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ABSTRACT  

The binary quadratic equation is considered for obtaining its integral solutions.  A few interesting properties among the solutions are presented. 

Employing the integral solutions of the equation under consideration.  a few remarkable observations are illustrated. 
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Introduction 

Any non-homogeneous binary quadratic equation of the form , where D is a given positive non-square integer, requiring integer solutions for 

and is called Pellian equation (also known pell-Fermat equation). In cartesian co-ordinates, the equation has the form of a hyperbola. The pellian 

equation has infinitely many distinct integer solutions as long as D is not a perfect square and namely, the solution with x, y positive integers of smallest 

possible size. One may refer [1-12] for a few choices of Pellian equations along with their corresponding integer solutions. 

The solutions to Pellian equations have long been of interest to mathematics. Even small values of D can lead to fundamental solutions which are quite 

large. For example, when D=61, the fundamental solution is (1766319049, 226153980). The above results motivated us to search for integer solutions to 

other choices of Pellian equation. This paper concerns with the Pellian equation , a few interesting properties among the solutions are 

presented. Employing the integral solutions of the equation under consideration. The process of obtaining second order   Ramanujan numbers is illustrated 

with numerical  examples. 

Method of analysis: 

 The hyperbola represented by the non-homogeneous quadratic equation under consideration is  

                                                                                                                                                  (1) 

The smallest positive integer solution is  

Corresponding Pell equation,  

             

If represents the general solution of (1), then  

                                                                                                                                                     (2) 

                                                                                                                                                           (3) 

    

    

A few numerical solutions to (1) are presented in table below: 

                      Table: Numerical solutions 
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n 

  

1 37 345 

2 2071 19317 

3 115939 1081407 

4 6490513 60539475 

5 363352789 3389129193 

Observations: 

 

A few interesting relations among the solutions are given below: 

 

 

 

 

 

 

Expressions representing square integers: 
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013104234234 213 =−+ +++ nnn xxx

01336439 211 =−+ +++ nnn xxy

03641339 212 =−+ +++ nnn xxy

02073136439 213 =−+ +++ nnn xxy

056 312 =−− +++ nnn xxx

039611136552 311 =−+ +++ nnn xxy
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Expressions representing cubical integers: 

 

 

 

 

 

 

 

 

 

 

Expressions representing biquadratic integers: 

 

 

 

 

 

 

 

3393

6786600591073 3242
2

+−
= ++ nn

n

yy
f



2184

3193176439 315333
3

++++ −+−
= nnnn

n

xxxx
f

13

38729 113333
3

++++ −+−
= nnnn

n

yxyx
f








 −
+

−
= ++++

364

1073
3

364

1073 214333
3

nnnn

n

yxyx
f








 −
+

−
= ++++

20371

60059
3

20371

60059 315333
3

nnnn

n

yxyx
f








 −
+

−
= ++++

728

23058
3

728

23058 123343
3

nnnn

n

yxyx
f








 −
+

−
= ++++

20371

643929
3

20371

643929 133353
3

nnnn

n

yxyx
f








 −
+

−
= ++++

364

64391073
3

364

64391073 234353
3

nnnn

n

yxyx
f








 −
+

−
= ++++

13

643960059
3

13

643960059 335353
3

nnnn

n

yxyx
f








 −
+

−
= ++++

117

37
3

117

37 123343
3

nnnn

n

yyyy
f








 −
+

−
= ++++

6552

2071
3

6552

2071 133353
3

nnnn

n

yyyy
f



2
2184

43686439
4

2184

6439 42226444
4 −







 +−
+

−
= ++++ nnnn

n

xxxx
f

2
13

2629
4

13

29 22224444
4 −







 +−
+

−
= ++++ nnnn

n

yxyx
f

2
364

7281073
4

364

1073 32225444
4 −







 +−
+

−
= ++++ nnnn

n

yxyx
f

2
20371

4074260059
4

20371

60059 42226444
4 −







 +−
+

−
= ++++ nnnn

n

yxyx
f

2
39

786439115
4

39

6439115 32425464
4 −







 +−
+

−
= ++++ nnnn

n

xxxx
f

2
13

261073115
4

13

1073115 32325454
4 −







 +−
+

−
= ++++ nnnn

n

xyxy
f

2
20371

40742643929
4

20371

643929 22424464
4 −







 +−
+

−
= ++++ nnnn

n

yxyx
f



International Journal of Research Publication and Reviews, Vol 4, no 3, pp 2315-2320 March 2023                                     2318 

 

 

 

𝑓 =𝑛4
𝑦4𝑛+6−2071𝑦4𝑛+4

6552
+ 4 (

𝑦2𝑛+4−2071𝑦2𝑛+2+13104

6552
) 

𝑓𝑛4 =
1073𝑦4𝑛+6 − 60059𝑦4𝑛+5

3393
+ 4 (

1073𝑦2𝑛+4 − 60059𝑦2𝑛+3 + 6786

3393
) − 2 

 

⇒Employing linear combinations among the solutions, one obtains solutions to other choices of hyperbolas 

 

Choices  Hyperbola  X  and  Y 

1. 
   

