2

1
42326454 +−+− ++++ nnnn xxxx

 

 
( )  61127421827 32224454 +−+− ++++ nnnn xxyx

 

 
( )  62182674218267 22325454 +−+− ++++ nnnn yxyx

 

 
( )  6218264342182643 42326454 +−+− ++++ nnnn yxyx

 

 
( )  62158274215827 22424464 +−+− ++++ nnnn yxxx

 

 
( )  6215826742158267 32425464 +−+− ++++ nnnn yxyx

 

 
( )  621582643421582643 42426464 +−+− ++++ nnnn yxyx
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 
( )  617818417818 22324454 +−+− ++++ nnnn yyyy

 

 
( )  61762184176218 22424464 +−+− ++++ nnnn yyyy

 

 
( )  6176217841762178 32425464 +−+− ++++ nnnn yyyy

 

D.   Each of following expressions  represents a Quintic Integer 

• 

)]]11109(10)11109[(511109[(
2

1
2143336555 ++++++ −+−+− nnnnnn xxxxxx

 

• 

)]]111079(10)111079[(5111079[(
20

1
3153337555 ++++++ −+−+− nnnnnn xxxxxx

 

• 
)]]2227(10)2227[(52227[( 1133335555 ++++++ −+−+− nnnnnn yxyxyx

 

• 

)]]22267(10)22267[(522267[(
5

1
2143336555 ++++++ −+−+− nnnnnn yxyxyx

 

• 

)]]222643(10)222643[(5222643[(
49

1
3153337555 ++++++ −+−+− nnnnnn yxyxyx

 

• 

)]]1091079(10)1091079[(51091079[(
2

1
3253437565 ++++++ −+−+− nnnnnn xxxxxx

 

• 
)]]218267(10)218267[(5218267[( 2243436565 ++++++ −+−+− nnnnnn yxyxyx

 

• 

)]]2182643(10)2182643[(52182643[(
5

1
3253437565 ++++++ −+−+− nnnnnn yxyxyx

 

• 

)]]215827(10)215827[(5215827[(
49

1
1353535575 ++++++ −+−+− nnnnnn yxyxyx

 

• 

)]]2158267(10)2158267[(52158267[(
5

1
2343536575 ++++++ −+−+− nnnnnn yxyxyx

 

• 
)]]21582643(10)21582643[(521582643[( 3353537575 ++++++ −+−+− nnnnnn yxyxyx

 

• 

)]]17818(10)17818[(517818[(
4

1
1233435565 ++++++ −+−+− nnnnnn yyyyyy

 

• 

)]]176218(10)176218[(5176218[(
40

1
1333535575 ++++++ −+−+− nnnnnn yyyyyy

 

• 

)]]17621178(10)1762178[(51762178[(
4

1
2343536575 ++++++ −+−+− nnnnnn yyyyyy

 

• 

)]]21827(10)21827[(521827[(
5

1
1233435565 ++++++ −+−+− nnnnnn yxyxyx

 

III. REMARKABLE OBSERVATIONS: 

        C.  Employing linear combinations  among  the solutions  of (1), one may generate integers solutions  for  other choices of  hyperbolos  which are  

presented  in table : 2  below. 

                                         Table:  2  Hyperbolas 
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S.No                         Hyperbolas 

                       
),( QP

 

  1. 

                    
966 22 =−QP

 
)]26727(),11109[( 1221 ++++ −− nnnn xxxx

 

  2. 

                    
96006 22 =−QP

 
)]8819(3),111079[( 1331 ++++ −− nnnn xxxx

 

  3. 

                    
2426 22 =− QP

 
)]6654(),2227[( 1111 ++++ −− nnnn xyyx

 

  4. 

                    
6006 22 =−QP

 
)]65454(),22267[( 1221 ++++ −− nnnn xyyx

 

  5. 

                    
576246 22 =−QP

 
)]647454(),222643[( 1331 ++++ −− nnnn xyyx

 

  6. 

