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ABSTRACT: 

The binary quadratic equation 𝑦2 = 72𝑥2 + 72 is considered for obtaining its integral solutions. A few interesting properties among the solutions are given. 

Employing the linear combination among the solutions of the given equation, integer solutions for other choices of hyperbolas and parabolas are obtained. 
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Introduction: 

The Binary quadratic equation of the form 𝑦2 = 𝐷𝑥2 + 1, where D is non-square positive integer has been studied by various mathematicians for non-

trivial integer solutions when D takes different integral values [1-2] . For an extensive review of various problems, one may refer [3-10]. In this 

communication, yet another interesting hyperbola given by 𝑦2 = 72𝑥2 + 72 is considered and infinitely many integer solutions are obtained. A few 

interesting properties among the solutions are obtained. Further, employing the solutions of the above hyperbola, we have obtained solutions of other 

choices of hyperbolas, parabolas. 

METHOD OF ANALYSIS: 

     The Positive Pell equation representing hyperbola under consideration is                           

                                                 
7272 22 += xy

                                                                                             (1) 

     whose smallest positive integer solution is 

                                                
10 =x

, 
120 =y

 

      To obtain the other solutions of (1), consider the Pell equation   

                                                            
172 22 += xy

                                                                                            

      whose general solution is given by 

                                            

nnnn fygx
2

1~;
212

1~ ==

 

      where, 

                           
( ) ( ) ,2121721217 11 ++ −++= nn

nf
 

                           
( ) ( ) 11 2121721217 ++ −−+= nn

ng
                       

3,2,1,0,1−=n
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     Applying Brahmagupta lemma between 
)~,~(),( 00 nn yxandyx

, the other integer solutions of (1) are given by 

                              nnn gfx 22 1 +=+  

                              
nnn gfy 26122 1 +=+

 

    The recurrence relations satisfied by the solutions x and y are given by 

                                 
01240812 123 =+− +++ nnn xxx

 

                                  
01240812 123 =+− +++ nnn yyy

 

   Some numerical examples of x and y satisfying (1) are given in the Table: 1 below: 

                                            Table :1 Numerical examples 

             n  
             nx

             ny
 

             0               1              12 

             1              41            348 

             2             1393           11820 

             3            47321          401532 

             4           1607521        13640268 

 

    From the above table, we observe some interesting relations among the solutions which are presented below: 

1. nx
, ny

 values are always odd and even. 

2. Relations between solutions: 

➢  
0102346212 123 =+− +++ nnn xxy

 

➢  
02937663462 313 =−− +++ nnn xyy

 

➢  
029376102102 231 =+− +++ nnn xyy

 

➢  
08646102 212 =−− +++ nnn xyy

 

➢  
08641026 112 =−− +++ nnn xyy

 

➢ 
063462408 133 =+− +++ nnn xxy

 

➢ 
086486429376 312 =−− +++ nnn yyy

 

➢ 
08646102 323 =−− +++ nnn xyy

 

➢ 
02937663462 132 =+− +++ nnn xyy

 

➢ 
01240812 123 =+− +++ nnn xxx

 

➢ 
0102612 121 =+− +++ nnn xxy

 

➢ 
0610212 122 =+− +++ nnn xxy

 

➢ 
034626408 131 =+− +++ nnn xxy
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➢ 
0346210212 231 =+− +++ nnn xxy

 

➢ 
0102102408 132 =+− +++ nnn xxy

 

➢ 
08641023462 132 =+− +++ nnn xyy

 

➢ 
08641026 223 =−− +++ nnn xyy

 

➢ 
0102612 232 =+− +++ nnn xxy

 

➢ 
0610212 233 =+− +++ nnn xxy

 

➢ 
08643462102 321 =+− +++ nnn xyy

 

3. Each of the following expressions represents a Nasty Number:   

➢ 

]1229[
6

1
2232 +− ++ nn xx

 

➢ 

]408985[
204

1
2242 +− ++ nn xx

 

➢ 

]66[
3

1
2222 +− ++ nn xy

 

➢ 

]102246[
51

1
2232 +− ++ nn xy

 

➢ 

]34628358[
1731

1
2242 +− ++ nn xy

 

➢ 

]1298529[
6

1
3242 +− ++ nn xx

 

➢ 

]102629[
51

1
3222 +− ++ nn xy

 

➢ 

]624629[
3

1
3232 +− ++ nn xy

 

➢ 

]102835829[
51

1
3242 +− ++ nn xy

 

➢ 

]34626985[
1731

1
4222 +− ++ nn xy

 

➢ 

]102246985[
51

1
4232 +− ++ nn xy

 

➢ 

]68358985[
3

1
4242 +− ++ nn xy
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➢ 

]8646246[
432

1
3222 +− ++ nn yy

 

➢ 

]2937668358[
14688

1
4222 +− ++ nn yy

 

➢ 

]8642468358[
432

1
4232 +− ++ nn yy

 

4. Each of the following expressions represents a cubical integer:  

➢ 

]87329[
6

1
123343 ++++ −+− nnnn xxxx

 