2. 
  

3. 
  

4. 
  

5. 
  

6. 
  

7.  

   

8.  
  

9. 
  

10. 
 

) 

11. 
 

) 

12. 
 

) 

13. 
  

14. 
  

15. 
 

𝑋 = 1073𝑦𝑛+3 − 60059𝑦𝑛+2, 𝑌 = √87(6439𝑦𝑛+2 − 115𝑦𝑛+3) 

⇒Employing linear combinations among the solutions, one obtains solutions to other choices of parabolas 

Choices  parabola X  and   Y 

1.  
𝑋 − 3𝑌2 = 12 

𝑋 =
115𝑥2𝑛+2 − 56𝑥2𝑛+1 + 6

3
, 𝑌 = √87(𝑥𝑛+2 − 37𝑥𝑛+1) 
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547569 22 =−YX )37(87,115 1221 ++++ −=−= nnnn xxYxxX

1717148169 22 =−YX )2071(87,6439 1331 ++++ −=−= nnnn xxYxxX

60849 22 =−YX )3(87,29 1111 ++++ −=−= nnnn xyYyxX

47698569 22 =−YX )345(87,1073 1221 ++++ −=−= nnnn xyYyxX

076,95,91,93,149 22 =−YX )19317(87,60059 1331 ++++ −=−= nnnn xyYyxX

547569 22 =−YX )207137(87),6439115( 2323 ++++ −=−= nnnn xxYxxX

32244226566761521 22 =− YX )337(87,23058 2112 ++++ −=−= nnnn xyYyxX

60849 22 =−YX )34537(87,1073115 2222 ++++ −−= nnnn xyYxyX

476985622 =−YX )1913737(87),(180127 2332 ++++ −=−= nnnn xyYyxX

4979316929 22 =−YX
3113 32071(87,643929 ++++ −=−= nnnn xyYyX

47698569 22 =−YX
3223 3452071(87,64391073 ++++ −=−= nnnn xyYyX

60849 22 =−YX
3333 193712071(87,643960059 ++++ −=−= nnnn xyYyxX

46049796841 22 =−YX )115(87,37 2112 ++++ −=−= nnnn yyYyyX

561444121602841 22 =−YX )6439(87,2071 3113 ++++ −=−= nnnn yyYyyX

4604979622 =−YX
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2.  
14309568𝑋 − 𝑌2 = 57238272 𝑋 = 6439𝑥2𝑛+2 − 𝑥2𝑛+4 + 4368, 𝑌 = √87(𝑥𝑛+3 − 2071𝑥𝑛+1) 

3.  
507𝑋 − 𝑌2 = 6084 

𝑋 =
29𝑥2𝑛+2−𝑦 +2𝑛+2 26

13
, 𝑌 = √87(−3𝑥𝑛+1 + 𝑦𝑛+1) 

4.  
3276𝑋 − 𝑌2 = 4769856 

𝑋 =
1073𝑥2𝑛+2 − 𝑦2𝑛+3 + 728

364
, 𝑌 =

√87(𝑦𝑛+2 − 345𝑥𝑛+1)

1092
 

5.  
9𝑋 − 𝑌2 = 733356 𝑋 = 60059𝑥2𝑛+2 − 𝑦2𝑛+4 + 40742, 𝑌 = (𝑦𝑛+3 − 19317𝑥𝑛+1)√87 

6.  
9𝑋 − 𝑌2 = 1404 𝑋 = 115𝑥2𝑛+4 − 6439𝑥2𝑛+3 + 78, 𝑌 = √87(37𝑥𝑛+3 + 2071𝑥𝑛+2) 

7.  
9𝑋 − 𝑌2 = 13104 𝑋 = 29𝑥2𝑛+3 − 115𝑦2𝑛+2 + 728, 𝑌 = √87(37𝑦𝑛+1 − 3𝑥𝑛+2) 

8.  
9𝑋2 − 𝑌2 = 468 𝑋 = 115𝑦2𝑛+3 − 1073𝑥2𝑛+3, 𝑌 = √87(37𝑦𝑛+2 − 345𝑥𝑛+2) 

9.  
1092𝑋 − 𝑌2 = 4769856 𝑋 = 180127(𝑥2𝑛+3 − 𝑦2𝑛+4) + 2184, 𝑌 = √87(37𝑦𝑛+3 − 19317𝑥𝑛+2) 

