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ABSTRACT: 

This paper deals with the problem of determining non-zero distinct integer solutions to the non-homogeneous binary quadratic equation𝑦2 = 72𝑥2 − 23. A few 

interesting properties among the solutions are given. Employing the linear combination among the solutions of the given equation, integer solutions for other choices 

of hyperbolas and parabolas are obtained. 
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Introduction: 

    The Binary quadratic equation of the form𝑦2 = 𝐷𝑥2 + 1,where D is non square positive integer has been studied by various mathematicians for its 

non-trivial integer solutions when D takes different integral values [1-2].  For an extensive review of various problems, one may refer [3-10]. In this 

communication, yet another interesting hyperbola given by 𝑦2 = 72𝑥2 − 23 is considered and infinitely many integer solutions are obtained. A few 

interesting properties among the solutions are obtained. Further, employing the solutions of the above hyperbola, we have obtained solutions of other 

choices of hyperbolas, parabolas. 

METHOD OF ANALYSIS: 

The Negative Pell equation representing hyperbola under consideration is  

                                                 𝑦2 = 72𝑥2 − 23                                                                       (1) 

whose smallest positive integer solution is  

                                                 𝑥0 = 1 ,𝑦0 = 7 

To obtain the other solutions of (1), consider the Pell equation 

                                         𝑦2 = 72𝑥2 + 1                                                                                                    

 whose general solution is given by 
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Applying  Brahmagupta lemma between (𝑥0, 𝑦0) and (�̃�𝑛 , �̃�𝑛), the other integer solutions of (1) are given by 
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The recurrence relations satisfied by the solutions x and y are given by 

                                       
034 123 =+− +++ nnn xxx

 

                                 
034 123 =+− +++ nnn yyy

 

Some numerical examples of x and y satisfying (1) are given in the Table:1 below: 

Table :1 Numerical examples 

              n                    𝑥𝑛                  𝑦𝑛 

0 1 7 

1 31 263 

2 1053 8935 

3 35771 303527 

4 1215161 10310983 

 

From the above table, we observe some interesting relations among the solutions which are presented below: 

  1.  𝑥𝑛,𝑦𝑛 values are odd. 

2.  Relations between solutions 

➢  
034 123 =+− +++ nnn xxx

 

➢ 
0172 121 =+− +++ nnn xxy

 

➢ 
0172 122 =+− +++ nnn xxy

 

➢ 
05772 123 =+− +++ nnn xxy

 

➢ 
057768 131 =+− +++ nnn xxy

 

➢ 
04 132 =+− +++ nnn xxy

 

➢ 
057768 133 =+− +++ nnn xxy

 

➢ 
017144 112 =−− +++ nnn yxy

 

➢ 
05774896 113 =−− +++ nnn yxy

 

➢ 
057714417 213 =−− +++ nnn yxy

 

➢ 
0577172 231 =+− +++ nnn xxy

 

➢ 
0172 232 =+− +++ nnn xxy

 

➢ 
0172 233 =+− +++ nnn xxy

 

➢ 
014417 122 =−− +++ nnn yxy
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➢ 
0288 123 =−− +++ nnn yxy

 

➢ 
017144 233 =−− +++ nnn yxy

 

➢ 
017144577 122 =−− +++ nnn yxy

 

➢ 
04896577 133 =−− +++ nnn yxy

 

➢ 
014417 233 =−− +++ nnn yxy

 

➢ 
04896144 233 =−− +++ nnn yxy

 

➢ 
034 123 =+− +++ nnn yyy

 

3.  Each of the following expressions represents a Nasty Number 

➢  

( )467263
23

1
3222 +− ++ nn xx

 

➢ 

( )156478935
782

1
4222 +− ++ nn xx

 

➢ 

( )4614144
23

1
2222 +− ++ nn yx

 

➢ 

( )7821684464
391

1
3222 +− ++ nn yx

 

➢ 

( )2654214151632
13271

1
4232 +− ++ nn xx

 

➢ 

( )462638935
23

1
4232 +− ++ nn xx

 

➢ 

( )782526144
391

1
2232 +− ++ nn yx

 

➢ 

( )465264464
23

1
3232 +− ++ nn yx

 

➢ 

( )782526151632
391

1
4242 +− ++ nn yx

 

➢ 

( )2654217870144
13271

1
2242 +− ++ nn yx

 

➢ 

( )782178704464
391

1
3242 +− ++ nn yx

 

➢ 

( )5522144401819584
276

1
4242 +− ++ nn yx

 

➢ 

( )138933
69

1
2232 +− ++ nn yy
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➢ 

( )99825134160
4991

1
2242 +− ++ nn yx

 

➢ 

( )4660331
23

1
3242 +− ++ nn yy

                                                                  

 

4. Each of the following expresssions represents a Cubical Integer 

➢ 

]217897263[
23

1
214333 ++++ −+− nnnn xxxx

 

➢   

]212680578935[
782

1
315333 ++++ −+− nnnn xxyx

 

➢  

]4243214144[
23

1
113333 ++++ −+− nnnn yxyx

 

