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ABSTRACT:  

The binary quadratic equation represented by the positive pellian 𝑥2 = 20𝑦2 + 45 is analysed for its distinct Integer solutions. A few interesting relation among 

the solutions are given. Further, employing the solutions of the above hyperbola, we have obtained solutions of other choices of hyperbolas & parabolas and a few 

relations among special polygonal numbers are obtained.   
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Notations:  

➢ 𝑡𝑚,𝑛 : 𝑃 𝑜𝑙𝑦𝑔𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑎𝑛𝑘 𝑛 𝑤𝑖𝑡ℎ 𝑠𝑖𝑑𝑒 𝑚 = 𝑛 [1 +
(𝑛−1)(𝑚−2)

2
] 

➢ 𝑆𝑛 : 𝑆 𝑡𝑎𝑟 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑎𝑛𝑘 𝑛  = 6𝑛(𝑛 − 1) + 1 

Introduction: 

The binary quadratic equation of the form𝑦2 = 𝐷𝑥2 + 1, where D is non-square positive integer has been studied by various mathematicians for its non-

trivial integral solutions when D takes different integral values [1-2]. For an extensive review of various problems, one may refer [3-22]. In this 

communication, yet another interesting hyperbola given by
 
𝑥2 = 20𝑦2 + 45 is considered and infinitely many integer solutions are obtained.  A few 

interesting properties among the solutions are obtained. Further, employing the solutions of the above hyperbola, we have obtained solutions of other 

choices of hyperbola, parabola. 

METHOD OF ANALYSIS: 

The Positive Pell equation representing hyperbola under consideration is     

                                 4520 22 += yx                                                                                        (1) 

whose initial solution is  

                     
3,15 00 == yx  

To obtain the other solutions of (1), consider the Pell equation  

                                    120 22 += yx
                                                                                            

whose general solution is given by 

 

where 

                    

11

11

)2029()2029(

)2029()2029(

++

++

−−+=

−++=

nn

n

nn

n

g

f

 

nnnn gyfx
202

1~,
2

1~ ==

http://www.ijrpr.com/


International Journal of Research Publication and Reviews, Vol 4, no 5, pp 570-583 May 2023                                     571 

 

 

Applying Brahmagupta lemma between 
( ) ( )nn yxyx ~,~&, 00  the other integer solution of (1) are given by  

                        nnn

nnn

gfy

gfx

203128

203152

1

1

+=

+=

+

+

 

Replacing n by n+1, n+2 in turn in the above two equations, we have  

nnn gfx 203152 1 +=+                                                                                                             (2)

 

nnn gfx 20572552 2 +=+                                                                                                        (3) 

nnn gfx 20102345752 3 +=+                                                                                                   (4) 

nnn gfy 203128 1 +=+                                                                                                             (5)  

nnn gfy 20512288 2 +=+                                                                                                         (6) 

nnn gfy 2091540928 3 +=+                                                                                                     (7) 

Eliminating nf & ng
 among (2)-(4) and (5)-(7), the recurrence relation for x &y are given by 

018 321 =+− +++ nnn xxx
 

      
018 321 =+− +++ nnn yyy

 

      A few numerical examples are given in the following Table: 1  

Table: 1 Numerical examples 

n
 1+nx

  1+ny
 

-1 150 =x
 

30 =y
 

0 2551 =x
 

571 =y
 

1 45752 =x
 

10232 =y
 

2 820953 =x
 

183573 =y
 

3 14731354 =x
 

3294034 =y
 

From the above table, the result observed are presented below: 

▪ 1+nx
 & 1+ny

 are odd 

▪ 
𝑥𝑛+1 ≡ 0(𝑚𝑜𝑑 15)

, n = -1,0,1,2,…… 

▪ 
𝑦𝑛+1 ≡ 0(𝑚𝑜𝑑 3)

, n = -1,0,1,2,……. 

