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ABSTRACT

The work addressed in this research is toshow the existence and uniqueness resultsand has at least one solution for initial value problems for nonlinear fractional

differential equations with two or more terms of fractional orders by considering some fractional problems
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1. Introduction

Fixed point theory serves as an essential tool for various branches of mathematical analysis and its applications. Fixed point theory is a developing branch
of mathematics related with functional analysis and topology. Fractional derivatives: In applied mathematics and mathematical analysis, a fractional
derivative is a derivative of any arbitrary order, real or complex. Fractional deferential equation also known as extraordinary differential equations are a
generalization of differential equations through the application of fractional calculus. Fractional calculus is a branch of mathematical analysis that studies
the several different possibilities of defining real number powers or complex number powers of the differentiationoperatorD. Another option for
computing fractional derivatives is the Caputo fractional derivative. It was introduced by Michele Caputo in his 1967 research, in contrast to the Riemann
— Liouville fractional derivative, when solving differential equation using Caputo’s definition, it is not necessary to define the fractional order initial value
conditions.Modelling by fractional operators in most have been to be better than modelling by ordinary derivative operators, fractional operators have
been used in a modelling of many physical systems such as rheology, viscoelasticity, porus structures, chemical physics, electrochemistry, and many
other branches of science (Miller and Ross,1993, Kilbaset al, 2006 and Zhai, 2013). There exist many articles about the existence and uniqueness of
solutions of problems containing operators of fractional orders and using fixed point techniques (Zhai, 2017, Marasi and Afshari, 2018 , Hussain, et al,
2020, and Marasi and Ayadi, 2021), but research studies on the existence and uniqueness of solutions for FDEs with two or more terms of fractional
operators is limited. Fujita, (1990)studied the following specific Cauchy problem:

a

9 (t )—aﬁ (t,x) 1< <2
6tw ,x—atw ,X), <a, B <2,

and established some existence and uniqueness results, where @ and S are real numbers. In (Kosmatov, 2009), the researcher considered an initial value
problem of the following form:

py(t) = g (£, DFy(®)), 0<t<1,
y®0) = 0sk<n-1kez

wheren — 1 <f <a <n, and studied existence and uniqueness of related solutions.The present research work focused on the general form of fractional
differential equation given by (Marasi and Aydi, 2021) in establishing new existence and uniqueness of positive results for initial value problems for
nonlinear fractional differential equations with two or more terms of fractional orders via a fixed point technique

2. Discussion of the Methodology

For convenience, we provide some necessary and useful definitions on fractional calculus theory which we need throughout the research work

Definitionl
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The Riemann-Liouville fractional integral of order g for a continuous function f is defined as
1 t
19 t:—ft—sq‘l s)ds, >0,
FO = gy | €= s

Provided that the right-hand side is point-wise defined on (0, ), where I'(.)is the gamma function, which is defined by

©

I'(q) = ft"’le’t dt

0

Definition 2

For n-times continuously differentiable function f: (0, ) — R,the Caputo derivative of order g > 0 is defined as:

t
1
DU = oy [ €= O )s

n—1<qg<nn=|[q]+1

where[g]denotes the integer part of the real number q.

The following lemmastransforms the general form of fractional differential equation given by (Marasi and Aydi, 2021) to an integral equation
Lemma 1
Let g > 0, then the differential equation
‘DIh(t) =0
has solutions h(t) = ¢y + ¢t + cpt? + c3t + -+ ¢, qt™?
herec, e R,i =0,1,2,..,n—landn=[q]+ 1
Lemma 2
Let g > 0, then
FEDIMD) =h(®) + o+t —a) ' +c(t—a)? + -+ cpy (E—a)™?
In particular when a =0
19°DIR(t) = h(t) + co + it + cot?+ c3t3 + -+ gt
Proof:

By the definition

12 °DIn(t) =

1 3 a-1 a
@af(t —$)* 1 DZh(s)ds

t s
1 -1 1 n-a-1pn
Ig CDZh(t) = mf(t - S) m[](s - T) h (f)] ds

Ig CDZh(t) = mj h"(T)de(t — §)@ (s — )1 g

S t
1 a—1 L e
= et Fed -9 —oreas

H t
! n (@-D(@-1)..2x1
= =) O e et e D)
1 .
= mf(t—f) Lpr(1)dr
1 t
= @J’(t_r)n—l hn_l(’[)d’[
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t
— hn 1(“) n- hniz(a) n— 1 n-3 p(n-2)
_ (t=ayt - s - o) 2+mf(t—‘r) 3 K02 (7)dr
_ @ ey PE(@) e h'(a) h(a)
=TTy (t—a) _F(n—l)(t_ )"+ +r(2)(t a)—m+h(t)
=h(t)+c+c(t—a)t +c(t—a)?>+ -+ cp (t—a)?!
Where
¢ = %,i =0,123,..,n—1
¢ = F?;(f)l),i =01,23,..,n—1
Lemma 3

Let y(t) € €([0,1]) a function u(t) € C%([0,1], R)be a solution of linear sequential fractional differential equation

(DI + kDT Hu(t) = y(©), ®
with boundary values u(0) = 0 and
m-1 n
(n—s)""
aqu@)=p u(s)ds
; , I'(q)

has the unique solution given by

n s x m—1 §i
(e -1) n—s)t —k(s=x) (x—1)?7? _ —k(&i-s) x)q :

i=1
t

S
q-2
+ fe"‘(f‘s) %y(x)dads'
0

I'(
where (2)
S (-9 B’
= a;(e®i—-1)-p N 5)7 ptsgs 4 77_ #0, 3)
; Of I'(q) -1

Proof: For q € (1,2], we consider the following linear fractional differential equation
1<q<2(°DT+ kDT Yu(t) = y(t), ()

where D7 denotes the Caputo fractional derivative of order g, we can write its solution as

¢
u(t) + kDT tu(t) = f(t =) y(s)ds + ¢, + ¢4t, 5)

1
I'(q)
0
wherec, and c, are arbitrary constants. Now (5) can be expressed as
t 1 t
u(t) = —kfu(s)ds + mj(t —5)1ty(s)ds + ¢, + ¢4t (6)
0 a 0
Differentiating (6) we obtain
W) =~k + s f (t— )72 y(s)ds +c, %)

which can alternately be written as

(u(t)ek) = ekt (r(q f(t =) y(s)ds + c1> (3

Integrating from 0 to ¢, we have

t S
u(t) = Ae™ + f e~k(t=9) f (F(ix);)z}’(x)dﬂis +B. ©)
0

0
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Using the data u(0) = 0 in (9), we find that A = —B. thus, (9) takes the form

t

ut) =A™ -1) + f e~k(t=9) %y(x)dxds (10)
0
Using the condition
m-1
(n—s)""
D @@= B [ s s
i=1
Hence in (10), we obtain
1 n (r] _ 5)‘1_2 s ( s (x _ ‘[)q_z m-1 &i s (S _ x)q_z
A== I A— fe’k =) | =~ _y(1)dt |dx |ds | — a-fe’k(f’s) — _y(x)dx |ds,
a\#) T ) Ta=n ) ) Tq-n ™

whereAis given by (3). Substituting the value of A4 in (10), we get the solution (2). The converse follows by direct computation. This completes the proof.
In the next lemma, we present some estimates that we need in the sequel.

We also present the following lemma involving fixed point theorem which will be useful in proving an existence and uniqueness theorem of the solution
of general form of fractional differential equation given by (H. R. Marasi and H. Aydi, 2021).

Lemma 4

For y € €([0,1], R) with ||ly|| = sup |y(t)| we have
te[0,1]