                    
966 22 =−QP

 
)]2643267(),1091079[( 2332 ++++ −− nnnn xxxx

 

  7. 

                    
6006 22 =−QP

 
)]66534(),21827[( 2112 ++++ −− nnnn xyyx

 

  8. 

                    
246 22 =−QP

 
)]654534(),218267[( 2222 ++++ −− nnnn xyyx

 

  9. 

                    
6006 22 =−QP

 
)]6474534(),2182643[( 2332 ++++ −− nnnn xyyx

 

10. 

                    
576246 22 =−QP

 
)]665286(),215827[( 3113 ++++ −− nnnn xyyx

 

11. 

                    
6006 22 =−QP

 
)]6545286(),2158267[( 3223 ++++ −− nnnn xyyx

 

12. 

                    
246 22 =−QP

    
)]64745286(),21582643[( 3333 ++++ −− nnnn xyyx

 

13. 

                    
3846 22 =−QP

 
)]44436(),17818[( 2112 ++++ −− nnnn yyyy

 

14. 

                    
64006 22 =−QP

 
)]444316(),176218[( 3113 ++++ −− nnnn yyyy

 

15. 

                    
3846 22 =−QP

 
)]4364316(),1762178[( 3223 ++++ −− nnnn yyyy

 

D. Employing  linear combination among the solutions of (1), one may generate integer solutions for other choices of parabolas which are 

presented in Table: 3 below: 

                                                            Table: 3  Parabolas 

S. No                          Parabolas   

                               
),( QR

 

   1. 

                  
192224 2 =+ QR

 
)]26727(),411109[( 123222 ++++ −+− nnnn xxxx

 

   2. 

                  
9600120 2 =+QR

 
)]8819(3(),40111079[( 134222 ++++ −+− nnnn xxxx

 

   3. 

                  
246 2 =+QR

 
)]6654(),22227[( 112222 ++++ −+− nnnn xyyx
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   4. 

                  
60030 2 =+QR

 
)]65454(),1022267[( 113222 ++++ −+− nnnn xyyx

 

   5. 

               
57624294 2 =+QR

 
)]647454(),98222643[( 134222 ++++ −+− nnnn xyyx

 

  6. 

                
9612 2 =+QR

 
)]2643267(),41091079[( 234232 ++++ −+− nnnn xxxx

 

   7. 

                
60030 2 =+QR

 
)]66534(),1021827[( 212232 ++++ −+− nnnn xyyx

 

   8. 

                
246 2 =+QR

 
)]654534(),2218267[( 223232 ++++ −+− nnnn xyyx

 

   9. 

                
60030 2 =+QR

 
)]6474534(),102182643[( 234232 ++++ −+− nnnn xyyx

 

 10. 

               
57624294 2 =+QR

 
)]665286(),98215827[( 312242 ++++ −+− nnnn xyyx

 

  11. 

                
60030 2 =+QR

 
)]6545286(),102158267[( 323242 ++++ −+− nnnn xyyx

 

  12. 

                
246 2 =+QR

 
)]64745286(),221582643[( 334242 ++++ −+− nnnn xyyx

 

  13. 

                
38424 2 =+QR

 
)]44436(),817818[( 212232 ++++ −+− nnnn yyyy

 

  14. 

               
38400240 2 =+QR

 
)]444316(),80176218[( 312242 ++++ −+− nnnn yyyy

 

  15. 

                
38424 2 =+QR

 
)]4364316(),81762178[( 323242 ++++ −+− nnnn yyyy

 

CONCLUSION: 

            In this Paper, we have presented infinitely many integer solutions for the Non-homogeneous equations represented by hyperbola given by 5𝑥2 −

3𝑦2 = 18. Non-homogeneous binary quadratic equations are rich in variety, one may search for the choices of equations and determine their integer 

solutions along with suitable properties.  
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