 
1. Relations between solutions 

 

➢ 123 18 +++ −= nnn xxx
 

 

➢ 121 940 +++ −= nnn xxy
 

 

➢ 122 940 +++ −= nnn xxy
 

 

➢ 123 916140 +++ −= nnn xxy
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➢ 31218 +++ += nnn xxx
 

 

➢ 131 161720 +++ −= nnn xxy
 

 

➢ 13280 +++ −= nnn xxy
 

 

➢ 133 161720 +++ −= nnn xxy
 

 

➢ 112 409 +++ += nnn yxx
 

 

➢ 113 720161 +++ += nnn yxx
 

 

➢ 112 92 +++ += nnn yxy
 

 

➢ 113 16136 +++ += nnn yxy
 

 

➢ 212 409 +++ += nnn yxx
 

 

➢ 213 80 +++ += nnn yxx
 

 

➢ 121 29 +++ −= nnn xyy
 

 

➢ 213 16129 +++ += nnn yxy
 

 

➢ 312 409161 +++ += nnn yxx
 

 

➢ 313 720161 +++ += nnn yxx
 

 

➢ 131 36161 +++ −= nnn xyy
         

➢ 132 29161 +++ −= nnn xyy
 

➢ 321 18 +++ −= nnn xxx
        

➢ 231 161940 +++ −= nnn xxy
 

➢ 232 940 +++ −= nnn xxy
 

➢ 233 940 +++ −= nnn xxy
 

➢ 121 409 +++ −= nnn yxx
 

➢ 123 401619 +++ += nnn yxx
 

➢ 122 29 +++ += nnn yxy
 

➢ 123 4 +++ += nnn yxy
 

➢ 221 409 +++ −= nnn yxx
 

➢ 223 409 +++ += nnn yxx
 

➢ 221 29 +++ −= nnn xyy
 

➢ 223 92 +++ += nnn yxy
 

➢ 321 401619 +++ −= nnn yxx
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➢ 323 409 +++ −= nnn yxx
 

➢ 231 4 +++ −= nnn xyy
 

➢ 232 29 +++ −= nnn xyy
 

➢ 131 720161 +++ −= nnn yxx
 

➢ 132 409161 +++ −= nnn yxx
 

➢ 132 92161 +++ += nnn yxy
 

➢ 133 36161 +++ += nnn yxy
 

➢ 231 80 +++ −= nnn yxx
 

➢ 232 409 +++ −= nnn yxx
 

➢ 321 21619 +++ −= nnn xyy
 

➢ 233 29 +++ += nnn yxy
 

➢ 331 720161 +++ −= nnn yxx
 

➢ 332 409 +++ −= nnn yxx
 

➢ 331 36161 +++ −= nnn xyy
 

➢ 332 29 +++ −= nnn xyy
 

➢ 121 92 +++ −= nnn yyx
 

➢ 122 92 +++ −= nnn yyx
 

➢ 123 91612 +++ −= nnn yyx
 

➢ 123 18 +++ −= nnn yyy
 

➢ 131 16136 +++ −= nnn yyx
 

➢ 1324 +++ −= nnn yyx
 

➢ 133 16136 +++ −= nnn yyx
 

➢ 13218 +++ += nnn yyy
 

➢ 231 16192 +++ −= nnn yyx
 

➢ 232 92 +++ −= nnn yyx
 

➢ 233 92 +++ −= nnn yyx
 

➢ 321 18 +++ −= nnn yyy
 

2. Each of the following expressions represents a cubical integer  

➢ 
 214333 35719

15

1
++++ −+− nnnn xxxx

 

➢ 
 315333 31023341

270

1
++++ −+− nnnn xxxx

 

➢ 
 113333 24682

3

1
++++ −+− nnnn yxyx

 

➢ 
 214333 24102834

27

1
++++ −+− nnnn yxyx

 

➢ 
 315333 2418308610

483

1
++++ −+− nnnn yxyy
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➢ 
 325343 114204638682

30

1
++++ −+− nnnn xxxx

 

➢ 
 12343 45661522

27

1
++++ −+− nnnn yxyx

 

➢ 
 224343 1368306456102

9

1
++++ −+− nnnn yxyx

 

➢ 
 325343 136854904561830

81

1
++++ −+− nnnn yxyx

 

➢ 
 133353 8184627282

483

1
++++ −+− nnnn yxyx

 

➢ 
 234353 245523068184102

81

1
++++ −+− nnnn yxyx

 