➢  

]4213392144464[
391

1
214333 ++++ −+− nnnn yxyx

 

➢ 

]4245489614151632[
13271

1
315333 ++++ −+− nnnn yxyx

 

➢ 

]789268052638935[
23

1
325343 ++++ −+− nnnn xxxx

 

➢ 

]1578432526144[
391

1
123343 ++++ −+− nnnn yxyx

 

➢ 

]1578133925264464[
23

1
214343 ++++ −+− nnnn yxyx

 

➢ 

]1578454896526151632[
391

1
315343 ++++ −+− nnnn yxyx

 

➢ 

]5361043217870144[
13271

1
133353 ++++ −+− nnnn yxxx

 

➢ 

]5361013392178704464[
391

1
234353 ++++ −+− nnnn yxyx

 

➢ 

]5361045489617870151632[
23

1
335353 ++++ −+− nnnn yxyx

 

➢ 

]93331[
23

1
122243 ++++ −+− nnnn yyyy

 

➢ 

]315931053[
782

1
133353 ++++ −+− nnnn yyyy

 

➢ 

]315992105331[
23

1
234353 +++ −+− nnnn yyyx
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5. Each of the following expressions represents a bi-quadratic integer  

➢ 

]1382810527263[
23

1
32225444 +−+− ++++ nnnn xxxx

 

➢ 

]4692283574078935[
782

1
42226444 +−+− ++++ nnnn xxxx

 

➢ 

]13856576168144[
23

1
22224444 +−+− ++++ nnnn yxyx

 

➢ 

]23465617856144464[
391

1
22225444 +−+− ++++ nnnn xxyx

 

➢ 

]796265660652814151632[
39813

1
42226444 +−+− ++++ nnnn yxyx

 

➢ 

]1381052357402638935[
23

1
42326454 +−+− ++++ nnnn xxxx

 

➢ 

]23462104576526144[
391

1
22324454 +−+− ++++ nnnn yxyx

 

➢ 

]1382104178565264464[
23

1
32325454 +−+− ++++ nnnn yxyx

 

➢ 

]23462104606528526151632[
391

1
42326454 +−+− ++++ nnnn yxyx

 

➢ 

]1796267148057617870144[
13271

1
42424464 +−+− ++++ nnnn yxyx

 

➢ 

]23467148017856178704464[
391

1
32425464 +−+− ++++ nnnn yxyx

 

➢ 

]1387148060652817870151632[
23

1
42426464 +−+− ++++ nnnn yxyx

 

➢ 

]138124431[
23

1
22324454 +−+− ++++ nnnn yyyy

 

➢ 

]4692421241053[
782

1
22424464 +−+− ++++ nnnn yyyy

 

➢ 

]1387148060652817870151632[
23

1
42426464 +−+− ++++ nnnn yxyx

 

 

      6.   Each of the following expressions represents a Quintic Integer 

➢  

]7026303513157263[
23

1
2143336555 ++++++ −+−+− nnnnnn xxxxxx

 

➢ 

]78935354467578935[
782

1
3153337555 ++++++ ++−+− nnnnnn xxxxxx
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➢ 

]14014407072014144[
23

1
1133335555 ++++++ −+−+− nnnnnn yxyxyx

 

➢ 

]140446407022320144464[
391

1
2143336555 ++++++ −+−+− nnnnnn yxyxyx

 

➢ 

]14015163207075816014151632[
13271

1
3153337555 ++++++ −+−+− nnnnnn yxyxyx

 

➢ 

]2630893501315446752638935[
23

1
3253437565 ++++++ −+−+− nnnnnn xxxxyx

 

➢ 

]526014402630720526144[
391

1
1233435565 ++++++ −+−+− nnnnnn yxyxyx

 

➢ 

]5260446402630223205264464[
23

1
2243436565 ++++++ −+−+− nnnnnn yxyxyx

 

➢ 

]526015163202630758160526151632[
391

1
2253437565 +=++++ −+−+− nnnnnn yxyxyx

 

➢ 

]17870014408935072017870144[
13271

1
1333535575 ++++++ −+−+− nnnnnn yxyxyx

 

➢ 

]178700446408935022320178704464[
391

1
2343536575 ++++++ −+−+− nnnnnn yxyxyx

 

➢ 

]17870015163208935075816017870151632[
23

1
3353537575 ++++++ −+−+− nnnnnn yxyxyx

 

➢ 

]31010155531[
23

1
1222434465 ++++++ −+−+− nnnnnn yyyyyy

 

➢ 

]1053010526551053[
782

1
1333535575 ++++++ ++−+− nnnnnn yyyyyy

 

➢  

]105303105265155105331[
23

1
2343536575 ++++++ −+−+− nnnnnn yyyyyy

 

 

REMARKABLE OBSERVATIONS: 

1.Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbolas which are presented in 

the Table: 2 below: 

Table: 2 Hyperbolas 

S. no Hyperbolas (P,Q) 

1. 24376322 22 =−QP
 

(

21 16863125 ++ −= nn xxP

, 

12 8928288 ++ −= nn xxQ
) 
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2. 
28179025922 22 =−QP