@=9"" ([ e[ [E= 0 -2 o
® f I'(q) f ’ J T(q- y Ywidr |dx |ds <( ())z(krl+€’"’ DIyl

m—1

e )“ Iyl
ii a; | e ¥ | ————y(x)dx |ds| < &7 (1 — ek
()Z f J F(q () > laléf ™ ( )

i=1

t _k(t-s (s—x)172 -
@D | (fy e (Jy 52 y(@dx) dx)| < =1 = eIyl (11)
For computational convenience, we set
_ le-1] _ Je~*-1
P= ti}:)l,)l] Tl (12)
5 _ lke™ ] _ (1-e7¥) _5 (2=
P= e e = A= PA SRS A =Phit T (13)
w= {142+ 7) (14
t
Yo = Sup fy(t,s)ds , A, = sup fﬂ(t,s)ds (15)
tel tel
0 0
2 K 0-1(1 _ gk} L
b= 1Bl (kn+6‘"—1)+ZIaIE 1—e ) (1)
(k @) ( kr'(q)

This result is based on the Banach Fixed Point theorem (M. Sebawe, 2002).
We also again provide some definitions and a fixed point thereon involving Banach Fixed Point theorem and Schauder’s Fixed Point theorem
Definition 3:

Banach Fixed Point Theorem is an important tool in the theory of metric spaces; it guarantees the existence and uniqueness of fixed points of a certain
self-map of metric spaces, and provide constructive methods to find those fixed points

The Banach fixed point theorem states that “a contraction mapping on a complete Metric space has a unique fixed point”. In this theorem,
consider a Metric space X = (X, d), where X # @. Suppose that X is completes and let T: X — X to be a contraction on X. Then T has precisely one fixed
point.

Definition 4:

The Schauder’s Fixed Point Theorem is an extension of the Brouwer fixed point theorem to topological vector spaces, which may be of infinite dimension.
It asserts that if K is a nonempty convex closed subset of a Hausdorff topological vector space V and T is a continuous mapping of K into itself such that
T(K) is contained in a compact subset of K, then T has a fixed point.
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A consequence, called Schaefer’s fixed point theorem, is particularly useful for proving existence solutions to nonlinear partial differential equations.
Schaefer’s theorem is in fact a special case of the far reaching Leray — Schauder’s theorem which was proved earlier by Julius Schauder’s and Jean Leray.

The statement is as follows:

Let T be a continuous and compact mapping of a Banach space X into itself, such that the set {x € X:x := ATx for some 0 < A < 1} is bounded. Then
T has a fixed point

3. Results and Discussion

The existence and uniqueness results and has at least one solution for two or more termsnonlinear fractional differential equations of fractional orders by
considering some fractional problems were established as follows:

Theorem 1 Let Assume that £: [0,1] X R™*3 — R is a continuous function satisfying the condition (C1)

Fx,y, wu,uy, o un) — F(6X, Y, W 01,05, v S Lylx — X'+ Loy — Y/ 4+ Lalw — Wl + dy[ug —vi| + dylup, —vp| + 0+ dpu, —
v,|, forall t € [0,1] and x,y, w, X", ¥, W', Uy, Uy, e, Uy, V3, Vg, v, Uy, € RT3,

whereL;,d; > 0,V;= 1,2,3,V;= 1,2,...,n are Lipschitz constants

Then the Fractional differential equation has a unique solution if

N1
<A1+ Azgir(z —BJ)w <1,

Theorem 2:

Letf:[0,1] x R™3 - R be a continuous function satisfying the condition of theorem 1 (C;) and (C)If(t,x,y, W, uy, ..., uy)| <
u(®), v (t,x,y,w,uy, ..., u,) € [0,1] x R™*3 where u € C([0,1], R*)

Then, the fractional differential equation has at least one solution on [0, 1]. If

n
_ 1
P+ Pzi ANw<1,
( LT (2 —ﬁi)> !
i=1
Proof. Let

[lull = sup |u(®)],
tef0,1]

and consider
Bp = {u€X:|lull <R},

we fix
n
R2 (A +4,) L)
=\ Lre-py) "
i=1
We define the functionF; and F, on By as

FW@®) = f —H(t=s) f M X f (e, u(x), (pw) (x), @) (x), DFru(x), ..., “DPru(x))dx |ds, (17)