➢ 
 335353 24552549081841830

9

1
++++ −+− nnnn yxyx

 

➢ 
 123343 51317

3

1
++++ −+− nnnn yyyy

 

➢ 
 133353 9153305

54

1
++++ −+− nnnn yyyy

 

➢ 
 234353 9155130517

3

1
++++ −+− nnnn yyyy

 

 

3. Each of the following expression represents a bi-quadratic integer 

 

➢ 
 9047619

15

1
32225444 +−+− ++++ nnnn xxxx

 

➢ 
 162041364341

270

1
42226444 +−+− ++++ nnnn xxxx

 

➢ 
 2432882

3

1
22224444 +−+− ++++ nnnn yxyx

 

➢ 
 16232136834

27

1
32225444 +−+− ++++ nnnn yxxx

 

➢ 
 28983224408610

483

1
42226444 +−+− ++++ nnnn yxxx

 

➢ 
 180152272838682

30

1
42326454 +−+− ++++ nnnn xxxx

 

➢ 
 16260881522

27

1
22324454 +−+− ++++ nnnn yxyy

 

➢ 
 541824408456102

9

1
32325454 +−+− ++++ nnnn yxyx

 

➢ 
 486182473204561830

81

1
42326454 +−+− ++++ nnnn yxyx

 

➢ 
 2410912827282

483

1
22424464 +−+− ++++ nnnn yxyx

 

➢ 
 24327364088184102

81

1
32425464 +−+− ++++ nnnn yxyx
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➢ 
 3632736732081841830

9

1
42426464 −−+− ++++ nnnn yxyx

 

➢ 
 1868417

3

1
22324454 +−+− ++++ nnnn yyyy

 

➢ 
 32412204305

54

1
22424464 +−+− ++++ nnnn yyyy

 

➢ 
 1812206830517

3

1
32425464 +−+− ++++ nnnn yyyy

 

4. Each of the following expressions represents a quintic integer  

➢  
 2143236555 1019059519

15

1
++++++ −+−+− nnnnnn xxxxxx

 

➢ 
 3153337555 10341051705341

270

1
++++++ −+−+− nnnnnn xxxxxx

 

➢ 
 1133335555 8020401082

3

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 
 2143336555 8034040170834

27

1
++++++ −+−+− nnnnnn yxyxxx

 

➢ 
 3153337555 8061004030508610

483

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 
 3253437565 114020460570102301142046

90

1
++++++ −+−+− nnnnnn xxxxxx

 

➢ 
 123435565 152020760101522

27

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 
 2243436565 456010202280510456102

9

1
++++++ −+−+− nnnnnn yxyxyx

    

➢ 
 3253437565 456018300228091504561830

81

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 
 1333535575 2728020136401027282

483

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 
 2343536575 818401020409205108184102

81

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 
 3353537575 818401830040920915081841830

9

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 
 1233435565 1701085517

3

1
++++++ −+−+− nnnnnn yyyyyy

 

➢ 
 1333535575 30501015255305

54

1
++++++ −+−+− nnnnnn yyyyyy

 

➢ 
 2343536575 305017015258530517

3

1
++++++ −+−+− nnnnnn yyyyyy

 

REMARKABLE OBSERVATIONS: 

1. Employing linear combinations among the solutions of (1),one may generate integer solutions for other choices of hyperbola which are 

presented in the Table: 2 below 

 
Table: 2 Hyperbola 
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S.No Hyperbola (P,Q) 

 

1 
1440054 22 =− QP

 
( )1221 342,238 ++++ −− nnnn xxxx

 
 

2 
116640054 22 =− QP

 
)305,341( 1331 ++++ −− nnnn xxxx

 
 

3 
6480180 22 =−QP

 
)24120,82( 1111 ++++ −− nnnn xyyx

 
 

4 
524880180 22 =−QP

 
)456120,834( 1221 ++++ −− nnnn xyyx

 
 

5 
167968080180 2 =−QP

 
)8184120,8610( 1331 ++++ −− nnnn xyyx

 
 

6 
64800020 22 =−QP

 
)9150510,1142046( 2332 ++++ −− nnnn xxxx

 
 