 
(

31 168214440 ++ −= nn xxp

, 

13 303254288 ++ −= nn xxQ
) 

3. 
6094082 22 =−QP

 ( 11 1681728 ++ −= nn yxP
, 

12 2016288 ++ −= nn xyQ
) 

4. 
1761189122 22 =−QP

 ( 21 16853568 ++ −= nn yxP
, 

12 75744288 ++ −= nn xyQ
) 

5. 
14089555282 22 =−QP

 ( 31 14151632 ++ −= nn yxP
, 

13 21444024 ++ −= nn xyQ
) 

    6.. 
380882 22 =−QP

 ( 32 78926805 ++ −= nn xxP
, 

23 379081116 ++ −= nn xxQ
) 

     7.. 
12230482 22 =−QP

 ( 12 526144 ++ −= nn yxP
, 

21 168744 ++ −= nn xyQ
) 

        8. 
42322 22 =−QP

   ( 22 5264464 ++ −= nn yxP
, 

               22 6312744 ++ −= nn xyQ
) 

   9. 
12230482 22 =−QP

 ( 32 526151632 ++ −= nn yxP
, 

12 214440744 ++ −= nn xyQ
) 

   10. 
14089555282 22 =−QP

 ( 13 17870144 ++ −= nn yxP
, 

31 16825272 ++ −= nn xyQ
) 

  11. 12230482 22 =−QP
 

(

23 178704464 ++ −= nn yxP

, 

32 631225272 ++ −= nn xyQ
) 

12. 6094082 22 =−QP
 

(

33 2144401819584 ++ −= nn yxp

, 

33 2573280303264 ++ −= nn xyQ
) 

13. 493620482 22 =−QP
 ( 12 126108 ++ −= nn yyP

, 
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21 1264734 ++ −= nn yyQ
) 

14. 
1761189122 22 =−QP

 ( 13 63186 ++ −= nn yyP
, 

31 78985 ++ −= nn yyQ
) 

15. 
1523522 22 =−QP

 ( 23 6318186 ++ −= nn yyP
, 

32 2638935 ++ −= nn yyQ
) 

2.  Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabolas which are presented in 

the Table: 3 below: 

Table: 3 Parabolas 

S. no Parabolas (R, Q) 

1. 
2437632104 2 =−QR

 (
,11041686312 3222 +−= ++ nn xxR

 

12 8925288 ++ −= nn xxQ
) 

2. 
2817902592137536 2 =−QR

 (
,37536168214440 2222 +−= ++ nn xxR

 

13 303264288 ++ −= nn xxQ
) 

3. 
609408552 2 =−QR

 (
,5521681728 3222 +−= ++ nn yxR

 

11 2016288 ++ −= nn xyQ
 ) 

4. 1761159129384 2 =−QR
 (

,9384168535648 3222 +−= ++ nn yxR
 

12 75744288 ++ −= nn xyQ
) 

5. 140595552826542 2 =−QR
 (

,2654214151632 4222 +−= ++ nn yxR
 

13 21444024 ++ −= nn xyQ
) 

      6. 
38088138 2 =−QR

 (
,1387892680 4232 +−= ++ nn xxR

 

23 379081116 ++ −= nn xxQ
) 

     7. 
1223048144 2 =−QR

 (
,782526144 2232 +−= ++ nn yxR

 

21 168744 ++ −= nn xyQ
) 

     8. 
423246 2 =−QR

 (
,465264464 3232 +−= ++ nn yxR

 

21 6312744 ++ −= nn xyQ
) 

     9. 
1223048732 2 =−QR

 (
,782526151632 4232 +−= ++ nn yxR

 

22 214440744 ++ −= nn xyQ
) 
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    10. 
140895552826542 2 =−QR

 (
,2654217870144 2242 +−= ++ nn yxR

 

31 16825272 ++ −= nn xyQ
) 

    11. 
1223048782 2 =−QR

 (
,782178704464 3242 +−= ++ nn yxR

 

32 631225272 ++ −= nn xyQ
) 

    12. 
609408552 2 =−QR

 (
,5522144401819584 4242 +−= ++ nn yxR

 

33 2573280303264 ++ −= nn xyQ
) 

    13. 
493620484968 2 =−QR

 (
,49683348108 2232 +−= ++ nn yyR

 

21 1264734 ++ −= nn yyQ
) 

    14. 
1761159129384 2 =−QR

 (
,938463186 2242 +−= ++ nn yyR

 

31 78985 ++ −= nn yyQ
) 

     15. 
152352276 2 =−QR

 (
,2766318186 3242 +−= ++ nn yyR

 

32 2638935 ++ −= nn yyQ
) 

  

Conclusion: 

In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the negative pell equation 𝑦2 = 72𝑥2 − 23. As the 

binary quadratic Diophantine equations are rich in variety, one may search for the other choices of pell equations and determine their integer solutions 

along with suitable properties. 
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