0

(Fad(© = (11 2 (f e (7 5225 % £ (@@, (o) (), () (@), “DPuC), ., DPru()dr) dx) ds
el [ e K ([T X £ G u), (oW (), @) @), DPrux) .., SDPru(x))dx) ds) (18)

foru, v € By, using the notation (13), we have
|( ) () = (Fv) (t)| <|p — (1 - ) i
Fiu F,v <|pA; + 1—e™™
1 2 1T

|(Fw) = Fv) O] < Allull, (19

Also
() (6) = (Fyw)' (0] < (ﬁm IOLE e-k)> Nl

[(Fyu)'(£) = (Fov) (O] < Azllull, (19)
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By the definition of the Caputo fractional derivative with 0 < 8; < 1

which implies that

t
G \F'\u+ F',vld (20)

—_— u v\|ias

J T =B ! 2

| DA (Flu+ Fyv) | <
| €DFs (Fyu+ Fy) | < oo lull @1)
CED)

From the above inequalities, we get

n
|Fiu+ Fov|| = ||Fiu + Fov|| + ZH CDFiFu+ “DFiF)|| (22)
i=1

Using equation 3 and 5 in 6, we get

n
1
Fiu+Fy|| <A +A 27 23
I Fovll < Al + 82 ) s el 23)

n
1
Fu+Fy| < A+A27 <R 24
IIFy | ( 1 zi=1 F(Z—ﬁﬂ) [leell (24)

Thus, Fyu + F,v € By, we prove that F, is a contraction mapping.

Let u, v € Bg, we have

I'(q) I(q—1)
X |f(z,u(), (pu) (r), @) (D), (‘DPu) (D), ..., CD"’"u)(r))

| - (TI _S)q —k(s-x) (x_T)q z
P~ P < sup 14 f f ‘ f

— f(@v(@), () (@), @) (@), (D v)(D), ..., (“DPr) (1)) |dr |dx |ds

~ ey | (=272
Z'“ 'f . )< T@-1
0
X (|f(x.u(X).((ﬂu)(X). W), DPru(x), ..., “DFru(x))

- f(x' v(x), ((pv)(x), (IPU)(X), CD'Bl‘V(x), e CDB"v(x)Ddx ds

< pA S+ v, + A)llu —vl|
|Fou(t) — Fyv(t)| < pAjollu —v|| (25)
Also,
[Fzu(®) = F;p(O < pA{(1 + v, + 2)llu —vl|
[Fu®) — Fv(O] < pAwllu — vl (26)
Substitute equation (26) into (20)

which implies that

t
I CnB: (t - S)_Ei _
| DﬁlFZu(t) — Dﬁlel?(t)l < prAlwllu —v||ds
5 i

| DA Fyu(t) — DFiF(t)| < r(%—ﬁi)lml‘””” - 27)
From the above inequalities, we have
n
[|1Fyu — Fyvll = ||Fyu — Fyvll + Z” CDArFu— “DEF,)|| (28)
i=1

Substitute equation (25) and (27) in to equation (28)

n
1
Fou—Fv|| <pAwllu—-v +27’Awu—v 29
IIF il < pholl I i=1r(2_ﬁi)p el Il (29
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n
- 1
F,u—F,v < P+P — A w|lu—v 30
IFyu — Fyll ( ;:1“2‘ BL_)> Lol -]l (30)

Where

lu—vll <1 (B

Using equation 31 in to (30)
As:

T~ 1
(P+Plz;7r(2_ﬂi)>A1w <1

F,is a contraction mapping. Then the Fractional Differential Equation has at least one solution on [0, 1]. This completes the proof.

4. Fractional Problems

Example 1: Consider the following fractional differential equation; first we show the existence and uniqueness of positive solution

DI+ kDI Du®) = f (t,u(t), (pw) (), Pu)(t),€ DPiu(t), ..., . Dﬁ"u(t)) (32)
t€[0,1]

Subject to: initial value problem

u(0) = 0,

Where

W] =
N =

& =3, §3 =

<
|
51

=

|

R

Ry

Il
=
5

N

Il
Wl
]

w

Il
ul| =
o
M

Il
=

e3—1

Solution: first we show the existence and uniqueness of positive solution
From equation (32)
(D7 +kEDTMu(t) = f (£u(®), (Gw)(©, GO DPu(?), .., DPru(®)) (32)

Let
w=f (t,u(t), (pw) (@), Yuw)(@®), “Dru(t), CD%u(t)) (33)