➢ 

]29553985[
204

1
133353 ++++ −+− nnnn xxxx

 

➢ 

]1836[
3

1
113333 ++++ −+− nnnn xyxy

 

➢ 

]7383246[
51

1
123343 ++++ −+− nnnn xyxy

 

➢ 

]2507438358[
1731

1
133353 ++++ −+− nnnn xyxy

 

➢ 

]29558798529[
6

1
234353 ++++ −+− nnnn xxxx

 

➢ 

]1887629[
51

1
214333 ++++ −+− nnnn xyxy

 

➢ 

]7388724629[
3

1
224343 ++++ −+− nnnn xyxy

 

➢ 

]2507487835829[
51

1
234353 ++++ −+− nnnn xyxy

 

➢ 

]1829556985[
1731

1
315333 ++++ −+− nnnn xyxy

 

➢ 

]7382955246985[
51

1
325343 ++++ −+− nnnn xyxy

 

➢ 

]2507429558358985[
3

1
335353 ++++ −+− nnnn xyxy

 

➢ 

]187386246[
432

1
214333 ++++ −+− nnnn yyyy

 

➢ 

]182507468358[
14688

1
315333 ++++ −+− nnnn yyyy
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➢ 

]738250742468358[
432

1
325343 ++++ −+− nnnn yyyy

 

5. Each of the following expressions represents a Biquadratic integer: 

➢ 

]36116429[
6

1
22324454 +−+− ++++ nnnn xxxx

 

➢ 

]122439404985[
204

1
22424464 +−+− ++++ nnnn xxxx

 

➢ 

]182446[
3

1
22224444 +−+− ++++ nnnn xyxy

 

➢ 

]3069844246[
51

1
22324454 +−+− ++++ nnnn xyxy

 

➢ 

]103863343248358[
1731

1
22424464 +−+− ++++ nnnn xyxy

 

➢ 

]36394011698529[
6

1
32425464 +−+− ++++ nnnn xxxx

 

➢ 

]30624116629[
51

1
32225444 +−+− ++++ nnnn xyxy

 

➢ 

]1898411624629[
3

1
323222 +−+− ++++ nnnn xyxy

 

➢ 

]30633432116835829[
51

1
32425464 +−+− ++++ nnnn xyxy

 

➢ 

]103862439406985[
1731

1
42226444 +−+− ++++ nnnn xyxy

 

➢ 

]3069843940246985[
51

1
42326454 +−+− ++++ nnnn xyxy

 

➢ 

]183343239408358985[
3

1
42426464 +−+− ++++ nnnn xyxy

 

➢ 

]2592249846246[
432

1
32225444 +−+− ++++ nnnn yyyy

 

➢ 

]88128243343268358[
14688

1
42226444 +−+− ++++ nnnn yyyy

 

➢ 

]2592984334322468358[
432

1
42326454 +−+− ++++ nnnn yyyy

 

6. Each of the following expression represents a Quintic integer: 
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➢  

]29010145529[
6

1
1233435565 ++++++ −+−+− nnnnnn xxxxxx

      

➢ 

]98501049255985[
204

1
1333535575 ++++++ −+−+− nnnnnn xxxxxx

 

➢   

]60103056[
3

1
1133335555 ++++++ −+−+− nnnnnn xyxyxy

 

➢  

]24601012305246[
51

1
1233435565 ++++++ −+−+− nnnnnn xyxyxy

 

➢  

]83580104179058358[
1731

1
1333535575 ++++++ −+−+− nnnnnn xyxyxy

 

➢   

]9850290492514598529[
6

1
2343536575 ++++++ −+−+− nnnnnn xxxxxx

 

➢  

]6029030145629[
51

1
2143336555 ++++++ −+−+− nnnnnn xyxyxy

 

➢ 

]2460290123014524629[
3

1
2243436565 ++++++ −+−+− nnnnnn xyxxxy

 

➢ 

]8358029041790145835829[
51

1
2343536575 ++++++ −+−+− nnnnnn xyxyxy

 

➢ 

]6098503049256985[
1731

1
3153337555 ++++++ −+−+− nnnnnn xyxyxy

 

➢ 

]2460985012304925246985[
51

1
3253437565 ++++++ −+−+− nnnnnn xyxyxy

 

➢ 

]8358098504179049258358985[
3

1
3353537575 ++++++ −+−+− nnnnnn xyxyxy

 

➢ 

]6024603012306246[
432

1
2143336555 ++++++ −+−+− nnnnnn yyyyyy

 

➢ 

]6083580304179068358[
14688

1
3153337555 ++++++ −+−+− nnnnnn yyyyyy

 

➢ 

]2460835801230417902468358[
432

1
3253437565 ++++++ −+−+− nnnnnn yyyyyy

 

REMARKABLE OBSERVATIONS: 

1. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbolas which are 

presented in the Table: 2 below 
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Table: 2 Hyperbolas                                

       S. No               Hyperbolas                (P,Q) 

 