7 
5832020 22 =−QP

 
)8680,1522( 2112 ++++ −− nnnn xyyx

 
 

8 
648020 22 =−QP

 
)4562040,456102( 2222 ++++ −− nnnn xyyx

 
 

9 
52488020 22 =−QP

 
)81842040,4561830( 2332 ++++ −− nnnn xyyx

 
 

10 
1866312020 22 =−QP

 
)812200,27282( 1113 ++++ −− nnnn xyyx

 
 

11 
52488020 22 =−QP

 
)45636600,8184102( 3223 ++++ −− nnnn xyyx

 
 

12 
648020 22 =−QP

 
)818436600,81841830( 3333 ++++ −− nnnn xyyx

 
 

13 
72020 22 =−QP

 
)476,17( 2112 ++++ −− nnnn yyyy

 
 

14 
23328020 22 =−QP

 
)41364,305( 3113 ++++ −− nnnn yyyy

 
 

15 
72020 22 =−QP

 
)761364,30517( 3223 ++++ −− nnnn yyyy

 
 

 
2. Employing linear combinations among the solutions of (1),one may generate integer solutions for other choices of parabola which are 

presented in the Table: 3 

Table: 3 Parabola 

 

S. 

No 

Parabola (R,Q) 

 

1 
288024 2 =−QR

 
)342,60238( 123222 ++++ −+− nnnn xxxx

 

2 
233280216 2 =−QR

 
)305,540341( 134222 ++++ −+− nnnn xxxx

 
 

3 
6480540 2 =−QR

 
)24120,682( 112222 ++++ −+− nnnn xyyx

 
 

4 
5248804860 2 =−QR

 
)456120,54834( 123222 ++++ −+− nnnn xyyx

 
 

5 
16796808086940 2 =−QR

 
)8184120,9668610( 134222 ++++ −+− nnnn xyyx

 
 

6 
6480001800 2 =−QR

 
)9150510,1801142046( 234232 ++++ −+− nnnn xxxx
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7 

58320540 2 =−QR
 

)8680,541522( 212232 ++++ −+− nnnn xyyx
 

 

8 
6480180 2 =−QR

 
)4562040,18456102( 223232 ++++ −+− nnnn xyyx

 
 

9 
5248801620 2 =−QR

 
)81842040,1624561830( 234232 ++++ −+− nnnn xyyx

 
 

10 
186631209660 2 =−QR

 
( )31224 812200,96627282 ++++ −+− nnnn xyyx

 
 

11 
524801620 2 =−QR

 
)45636600,1628184102( 323242 ++++ −+− nnnn xyyx

 
 

12 
6480180 2 =−QR

 
)818436600,1881841830( 334242 ++++ −+− nnnn xyyx

 
 

13 
72060 2 =−QR

 
)476,617( 212232 ++++ −+− nnnn yyyy

 
 

14 
2332801080 2 =−QR

 
)41364,108305( 312242 ++++ −+− nnnn yyyy

 
 

15 
72060 2 =−QR

 
)761364,630517( 323242 ++++ −+− nnnn yyyy

 
 

3. From the suitable values of 11, ++ nn yx
 , one may generate second order Ramanujan numbers with base numbers as real integers as well 

as Gaussian integers. 
Illustration 1 

           Consider 

                         
43151150 ===x

                                                                          (8) 

2222 1478 −=−
 

654718 2222 =+=+
 

Also, from (8), we have  

( ) ( ) ( ) ( )2222
3511535115 ++−=−++

 

260814216 2222 =+=+
 

Thus, 65 and 260 are second order Ramanujan numbers with base numbers as real integers. Further, from (8), one may write  

( ) ( ) ( ) ( ) 24035153515
2222
=++−=−++ iiii

 

Here, 240 is second order Ramanujan numbers with base numbers as Gaussian integers. 

Illustration 2 

           Consider 

                          
171585351525512551 =====x

                                     (9)   Now                                                                                                                                                                   

(i)   5152551 =  

2222 2328127128 −=−
 

169132312812728 2222 =+=+
 

Also, from (9), we have  

( ) ( ) ( ) ( )2222
25515512551551 ++−=−++

 

676522564625456 2222 =+=+
 

Thus, 16913 and 67652 are second order Ramanujan numbers with base numbers as real integers. Further, from (9), one may write  
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( ) ( ) ( ) ( ) 67600255551255551
2222
=++−=−++ iiii

 

Here, 67600is second order Ramanujan numbers with base numbers as Gaussian integers.  