By Equating Equation (32) and (33), we have
DI+ kDT NHu() = w

m-1 n
(-5
Z Gu(E) + () + auE) = f A u(s)ds,
From equation (34) and (35)
9 1 4
(CD§+ - CDg)u(t) —w, te[01]
u(0) =0
1/ 1 4\ 1 1 %(%—s)g
(@) +34() 5 (2)= f EON ws)ds

Now, by choosing different value of f <t, w(®), () (©), Ww) (), “Dru(o), Cofiu(t)>

(34

(35)
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f (t. u(®), () (), Wu)(©), D3u(t), CD%u(r)>

oo |

3
Cmu(t)|

CD%u(t)| \| 2cost + et
+17(1+t2)K(¢u)(t)+

_ 2lu(@®)| N 2e 2 sin (g t) k((pu)(t) .

91+ fu@®D 111 +13) 14

1
Cmu(t)| 14

We have that

f (t. u(®), ($u)(®), () (©), Dru(t), CD%u(r)> —f (r, v (®), ($0)(), (o) (£), “DZu(?), CD%v(t)>

< () = v(O1 + 1710u(0) = 0V (O] + 15 () = YeO] + 17| Dru®) ~ DEo()] + 45
-9 11 17 11 17

3 3
Dau(t) — Cmv(t)|

with the given value, it is found that

where

m-—1
B kg, (n—s)?" Bn?
- ;al(e - ﬁf I'(q) ds+1“(q—1)¢0’

A~ —5.6919 x 1073 = 0,

Recall that
= Bl—= - s (kn+ e —1) + Zm &7 (1 — ek 1
(kF( N kT (q)
A~ 3.7867 X 107>
and
P= sup le Kt — 1] _ le7k — 1]
tefo] Al |A]
(1-e™)
Ay = Phy+

(1 —e™)
kF(Q) kT(q) *

_ le™ —1] le™* - 2z e 4101 _ goké
Al"(é?ﬁ% YR )'B'( @y 1)+Z|al|<‘ =@

Ay = 1.4022
To find A,
- 2-e
A, = PA + T@
Where
P= sup |ke=k¢| _ ke *
tefoa] 1Al [A]
te[0,1] |A] |A] I'(q)
A, =~ 1.3659,
To find w
where

w={1+2+ )

e?-1
)

w ~ 0.39268
Finally we have that

~ —5.6919 x 1072 # 0
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Ay~ 3.7867 x 107%
Ay = 14022, A, = 13654, = 0.39263,

2
1
A+ A Z— =0.9206 < 1.
( 1t 1r(2—ﬁi)>“’

Therefore, by theorem (1) there exists a unique solution on [0, 1].

Next, we show that

N~ 1
<P+P27F(2_ﬁi)>mw <1,

From equation (32) Give that

w=f (t,u(t), (Gu)(®), W) (), “Dau(®), Cuiu(t)), (33)
N (-9
D a6 + (e + (e =5 f s (3

By Equating Equation (32) and (33), we have
DT+ kDT V(L) = w (35)
From equation (34) and (35)

9 1 4
(”Ds + CDs)u(t) =w, te[0l]

u(0) =0

B ) -

Now, by choosing different values of f <t, w(®), (W) (©), Ww) (), *Dru(o), CD%u(t)>

[S1ES

u(s)ds

Rt

(35-2)
(

5)

considering
f <t,u(t). (e (), @u) (o), “Dru(e), CD%u(t)>

1 3
02| | 14 sin2n | Dvuco)

e +sin*(m)|u(t)| | e ™sin(mt)
REND) Wuw)(@®) +

6(t +6)3(1+ lu®))) 7(1 + t2)

