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ABSTRACT

A cake is in the shape of a cylinder extended by spherical cap. Volume of the spherical cap is calculated in terms of its depth. With given volume of the stuff in
the cake its minimum surface area is determined. Maximum volume of a cylinder surmounted by a cone and maximum volume of cylinder surmounted an inverted
hemisphere are also separately determined.

INTRODUCTION

Many textbooks on Differential Calculus [1]deals with optimisation problems, viz, evaluation of minimum surface area and of maximum volume subject
to some constraints.SN Maitra[1 to 6] published papers related to Lagrange’s Multiplier. To begin with, we solve a textbook unsolved problem(S.
Narayan) of optimisation. A pyramid with vertex at (0,0,C) is inscribed in an ellipsoid

S+t =1 )

a? = b?  c?

x2 y

and the sides parallel to the elliptic section. Show that the maximum volume of the pyramid is Z—‘;abc.

SOLUTION TO TO THE PROBLEM

Let x,y,z be the coordinates of one corner of the pyramid base;(c-z) becomes its height. Then volume of the pyramid inscribed in ellipsoid [1] is
V=ay(c - 2) @

In order to find the maximum volume of the pyramid inscribed,drawing the relevant figure we choose function F and Lagrange’s MultiplierA such that
using (1) and (2),we get

2 x2

_4 ¥y
F—;xy(c—z) +A(1 —E—E—C—z) (3)

SF _ 4 2x _

5 =y —2)-215 =0 @
SF _ 4 2y _

5 —EX(C—Z)—AF—O (5)
SF _ 4 2z_

5_2 ——gxy—/lc—z—O (6)

Multiplying (4),(5), (6) respectively by x,y ,z and adding and then using (1),one gets

3v(c—D)+3xyc—2) —sxyz= A5+ +3)
Or, A = xyc — 2xyz @

Substituting (7) into (4), one gets

2 X 4
3¥(c—2) = Z (Sxyc — 2xyz)
x2_

‘a2 2¢-3z

c—=Z

®)
©

y2_ c-z

b? 2c-3z
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Adding (8) and (9) and using (1) we get

2(c-2) i

=1

2¢-3z  c?

2(c-2) z2
Or, =1-=

2¢-3z c?

2(c-z) _ c?-z?
Or, =

2¢-3z c?

2 _(c+2z)

2¢-3z  c?

Or, -3zc+2c? — 3z% + 2zc = 2¢?

Or, 3z2+zc=0

Or,zz_?c (10)

which(negative sign) indicates that z-coordinate is below the centre of the sphere.
Because (10),equations (8) and (9) give

2
==2 (11)

%2
a? b

By virtue of (10) and (11), equation (1) gives the maximum volume of the inscribed pyramid as

64
Vinax = aabc (12)

As far as introduction is concerned, let us solve another textbook problem[1] herein: Find the minimum distance from point (3,4,15) to the cone x2? +

y? =4z% .

Solution the problem:

Let us consider a point (x,y,z) on the cone of given equation which is constraint equation

x? + y? =47° (13)

The distance S of the point (3,4,15) to this point on the cone is given by
S2=(x—3)2+(y—4)%+(z—15)?2 (14

Using (13) and (14) and Lagrange’s Multiplier A we form function F such that

F= (x =32+ (y—4)>+ (z— 15 + A(x? + y? — 42?)

§F _ _
T=0,(x—3)+x =0 (15)
i—z =0,(y —4) + Ay=0 (16)
‘;—: =0,(z - 15) — 412=0 (17

The above four equations lead to

R e ] (18)

x y -4z
4

Or, 3 =7 Or, yzgx. From second equation of (18),
-4yz+16z=yz-15y

Or,16z= 5y(z-3)

16z and x= 12z
5(z-3) 5(z-3)

Substituting (19) in(13), one gets

(19)

16z 12z

2 2 2
(5(2—3)) + (5(2—3)) =4z
or,(z - 3)*=4
Orz=5orl (20)

which due to (19) gives
Y=8 andx=6 (21)
or,

5Y=-8  and 5x=-6 2)
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Value (20) suggests that the minimum distance will occur when z=5 and the maximum when z=1.