 

(ii)   8532551 =  

2222 4144127128 −=−
 

180654412741128 2222 =+=+
 

Also, from (9), we have  

( ) ( ) ( ) ( )2222
38525513852551 ++−=−++

 

722608825482256 2222 =+=+
 

Thus, 18065 and 72260 are second order Ramanujan numbers with base numbers as real integers.  

Further, from (9), one may write  

( ) ( ) ( ) ( ) 72240385255385255
2222
=++−=−++ iiii

 

Here, 72240 is second order Ramanujan numbers with base numbers as        Gaussian integers.  

 

(iii)   17512551 =  

2222 116127128 −=−
 

16385161271128 2222 =+=+
 

Also, from (9), we have  

( ) ( ) ( ) ( )2222
1715255117152551 ++−=−++

 

65540322542256 2222 =+=+
 

Thus, 16385 and 65540 are second order Ramanujan numbers with base numbers as real integers. 

 Further, from (9), one may write  

( ) ( ) ( ) ( ) 6499017152551715255
2222
=++−=−++ iiii

 

Here, 64990 is second order Ramanujan numbers with base numbers as Gaussian integers.  

 

(iv)   853515 =  

2222 41442328 −=−
 

246523444128 2222 =+=+
 

Also, from (9), we have  

( ) ( ) ( ) ( )2222
385551385551 ++−=−++

 

986088468256 2222 =+=+
 

Thus, 2465 and 9860 are second order Ramanujan numbers with base numbers as real integers.  

Further, from (9), one may write  

( ) ( ) ( ) ( ) 9792385551385551
2222
=++−=−++ iiii

 

Here, 9792 is second order Ramanujan numbers with base numbers as Gaussian integers. 
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(v)    1715515 =  

2222 1162328 −=−
 

7852316128 2222 =+=+
 

Also, from (9), we have  

( ) ( ) ( ) ( )2222
55117155511715 ++−=−++

 

31405624632 2222 =+=+
 

Thus, 785 and 3140 are second order Ramanujan numbers with base numbers as real integers.  

Further, from (9), one may write  

( ) ( ) ( ) ( ) 251255117155511715
2222
=++−=−++ iiii

 

Here, 2512 is second order Ramanujan numbers with base numbers as Gaussian integers.  

 

(vi)    1715853 =  

2222 1164144 −=−
 

19374116144 2222 =+=+
 

Also, from (9), we have  

( ) ( ) ( ) ( )2222
17158531715853 ++−=−++

 

77483282288 2222 =+=+
 

Thus, 1937 and 7748 are second order Ramanujan numbers with base numbers as real integers. 

 Further, from (9), one may write  

( ) ( ) ( ) ( ) 715217153851715385
2222
=++−=−++ iiii

 

Here, 7152 is second order Ramanujan numbers with base numbers as Gaussian integers.  

1) Illustration 3 

           Consider 

                          
193571571 ===y

                                                                    (10) 

2222 8112829 −=−
 

9052811829 2222 =+=+
 

Also, from (10), we have  

( ) ( ) ( ) ( )2222
193571193571 ++−=−++

 

362022561658 2222 =+=+
 

Thus, 905 and 3620 are second order Ramanujan numbers with base numbers as real integers. 

 Further, from (10), one may write  

( ) ( ) ( ) ( ) 3600193571193571
2222
=++−=−++ iiii

 

Here, 3600 is second order Ramanujan numbers with base numbers as Gaussian integers.  

2) Illustration 4 

           Consider 
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3413931133311023110230 =====x

                         (11) 

Now 

(i)    333110231 =  

2222 13254512 −=−
 

262145511321512 2222 =+=+
 

Also, from (11), we have  

( ) ( ) ( ) ( )2222
313310231313310231 ++−=−++

 

104858064102221024 2222 =+=+
 

Thus, 262145 and 1048580 are second order Ramanujan numbers with base numbers as real integers. Further, from (11), one may write  

( ) ( ) ( ) ( ) 1046400313310231313310231
2222
=++−=−++ iiii

 

Here, 1046400 is second order Ramanujan numbers with base numbers as Gaussian integers.  