10.  
9𝑋 − 𝑌2 − 733356 𝑋 = 29𝑥2𝑛+4 − 6439𝑦2𝑛+2 + 40742, 𝑌 = √87(2071𝑦𝑛+1 − 3𝑥𝑛+3) 

11.  
9𝑋 − 𝑌2 = 13104 𝑋 = 1073𝑥2𝑛+4 − 6439𝑦2𝑛+3 + 728, 𝑌 = √87(2071𝑦2𝑛+2 − 345𝑥𝑛+3) 

12.  
117𝑋 − 𝑌2 = 6084 𝑋 = 60059𝑥2𝑛+4 − 6439𝑦2𝑛+4 + 26, 𝑌 = √87(2071𝑦𝑛+3 − 19371𝑥𝑛+3) 

13.  
98397𝑋 − 𝑌2 = 46049796 𝑋 = 𝑦2𝑛+3 − 37𝑦𝑛+2 + 234, 𝑌 = √87(115𝑦𝑛+1 − 𝑦𝑛+2) 

14.  
5510232𝑋 − 𝑌2

= 144421160256 
𝑋 = 𝑦2𝑛+4 − 2071𝑦2𝑛+2 + 13104, 𝑌 = √87(6439𝑦𝑛+1 − 𝑦𝑛+3) 

15.  
3393𝑋 − 𝑌2 = 46049796 𝑋 = 1073𝑦2𝑛+4 − 60059𝑦2𝑛+3 + 6786, 𝑌 = √87(6439𝑦𝑛+2 − 115𝑦𝑛+3) 

⇒   𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑖𝑛 𝑠𝑢𝑖𝑡𝑎𝑏𝑙𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑥𝑛&𝑦𝑛,𝑜𝑛𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑠 2𝑛𝑑 order  Ramanujan numbers  with  base integers  as real  integers. 

For illustration,  consider 

 𝑦1 = 345 = 1*345 = 3*115 = 5*69 = 23*15 

 Now 1*345 = 3*115 

⇒ (1 + 345)2 + (3 − 115)2 = (1 − 345)2 + (3 + 115)2 = 132260  

1*345 = 5*69 

⇒ (1 + 345)2 + (5 − 69)2 = (1 − 345)2 + (5 + 69)2 = 123812 

1*345 = 23*15 

⇒ (1 + 345)2 + (23 − 15)2 = (1 − 345)2 + (23 + 15)2 = 119780 

3*115 = 5*69 

⇒ (3 + 115)2 + (5 − 69)2 = (3 − 115)2 + (5 + 69)2 = 18020 

3*115 = 23*15 

⇒ (3 + 115)2 + (23 − 15)2 = (3 − 115)2 + (23 + 15)2 = 13988 

5*69 = 23*15 

⇒ (5 + 69)2 + (23 − 15)2 = (5 − 69)2 + (23 + 15)2 = 5540 

Thus 132260 , 123812 , 119780 , 18020 ,13988 , 5540  represent 2𝑛𝑑 order Ramanujan numbers. 

⇒ Considering suitable values of 𝑥𝑛&𝑦𝑛 , one generates 2𝑛𝑑order Ramanujan  number  with base integers as Gaussian integers. 

 For illustration, consider again 

Now, 

1*345 = 3*115 

⇒ (1 + 345𝑖)2 + (3 − 115𝑖)2 = (1 − 345𝑖)2 + (3 + 115𝑖)2 = −132240 
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1*345 = 5*69 

⇒ (1 + 345𝑖)2 + (5 − 69𝑖)2 = (1 − 345𝑖)2 + (5 + 69𝑖)2 =   −123760 

1*345 = 23*15 

⇒ (1 + 345𝑖)2 + (23 − 15𝑖)2 = (1 − 345𝑖)2 + (23 + 15𝑖)2 = −118720 

3*115 = 5*69 

⇒ (3 + 115𝑖)2 + (5 − 69𝑖)2 = (3 − 115𝑖)2 + (5 + 69𝑖)2 =   −17952 

3*115 = 23*15 

⇒ (3 + 115𝑖)2 + (23 − 15𝑖)2 = (3 − 115𝑖)2 + (23 + 15𝑖)2 =    −12912 

5*69 = 23*15 

⇒ (5 + 69𝑖)2 + (23 − 15𝑖)2 = (5 − 69𝑖)2 + (23 + 15𝑖)2 =     −4432 

Note that -132240,  -123760  , -118720  ,  -17952  ,  -12912  ,-4432  represent 2nd order Ramanujan numbers with base integers as Gaussian integers. 

CONCLUSION: 

In this paper, an attempt has been to obtain non zero distinct integer solutions to the  binary quadratic Diophantine equation in title representing hyperbolas. 

As there are varieties of hyperbolas, the readers may search for other forms of hyperbolas to obtain integer solutions for the corresponding hyperbolas. 
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