Hence putting the values of x, y and z from (21) and (20) in (14) is obtained the required minimum distance:
$2=(6—3)2 + (8—4)2 + (5 — 15)> = 125

OF, Spin =5V5 (23)

Furthermore, some problems of maximization are done in textbooks of Calculus and in Google search such as maximization of volume /surface area of
right circular cylinder and right circular cone inscribed in a sphere. In this feature an attempt has been made to solve some maximization problems, that
have not yet appeared in textbooks or been published elsewhere , though, not that cumbersome.

MAXIMIZATION OF VOLUME OF A PRALLELOPIPED SURMOUNTED BY A PYRAMID INSCRIBED IN A
SPHERE

Let 2x, 2y,2z be dimensions of the base and height of the parallelopiped surmounted by a pyramid of height h inscribed in a sphere of given radius R
where Xx,y,z are the coordinates of one corner of the parallel opiped with reference to the centre of the sphere as the origin. h=R-z.Then volume of this
combination is given by

V=8xyz+22(R-2) (24)

subject to the constraint equation of the sphere

x2+y?+2%2=R? (25)

With the help of Lagrange’s MultiplierA we introduce Function F so that

F=8xyz+=> (R-2) +A(R? — x2 — y? — 2%) (26)

8F _ 20zy  4yR _

== TR 00X =0 @7
8F _ 20zx 4xR _

o= 20y =0 (28)

SF _ 20xy _

% 3 -2z =0 (29)

Equating (26) and (27) is obtained

X=y (30)
Using (30) in (29) one gets

o (31)

Using (30) and (31) in (28) is gotten

10z% +2zR=10x2 (32)
Using (32) and(30) in (2) is obtained(x=y)

10x2 + 10y? + 10z% = 10R?

0r, 30z% + 4zR = 10R?

Or,,15z? + 2zR —5R*> =0

Z:(\/%—UR _ (7.72)R 33)
15 15

The optimum value of the height is

Zope=-515R (34)

Because of (30),(34) and (25),we get optimum values of the dimensions of the base:
2x? = 2y* =R* -z,,,* = R* —(.515)* R* = .7348R*

Or, x=y=.607R

Nz

OF, Xopt=Yopt=s » Zopt = (approximately) (35)

without loss of generality and subtlety .
Applying (35) in (24) is acquired the maximum volume of the above combination of the parallelopiped and pyramid inscribed in the sphere:

Vnax = 52 R (36)
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MAXIMUM VOLUME OF A CYLINDER SURMOUNTED BY A RIGHT CIRCULAR CONE INSCRIBED IN A
SPHERE

Let a cylinder be surmounted by a cone of height h be inscribed in a sphere of radius R.In that case by geometry, the centre of the cylinder(mid point)
coincides with the centre of the sphere.Let the common radius of the cylinder and cone be r. Then by geometry the height of the cylinder is 2(R-h).

r?=R*— (R—h)? = 2Rh— h? (37)

Volume V of the combination of the cylinder and cone due to (37) as depicted above is given by
V=2m(2Rh — h*)(R = h) + 7 (2Rh — h*)h

or,V= g (2Rh — h*)(6R — 5h) (38)

For maximum or minimum of V, we have

&=Z{(6R — Sh)(2R — 2h) — 5(2Rh — h?)}=0
ST {~5(2Rh — h?) + 2(6R — 5h) (R — h)}=0

Or,15h% — 32Rh + 12R2=0
with 2% < o
dh?

h_32+V322-720_16+V162-180_16+V76
'R 30 15 15

Or =.485

hzg (approximately) (39)
which gives the value of h for maximum volume of the combination of the cylinder and the cone which on account of (38) yields

Vinax = %IRS (40)

MINIMUM SURFACE AREA OF A SPHERICAL CAPE WITH A GIVEN VOLUME OF IT

Let us consider a cake/bread in shape of cylinder surmounted by a spherical cape of height cut off from a sphere of radius parallel to its diametric plane.At
the outset we shall find out with the help of Calculus volume and surface area of the above cap.Let us consider a circular disc at a distance x of thickness
dx from the centre of the sphere. Then radius r of the spherical cap by geometry is calculated as

r2 = 2Rh — h2 (41)

Volume of the cap is

v, =f0h7t(2Rx — x2)dx=m(Rh? - %3)

which due to elimination of R by use of (41) becomes
hr? | R

1% :T + Z (42)