(¢u)(®) +

1 3
1+ | CDEu(t)| 1+ | CDZu(t)|

We have

f (t. u(®), (gu) (), @) (©), D7u(t), CD%u(r)> —f (t. v(2), () (©), (o) (8), EDZv (L), cng(t)>’
1 1 1 1 1 3 3
< 2 lu(® = v(O1+ 10u(®) = 0] + £ lYu(®) — Ypr(©O] + 5| D) — D@ + 5| Dru(®) - Div()

we have that

_1 1 1
(_6‘ (2_7' 61—6,
Recall that
m-1 n
(n—s)it Bn?
i=1 ( ) ﬁo I(q) T(q—1)
A= —2.2581 x 1072
where
an—Z m ) 1
By = 16l e+ 71— 1)+ ) e 607 (1 - )
(kT(9)) = kT(q)

A~ 6.0286 X 1072

and



International Journal of Research Publication and Reviews, Vol 4, no 11, pp 2906-2920 November 2023

2915

where

S

A= —2.2581 x 1072

P ~ 3.8483,
To find P

A= —2.2581 x 1072

P ~ 3.6761,

To find @

w= {142+ )
w = 0.96303,

P ~3.8483, P =~ 3.6761,

Thus,

P le Kt —1] Je*—1]
= Ssu =
AR [A]

n—s)1 Bn?
(eMi—1 f eds+ ————#0
)=F) Tt fq-D
SN ot (BN s et |
T eoh Al —22581x10°2

lke ™|  ke™*

jaell

= Sup —@=
oy 1A 4]
-5t Bn?
_kfl -1 f —ksdS + —— %0,
)=F) "t fa-1D
- |ke_kt| _ ke k
TR TIAl T 22581 x 1077

w =~ 0.96303,

2
_ 1
P+P27 Aw = 0.6670 < 1.
( - r(Z—ﬁJ) !

Therefore, by theorem (2) has at least one solution on [0,1]

Example 2: Consider the following fractional differential equation; first we show the existence and uniqueness of positive solution

(€D +kE DTHu(®) = f (£u(®), (W) (©), YW@ DPu®), .., € DPu(t))

te[0,1]

Subject to initial value problem

u(0) =0,

Where

and

e’ —1

Ao = 6

Solution: first we show the existence and uniqueness of positive solution, from equation (32)

let

(€D + kS DI Nu(e) = £ (&u®), ($w)(©), Yu)(©),€ DPu(t), .., £ DFru(t) )
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w=f (t.u(t). ($u)(®), Gu)(®), “Dsu(?), CDiu(t)), (33)
< - )q !
D, @6 + aule) +au(sy) = f u(s)ds, (3

By Equating Equation (32) and (33), we have

DI+ kDT V() = w (35)
From equation (34) and (35)

(cD§+ % CD%)u(t) —w, te[o1]

u(0)=0

1 3
20 5

4 ) ) - [ 2

Now, by choosing different value of f (t,u(t), (pw) (1), WYu)(d), CD%u(t), CD*iu(t)>

u(s)ds

f (t, u(®), ($u)(©), ) (1), Diu(t), CD%u(t)>

oo

3
CDzu(t)|

1
CDZu(t)| \| cost + et
17(1 + t2)

nt T
3 lu()] e Zsm( t)/
T30+ @D 13 +6%) \(‘i’“)(”*

1+

K(zbu)(t) +
1+

1
UDzu(t)|

We have that

f (t, u(®), ($u)(©), ) (1), Diu(t), CD%u(t)> —f (t, v (0), ($0)(), @) (£), DA (o), CD%v(t)>

< 31~ v(O] + 13100 - B(O] + 15 lYu(®) ~Yed] + 15| Dru®) — Div(®| + 35
-3 13 17 13 17

3 3
Dau(t) — CDzv(t)|

with the given value, it is found that

1 1 1
(1 - 3 (2 - 137 { - ’
Recall that
a= S a(etamn) - ﬁf("_s)q Ceds 1 P
= : - — )
& () Flg-1
A~ —8.2345 x 1072
where
2(1— k q-1 kf 1
= 18] (kn + e ’7—1)+Z|a| 1—e k) —
= Py o @
A~ 7.1362 X 1072
and
P le™ ™ —1] le™*—1]
= su =
eron) 1] 1a|
(1—-e™)
A, = PA, @
|e—kt_1| |e—k_1|> 2q-2 1 1 (1—-e®)
A= su = kn+e*—1 +Za R + =
= (e ) G ) e i @