1 

 

11522 22 =−Qp
 )282

,582(

21

12

++

++

−=

−=

nn

nn

xxQ

xxP

 

 

2 

 

13317122 22 =−QP
 )22786

,19702(

31

13

++

++

−=

−=

nn

nn

xxQ

xxP

 

 

3 

 

2882 22 =−QP
 

)224

,122(

11

11

++

++

−=

−=

nn

nn

yxQ

xyP

 

 

4 

 

832322 22 =−QP
 

   
)2696

,4922(

21

12

++

++

−=

−=

nn

nn

yxQ

xyP

 

 

5 

 

239708882 22 =−QP
 

)11820

,8358(

31

13

++

++

−=

−=

nn

nn

yxQ

xyP

 

 

6 

 

11522 22 =−QP
 )822786

,197058(

32

23

++

++

−=

−=

nn

nn

xxQ

xxP

 

 

7 

 

      
832322 22 =−QP

      
)8224

,1258(

12

21

++

++

−=

−=

nn

nn

yxQ

xyP

 

 

8 

 

2882 22 =−QP
 )82696

,49258(

22

22

++

++

−=

−=

nn

nn

yxQ

xyP

 

 

9 

 

832322 22 =−QP
 )8223640

,1671658(

32

23

++

++

−=

−=

nn

nn

yxQ

xyP

 

 

10 

 

239708882 22 =−QP
 )139312

,6985(

13

31

++

++

−=

−=

nn

nn

yxQ

xyP

 

 

11 

            

          
832322 22 =−QP

  
)2786696

,4921970(

23

32

++

++

−=

−=

nn

nn

yxQ

xyp

 

 

12 

 

2882 22 =−QP
 

)278623640

,167161970(

33

33

++

++

−=

−=

nn

nn

yxQ

xyP

 

 

13 

         

       
59719682 22 =−QP

    
)69624

,12492(

12

21

++

++

−=

−=

nn

nn

yyQ

yyP
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14                    

 

  
17258987522 22 =−QP

   
)1180012

,68358(

13

31

++

++

−=

−=

nn

nn

yyQ

yyP

 

 

15 

 

      
14929922 22 =−QP

 )11820348

,2468358(

23

32

++

++

−=

−=

nn

nn

yyQ

yyP

 

2. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabolas which are presented in 

the Table: 3 below: 

Table :3 Parabolas 

       S. No                   Parabolas                   (R,Q) 

 

1 

 

115248 2 =−QR
 )282

,1229(

21

2232

++

++

−=

+−=

nn

nn

xxQ

xxR

 

 

2 

 

13317121632 2 =−QR
  )22786

,408985(

31

2242

++

++

−=

+−=

nn

nn

xxQ

xxR

 

 

3 

 

28824 2 =−QR
 )224

,66(

11

2222

++

++

−=

+−=

nn

nn

yxQ

xyR

 

 

4 

 

83232408 2 =−QR
 )2696

,102246(

21

2232

++

++

−=

+−=

nn

nn

yxQ

xyR

 

 

5 

 

239708883462 2 =−QR
 )11820

,34628358(

31

2242

++

++

−=

+−=

nn

nn

yxQ

xyR

 

 

6 

 

115248 2 =−QR
 )822786

,1298529(

32

3242

++

++

−=

+−=

nn

nn

xxQ

xxR

 

 

7 

 

83232408 2 =−QR
 )8224

,102629(

12

3222

++

++

−=

+−=

nn

nn

yxQ

xyR

 

 

8 

 

28824 2 =−QR
 )82696

,624629(

22

3232

++

++

−=

+−=

nn

nn

yxQ

xyR

 

 

9 

 

83232408 2 =−QR
 )8223640

,102835829(

32

3242

++

++

−=

+−=

nn

nn

yxQ

xyR

 

 

10 

 

239708883462 2 =−QR
 )139312

,34626985(

13

4222

++

++

−=

+−=

nn

nn

yxQ

xyR
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CONCLUSION: 

In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the positive Pell equation 𝑦2 = 72𝑥2 + 72. As the 

binary quadratic diophantine equations are rich in variety, one may search for the other choices of Pell equations and determine their integer solutions 

along with suitable properties. 
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11 

 

83232408 2 =−QR
 )2786696

,102246985(

23

4232

++

++

−=

+−=

nn

nn

yxQ

xyR

 

 

12 

 

28824 2 =−QR
 )278623640

,68358985(

33

4242

++

++

−=

+−=

nn

nn

yxQ

xyR

 

 

13 

 

59719683456 2 =−QR
 )69624

,8646246(

12

3222

++

++

−=

+−=

nn

nn

yyQ

yyR

 

 

14 

     

     
172589875229376 2 =−QR

 
)1182012

,2937668358(

13

4222

++

++

−=

+−=

nn

nn

yyQ

yyR

 

 

15 

 

1492992864 2 =−QR
 )11820348

,8642468358(

23

4232

++

++

−=

+−=

nn

nn

yyQ

yyR

 