In order to compute surface area of the spherical cap, let the lines joining the centre of the sphere to an element dx subtends an angle d6 and let radius R
make an angle 6 with the axis of the disk while angle 8 varies from 0 to a to cover the cap whose surface area can be obtained as

S, = [} 2nRsinf.Rd6 = [, 2mR?sinf.d6= 2mR*(1 — cosa) (43)

where cosa = Rk%h (44)

so that (43) reduces to the form (vide (41))

S, = 2nRh

or, S, = n(r?+h?) (45)

adding (42) and (45) the total volume V and surface area S of the cake are given by

2 3
V=mn(r*h + h%+ %)

3hr?

e I )

Or, V==

S=2nrh+7m(27r?+ h?) (47)

Involving Lagrange’s Multiplier A and equation (46)and(47), function F can be written as

Fen(2rh+20% + b2 + AV — (%= + 1)) (48)
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i—f =n(2h + 4r) — 3nArh = 0

Ol‘, 1= 2h+4r (49)
3rh
& =n(ar+20) -2+ =0
_ 4(h+n)
A= (50)

Equating (49) to (50) we get

2h+4r_4(h+7r)
3rh  3r2+h?

Or,12rh? + 12r%h = 6r2h + 1213 + 2h® + 4rh?

Or, 613 + h® — 4rh? — 3r2h=0

Or, 6p° — 3p? —4p + 1=0 (51)
T

where p=r

Or, 6p*(p— 1) +3p(p - 1) — (p — 1)=0

or,(p-1){ 6p? + 3p — 1}=0

—31+v9+24
12

or,p=1, p= =~(approx)
Or, h=r h= g (52)
In view of (47) , (52) suggests that the minimum surface area occurs when
_Tr
h=; (53)
and is given by
_41 2
Smin=pg T (54)
the maximum surface area when

h=r (55)

Smax=571r? (56)

MAXIMUM VOLUME OF A CYLINDER SURMOUNTED BY AN INVERTED HEMISPHERE INSCRIBED IN A
SPHERE

If r is the common radius of the cylinder and the hemisphere inscribed in a sphere of radius R, then height of the cylinder is ,by geometry,
h=vRZ—7Z +R-r (57)

Hence volume of the inscribed cylinder surmounted by the hemisphere is

orV=mr?(VRZ =72 +R-1)+ 2= (58)

orV=nr?(VRZ — 12 +R)— "{

For maximum/minimum of V,we can write

%an(m +R)—mr?- \/%nr%o

Or,2(R? —r?) —r? 4+ (2R —)VRZ —1?=0

Or, Or,(2R? — 3r%) = —(2R — r)VRZ — r?)

Squaring both sides, one gets

(2R* = 3r*)* = {(2R - VR = 1)}’

Or,9r* — 12R?r?>+4R*== (4R?-4Rr+r2)(R? — r?)

Or,9r* — 12R%r2+4R*== 4R* — 4R37+R%r? — 4R%r? 4+ 4Ry3-r*
1013 — 9R?*r+4R3-4Rr?=0 (59)

10q% — 4g%-9q + 4=0 (60)
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where q:£<1 .Adopting a process of approximation, we can solve this cubical equation without loss of generality and of sufficient accuracy, for which
let

=1y, p<1 (61)
such that (60) reduces to the form
101 -3 —41-w?*9(1 - +4=0 (62)
Or, expanding binomially and neglecting square and other higher powers of p is obtained
101 —3pw) —4(1—2wW) —9(1 —p) +4=0
=1

o, = 13

In consequence of which (61) gives

_12

I’—ER (63)
which on substitution in (58) leads to the maximum volume

Vanr? (VRZ =77 +R) -

12R 12R 2Ry
V=2 R - (e 4Ry

:nﬂ(g_g)]ﬁ
169 “13 39

144.42

_ 14442\ 3
_T[(16939)R
143.42
Viax = M(53.)R®  (approx.)