(ii)   931110231 =  

2222 4152511512 −=−
 

2638255251141512 2222 =+=+
 

Also, from (11), we have  

( ) ( ) ( ) ( )2222
119310231119310231 ++−=−++

 

10553001041022821024 2222 =+=+
 

Thus, 263825 and 1055300 are second order Ramanujan numbers with base numbers as real integers.  

Further, from (11), one may write  

( ) ( ) ( ) ( ) 1038000119310231119310231
2222
=++−=−++ iiii

 

Here, 1038000 is second order Ramanujan numbers with base numbers as        Gaussian integers.  

(iii) 341310231 =  

2222 169172511512 −=−
 

290705172511169512 2222 =+=+
 

Also, from (11), we have  

( ) ( ) ( ) ( )2222
334110231334110231 ++−=−++

 

116282034410223381024 2222 =+=+
 

Thus, 290705 and 1162820 are second order Ramanujan numbers with base numbers as real integers. 

 Further, from (11), one may write  

( ) ( ) ( ) ( ) 930256334110231334110231
2222
=++−=−++ iiii

 

Here, 930256 is second order Ramanujan numbers with base numbers as Gaussian integers.  

(iv)    93113413 =  

2222 4152169172 −=−
 

312651695241172 2222 =+=+
 

Also, from (11), we have  
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( ) ( ) ( ) ( )2222
1193334111933341 ++−=−++

 

12506010433882344 2222 =+=+
 

Thus, 31265 and 125060 are second order Ramanujan numbers with base numbers as real integers.  

Further, from (11), one may write  

( ) ( ) ( ) ( ) 1248001193334111933341
2222
=++−=−++ iiii

 

Here, 124800 is second order Ramanujan numbers with base numbers as Gaussian integers. 

(v)    33313413 =  

2222 132169172 −=−
 

29585169321172 2222 =+=+
 

Also, from (11), we have  

( ) ( ) ( ) ( )2222
3133334131333341 ++−=−++

 

118340643382344 2222 =+=+
 

Thus, 29585 and 118340 are second order Ramanujan numbers with base numbers as real integers.  

Further, from (11), one may write  

( ) ( ) ( ) ( ) 1164003133334131333341
2222
=++−=−++ iiii

 

Here, 116400 is second order Ramanujan numbers with base numbers as Gaussian integers.  

 

(vi)    3133119 =  

 

2222 1324152 −=−
 

27054132152 2222 =+=+
 

Also, from (11), we have  

( ) ( ) ( ) ( )2222
3133119331331193 ++−=−++

 

1082064822104 2222 =+=+
 

Thus, 2705 and 10820 are second order Ramanujan numbers with base numbers as real integers. 

 Further, from (11), one may write  

( ) ( ) ( ) ( ) 86563133119331331193
2222
=++−=−++ iiii

 

Here, 8656 is second order Ramanujan numbers with base numbers as Gaussian integers.  

4. Let 
 1+na

 and 
 1+nb

 be two sequences of positive integers, where 2

1
,

2

1 1
1

1
1

+
=

+
= +

+
+

+
n

n
n

n

y
b

x
a

 

Then, the following relations are observed:   

1. 
820 1,31,3 11

+= −− ++ nn ba tt
 

2. 
65160

11 ,81,3 +−
++ − nn ab tt

  is a square integer. 

3. 
7720

11
=−

++ nn ba SS
   

5. Let 
 1+na

 and 
 1+nb

 be two sequences of positive integers, where 2

3
,

2

3 1
1

1
1

+
=

−
= +

+
+

+
n

n
n

n

y
b

x
a

 

     Then, the following relation is observed:  
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➢  
272020 11,31,3 11

++=+ +−+ ++ nbna btat
nn  

CONCLUSION: 

                  In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the positive Pell equation

4520 22 += yx . As the binary quadratic   Diophantine equations are rich in variety, one may search for the other choices of positive Pell 

equations and determine their Integer solutions along with suitable properties. 
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