A, ~ 2.8133
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To find A,
- 2-e7
A, = PA, + T
Where
- ke *t|  ke7K
T o AT 1Al
A, = ( sup |ke=k¢| _ ke’k> ) 2-e7
tefo,1] [A] |A] I'(q)
A, = 1.6793,
To find w
let

w= {1+ + v)

e3-1 + 9271)

6 ’ 4

w= {1+

w = 0.82275

Finally we have that

A~ —8.2345x 1072 # 0

A~ 71362 % 1073

A, ~ 28133, A, ~1.6793, = 0.82275,

2
1
A+ A, 27> ® = 0.54470 < 1.
( . r2-a)

Therefore, by theorem (1) there exists a unique solution on [0, 1].

Next we show that

o 1
<P+P;m>A1(u<1,

Give that

(€D + kDT Nu(e) = f(&u®), (¢w) (O, Yu)(©),° DPu(t), .., £ DPru(®)) (32)

let

w=f (t.u(c), ($u)(®), (Pu)(®), Dsu(e), CD%um),

m—1

n
(n—s)"
D @)+ au(e) + asuey) = p [ e —utsids,
i=1 0
By Equating Equation (32) and (33), we have
DT+ kDT V() = w
From equation (34) and (35)

8 1 3
( ‘D5 + 11 CDE) u(t) =w, teo1]

u(0) =0

3
5

(1
b)) 3 B

(33)

(34)

(35)

Now, by choosing different values of f <t, u(t), (puw) (), (Yu) (t), CD%u(t), CD%u(t))

Considering
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f (t. u(®), ($u)(®), () (2), Diu(t), Cﬁu(t))

e ™ (1 + sin?(mi)|u(t)| e ™sin(mt)

“Diu(o) \
I8+ er A+ @D | 21+ ) \(¢u)(t)+

3
Cmu(t)|

1
CD4u(t)| \ 1 + sin?(mt)
24(1 +t?)

1+ 1+

1
Cmu(t)|

K(wu)(t) +

We have

f (t. u(®), ($u)(®), () (1), “Diu(t), CD%u(n) —f (r, v (®), (@) (), W) (©), CDiv(e), Cng(t)>

< @) ~v(O) + 52 10u(®) ~ OvO] + o u(e) ~Yu(©)] + 5

Cpiu(t) — D3 (t)|+ !
u v 24

3 3
Dau(t) — CDZv(t)|

Finally, we have that

where

m-—1
(n—95)" Bn?
= a; (e7®i—1 J- ksds + #0,
Z ( )8 T Mq-D
A=~ —4.5161 x 1072
Recall that

2q-2

= | (kF( 5

1
- _ 1 _ ,-k&y__—
———(kn+e M —1)+ E la;| €7 (1 —e7* K@)

A;~9.0186 x 107>

and

P le Kt —1| Je*—1]
= su =
weion] 1] 1Al

where

m-—1
) I (-9 pn°
_;al(ew b= ﬁf M ¢ St

A= —3.5734 x 1072

P le*—1]  Je*-1]
T o 1Al T35734x10°2
P ~ 5.92390,
To find P
p ke *t|  ke7k
= sup ——= ———
ceton) 1Al IA]
m-—1
(m—s)7~ Bn?
= ki _q e~ks
;al(e )- [ff ) ds+ o * O
A= —45161 x 1072
B |ke=k¢| _ ke k
T oh 1A 45161 x10°2]
P ~ 5.7894,
To find @

w={1+2,+7,)

w ~ 0.85230,

Finally,

P ~ 592390, P ~57894, w =~ 0.85230,
Thus,
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2
< 1
p+P§— Ayw = 0.8850 < 1.
( ile(Z—&-)) '

Therefore, by theorem (2) the problem has at least one solution on [0,1]

3. Conclusion

Based on the study of the general form of existence and uniqueness results for two-term nonlinear fractional differential equations via a fixed point
technique given by (Marasi and Aydi, 2021), new results concerning the existence and uniqueness of positive results for two or more term nonlinear
fractional differential equation via a fixed point technique were established and illustrated by considering some fractional problems
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