OF, Vypx = M= 2R3 = n%R3 (approx.)  (64)

168 39

MIXIMUM SURFACE AREA OF A CYLINDER SURMOUNTED BY AN INVERTED HEMISPHERE INSCRIBED
IN A SPHERE

In the light of equation (57), surface area S of the cylinder surmounted by an inverted hemisphere inscribed in a sphere of radius R is given by
S=2nr(VRZ — 12 +R -1)+ 2mr? + mr?=2mr(VRZ — 12 +R)+mr? (65)
For maxima or minima of S,

ds r?
T 2{(VR? =12 +R)= e+ 1}

= 2n(R?*-2r’+ (R+7r)VR?2—-r2)=0 (66)
a’s_ _ 7 2 _ T@+R)
o 2n (—4r +VR? —r T—rz)
VRZ = 12+(R* —12) —r(r + R)}

2T
Or, Tt {—ar

o VRZ —12+(R% — 2r%) — rR)} (67)

r, %{—M
From (66) is obtained

R?—2r2=—(R+r)WRZ—12

Squaring both sides and simplifying one gets

R* — 4r?R% + 4r* = (R + 2Rr + r?)(R? — 1?)

Or, 5r*+2r3R — 4r?R? — 2rR3=0

5r342r2R — 4rR? — 2R3=0 (68)

Denoting p = =<1, leadingto p=1-€e>0 (69)

S5pd+2p% — 4p—2=0

Or,5(1— €)3+2(1 — €)% — 4(1 — €) — 2=0 (70)

Expanding binomially neglecting square and other higher powers of €,we get
51-3e)+2(1— 2e)—4(1—€)—2=0

or, e=— )
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Or,by virtue of (69), we can write

14 14 . dazs
p=— Orr= ER for which F<O (72)

15
in consequence of which,by use of (65), is found the maximum surface area of the combination:
Smax = = (V29 +1) R¥+1(=R)?

=22 {(V29 +8) R? (73)

MAXIMUM SURFACE AREA OF A PYRAMID INSCRIBED IN A SPHERE

Let the coordinates of one corner of the base of the pyramid with respect to the centre of a sphere as the origin be (x,y) and height z, inscribed in a sphere
of radius R.Then surface area of the pyramid is given by

S=4xy+2x,/y? + z2+2yVx? 4 22 (74)
For maximum or minimum of S, choosing function F and Lagrange’s Multipliera,

Fdxy+2x\/y? + 2242yVx? + 22 + A(R* — x> —y* = z%)  (75)

SE 2y 524 2
s t2yyitz +\/_+A( 2x) =0 (76)
5——4x+2\/x2+22+ Zj‘fz+,1(—2y)=o @7

Combining (77) and (76) or by accounting for symmetry is obtained

x=y (78)

SF_ 2xz _2yz

5 e e

which because of (78) becomes

-2z2=0

2x  _
el (79)
Using (78) and (79) in (76) or(77), we get
x2 22
2x +Vx?2 4+ 22 + =— \/z_” W_O
22 _
Or,2x+ﬁ—0

Squaring and simplifying,

zt —4x%7%-4x* =0 (80)
or5=2 1 2v2 @81)
\/ 2+ 2V2 =482 =2, 2-— (approx.) (82)

Oor, x=y = EZ (83)

Using (82) and equation of the sphere
522 2_p2
2(11) +z°=R

2121 5o
2*=—R (84)
. . 2_.2_25 o _ 25 o
Optimum values : x*=y =52 =R (85)

Using (74) and (84) we determine the maximum and minimum surface areas of the pyramid in the sphere.

S=4x?% + 4xVx? + z2=4x*(1 + 1+ )

100R 121

@+ >3
Smax= fjfz(l 1o (86)
Or, may be with minor error
Smax= o (1+ |22y =2R?

170
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MAXIMUM/MINIMUM SURFACE AREA OF A RIGHT CIRCULAR CONE INSCRIBED IN A SPHERE

If h be the height of a cone inscribed in a sphere of radius R,by geometry curved surface area S of the cone inscribed in a sphere can written as
S=nvZRh — h2(V2Rh + VZRh — h?)

S=n{v4RZhZ — 2Rh3 + 2Rh — h? } (87)

where its radius r=v2Rh — h? and lateral height I=vZRh

For maxima / minima of of the surface area,

4R*h—3Rh? 1=0
VarRZRZ—2Rn3)

Or, 4(R — h)2(4R? — 2Rh) = (4R* —3Rh)?  (88)

%n{2(R-h)+

Simplifying we get

—8Rh(R — h)* + (4R? — 4Rh)* = (4R* — 3Rh)?

Or, —8Rh(R — h)? = (4R? — 3Rh)? — (4R? — 4Rh)?*=(8R? — 7Rh)Rh
Or,—8(R?* + h* — 2Rh) =8R?* — 7Rh

Or, 16R? — 23Rh + 8h?=0  (89)

Letting u = % <1 (90)

(89) becomes

16u% —23u+8=0 (91)

=BT _ 237V17.188 47 (approx.)  (92)

32 32 32 80

By observation, R< h < 2R which implies %S u <1 so that because of (90)

Ropi=2R (93)

opr:E
Or with sufficient accuracy

_80
optT g

h R
Or, approximately hongR 94)
using which in (87) we obtain the maximum surface area of the cone inscribed in the sphere as
Smax=m/R2—(h — R)2(VZRh + /R*~(h — R)?
= ZRZ(\/Z—O?+ IR?)
=G+ \E)RZ

=m3(1+ 3\E)R2 (95)

MAXIMUM CURVED SURFACE AREA OF A CIRCULAR CYLINDER INSCRIBED IN A SPHERE

If r and h be the radius and height of a cylinder inscribed in a sphere of radius R, area of the curved surface s is by geometry (height of the

cylinder=2,/(R? —2))

S =4nr\/m

Or,S=4m,/(R2rz —r%)  (96)

where centre (middle point ) of the cylinder coincides with that of the sphere.
For maxima/minima of S

& est6n?(R2-2r) =0 (97)

Or,ram:% (98)

Using (98) in (96) one gets the maximum curved surface area as

R R
Smax:4n\/_5 RZ — (‘/_2)2
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OF, Spax=2mR? (99)
MAXIMUM CURVED SURFACE AREA OF A RIGHT CIRCULAR CONE INSCRIBED IN A SPHERE

If h and r be the height and radius of a cone inscribed in a sphere of radius R, the curved surface area S of the cone is given by

S=nrvr? + h? (100)
Since by geometry, the height can be expressed as
h=R+VRZ — 12 (101)

Combining (100) and (101), is obtained
S=mnrv2R? + 2RVR? — r? (102)
$2=2m2(2R?r? +2RVR2r* — r®)

For maxima /minima of S ie S?

2R*r2-3r*

as?

F:ZEZ(ZRZ +RW):O
_ 2R*-3r2

Or, ZR"W

Squaring and simplifying we have
4R?(R* — r?)= 4R* — 12R*r? +9r*

Or,9r* = 8R?*r?

2V2

Tope = 2°R  (103)

using which in (101) we get

h iR (104)

opt = 3
Using (103) and (104) in (100) is obtained the maximum surface area of the cone inscribed in the sphere:

Smax= T22R |CZRY? + CR)?

07, Sma= 122 R (105)

MAXIMUM CURVED SURFACE AREA OF A RIGHT CIRCULAR CYLINDER SURMOUNTED BY AN
INVERTED HEMISPHERE INSCRIBED IN A SPHERE

Let h and r be the height and radius of a cylinder surmounted by an inverted hemisphere, obviously of the same radius inscribed in a sphere of radius
R.Then by geomentry , curved surface area S of combination of the cylinder and hemisphere is

S= 2nrh + 2nr? (106)

where h= 2vVRZ — 2

so that

S= 4nVR2r2 —r* 4+ 2mr? (107)

For maximum / minimum of S, differentiating (107) w.r.t v and equating to zero

ds _2m(R%-2r?)
dar? VRZrZ-r*

OrR?r? — r*=(R% — 2r?%)?

+ 21 =0

Or, R* — 5R?r?2 + 5r*=0
_ 5%/5
10

Or,r= ﬂR

10

Or,r?=ZR? and r?=2R?  (approx)  (109)

or, r2 R? (108)

With r= leOR , by use of (107), we have

_ 752 10 2
S=2m (;5)*(2 /(7)2 —1 +1)R
_49m 51 2
= (2 /49 +1)R
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=22(2.05 +1) R?

S=3nR? (approximately) (110)
With r:%, by use of (107)

s=2m (922 /(2)2— 1 +1)R?

or, S,m-n:%nR2 (approx.)

Because of second part of (109)

Snax=3mR? (111)

MAXIMUM SURFACE AREA OF A PARALLELOPIPED INSCRIBED IN A SPHERE

If 2x,2y,2z be the dimensions of a parallelopiped, its surface area is given by
S=8(xy+yz+zx) (112)

Choosing function F and Lagrange’s Multiplierd, we introduce
F=8(xy+yz+zx)+ A (R* — x? — y? — z?%)

In consequence of symmetry in X, y,z, it can be found that the maximum surface area of the parallelopiped occurs for equal values of thereof dimensions
yielding

R
Xopt = Yopt = Zopt = 7 (113)

S = L <gRz (114)

MAXIMUM SURFACE AREA OF A RECTANGULAR TANK OPENED AT THE TOP INSCRIBED IN A SPHERE

If 2x,2y, 2z be the dimensions of the tank opened at the top , inscribed in a sphere of radius R,its surface area is
S=4xy+8z(x+y) (115)

Choosing function F and Lagrange’s Multiplier A, we can write

F= 4xy+8z(x+y)+ A(R? - x* — y? — z%) (116)

=dy+82-2Ax=0 (117)

(‘:—:=4x+82—21y=0 (118)

& g(x+y) 24z =0 (119)

(117) and (118) imply

X =y (120)

Combining either of (118) and (119) with (120),

== (121)

Combining(119),(120) and(121) and eliminating 4,

4x+82=1" (122)

Ordx? —zx—22z>=0

Or, xzﬂsﬂz = %z =y (approx.) (123)
Using (123) in equation of the sphere is obtained
2x% + 7% = R?

Or,2(22)? +2% = R?

489
=2
200

=R?

Or,gz2 = R? (approx.)
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za,,t:%R (approx.) (124)

By use of (123) and (124) is obtained optimum values of x,y and z as
Xopt = Yope = 3R (approx.) (125)

Using (125) and(124) in (115), we get maximum surface area as

Smax=4Xy+8z(x+y) =% R* (approx.) (126)

MINIMUM/ MAXIMUM DISTANCE FROM A POINT TO A SPHERE /ELLIPSOID

Let us find the maximum/minimum distance from a point(A,B,C) to a sphere of radius R, first by Lagrange’s Multiplier and thereafter by geometry.
Taking equation of the sphere as

x2+y?+2z2 =R? (127)

In general distance S between (A, B,C) and any point (X,y,z) on the sphere is written as

S2=(x—AP?+ @y -B)?*+(z—-0)* (128)

Choosing function F and Lagrange’s Multiplier 4,

F=(x —4)?+ (y—B)*+ (z—0)* + A(x* + y* + z2 — R?)

T=2(x-A)-2Mx=0  (129)

g—; =2(y-B)-2Ay=0  (130)

T =2(z-C)-21z=0  (131)
Combining the above three equations,
I=2-2-) (132)
which by use of (127),0ne gives the optimum values of the variables (point on the sphere)
RA RB RC
Xzﬁ, y=7,2=7 (133)
VAZ+BZ+C JVAZ+B2+C? VAZ+B2+C?
Substituting (133) in (128) is obtained the maximum/ minimum distance:
RA RB RC
Smaz/min=(rgreer — A + Gargreer — B+ G — O
=R? — 2RVA? + B2 + C?+A* + B* + C*
=(R — VAZ + B2 + C2)? (134)
Or Spmax/min=t(R —VAZ+ B>+ C2)  (135)
The foregoing equations reveal :
The distance between the point(A,B,C) and the centre of the sphere as the line joining these two points is
D=VAZ + B2 + (2 (136)
Spin = VAZ + B2 + C2-R (137)
Spax = VAZ + BZ+ C2+R (138)

Eq.(138) represents the maximum distance as defined above,when the point(A,B,C) is inside or outside the sphere whereas Eq.(137) represents the
minimum distance when this point lies outside the sphere.But if the point lies inside the sphere,the minimum distance as defined above is

Smin =R — VAZ+ B2 + C2 (139)

However this aspect of “maxima and minima” is easily evaluated without resorting to Lagrange’s Multiplier.

MINIMUM/ MAXIMUM DISTANCE FROM A POINT TO AN ELLIPSOID

Equation of the ellipse is written as

X2y g2
=z + s + == 1 (140)
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Distance S between the point(A,B,C) and any point on the ellipsoid (140) is:
S2=(x—-A)?+(y—-B)?+(z-()? (141)

Taking function F and Lagrange’s MultiplierA is obtained

F= -4+ -B+@-0?+2(1-5-5-5)  (142)

SF X _
= =2(x—4)-21520 (143)
9F _ —B)—212=
5y = 20— B)=217=0  (144)

SF _ _ _ z_
= =2(z-C)—-215=0 (145)

Which lead to
_ Aa? _ Bb? _ cc?
X Yo o (146)

which on substitution in (140) yields

Aa?

2, ,Bb.,  (Cc2\? _
()" + G +(c2—/l) =1

O, A2a*(b? — 2)?(c? — A)2+B?b*(a® — 1)?(c? — )*+C2c*(a? — 1) (b? — 1)

=(a? = D)2(b? — )?(c? — 1)? (146.1)
Given numerical values of A,B,C and a,b,c the value of A can be approximately calculated and can be
used in (146) to get the coordinates the magic point on the sphere. The distance between this point

and point(A,B,C) becomes the minimum distance between the given point and the sphere.

MINIMUM DISTANCE OF A PARABOLA FROM A POINT

Distance S of any point (x,y) on parabola of equation
y2 =4ax (147)

from a point (A,B,C) can be written as

S? = (x—A)*+ (y — B)? (148)
Eliminating x between (147) and (148) is obtained
St =G-N+G-B?  (149)

For maxima/minima of S,
=2(L-a)L+20-B)=0

Or,y® —4a(A — 2a)y — 8a?B=0 (150)

In order to solve this cubical equation we assume
Y=ms +ns (151)

so that

y3 - 3m%n%y — (m+n)=0 (152)
Comparing (150) and (151) is gotten

m+n=8a?B (153)

_(4aA-8a?)?
27

mn (154)

—4 (4aA-8a?)3
27

m-n :i\[64a482 (155)

Solving (153) and (154) we get

m=4a?B + /16a432 — eA8 Orag’B - [16a+B2 - UMEN (156)
n= 4a’B — |16a*B? — Qa8 Or4a2B + [16a4B? — “4200 (157)

Using (156) and (157) in (151) is obtained
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— 1 _ 1
Y=(4a’B + [16a*B? — U000y ¢ (4028 — [16a4B? — LU0 (158)

Using the equation of the parabola in (158) is found

“8a2)3 L A-ga2)’ L
{(4a?B+ (160452 -124-0) )3 (4425 1ea4327(4“275“))3)

X=
4a

2

(159)

(158) and (159) express the coordinates the relevant point on the parabola. Joining this point to the given point(A,B,C) leads to the minimum distanceS, ,;,,

between the later and the parabola. If the given point lies on the the x-axis ie B=0,(148) with equation of the parabola gives

§? = (x — A)? + 4ax (160)

In this context for maxima and minima of S,

2—55 =2(x-a)+4a=0

X=-a

which leads (160) to

Smin=t(A—a) (161)

depending whether A>a orA<a.

MINIMUM DISTANCE FROM A POINT ON THE Y-AXIS TO APARABOLA
The distance S from a point (0,B) to any point(x,y,z) on the parabola
y? = 4ax (162)

is expressed as

S2=x?+(y —B)?  (163)

Eliminating x between (162) and (163) is obtained

st=L4(y—B)?  (164)

162
as? _ y3
dy T 4a?

+2(y-B) =0 (165)

The optimum values of X, y ie the coordinates of the magic point can determined by solving (163) and (165) entailing the relevant minimum distance.
However, by trial it is observed that y=4,a=2,B=6 satisfy equation (165).Consequently by use of equation of the parabola ,x=2.Hence substituting these

values in (164) we arrive at

Smin:Z\/Z (166)

MINIMUM DISTANCE FROM A POINT ON THE X-AXIS TO ANY POINT AN ELLIPSE

Let the given point be(A,0) and equation of the ellipse is

| (167)

The distance S between the given point (A,0) and any point (x,y) on the ellipse (167) is given by

SZ=(x—A)?2+y?
= (- A2+ (1 5) (168)

For maxima/minima of S,

ds? b?
A 2
OF, Xopi=2373 (169)

which in consequence of (167) gives

y? = b1 - (F5)%) (170)

az—

OF, Yo = b [1 - (22 (171)

Using (168),(169) and (171) is obtained the required minimum distance:

)%}

Ab?

a?—h2

Aa

aZ—p2

Srznin:(

Y+b2{1 - (
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Ab A
=b* {1+ (o) — G
=p?(1 -2 72)
aZ,bZ
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