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ABSTRACT: 

This paper concerns with the problem of obtaining non-zero distinct integer solutions of  the positive pell equation represented by the binary quadratic equation  

𝑦2 = 87𝑥2 + 13. A few  interesting relations among the solutions  are presented. Further by considering suitable linear combinations among the solutions of the 

considered hyperbola, the other choices of hyperbolas and parabolas. 
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Introduction: 

The binary quadratic equation of the form 𝑦2 = 𝐷𝑥2 + 1 where D is non-square positive integer has been studied by various mathematicians for its non-

trivial integer solutions when D takes different integral values [1-4].For an Extensive review of various problems, one may refer  [3-11].In this 

communication, yet another interesting  hyperbola given  by  is  considered  and  infinitely many integer solutions are obtained. A few interesting 

properties among the  solutions  are  presented. 

METHOD OF ANALYSIS: 

The Positive Pell equation representing hyperbola under consideration is 

     
1387 22 += xy

                       (1) 

whose smallest positive integer solution is 

    
10;1 00 == yx

 

To obtain the other solution of (1), consider the pell equation 

   
187 22 += xy

 

whose general solution is given by 

nn gx
872

1~ =

 ; 

nn fy
2

1~ =
 

Where 

])87328()87328[( 11 ++ −++= nn
nf  

])87328()87328[( 11 ++ −−−= nn
ng

 

http://www.ijrpr.com/
mailto:shanthivishvaa@gmail.com
mailto:aakashmahalakshmi06@gmail.com
mailto:siddikaayisha61@gmail.com


International Journal of Research Publication and Reviews, Vol 4, no 10, pp 2512-2521 October 2023                                     2513

 

 

Applying Brahmagupta lemma between the other integer solution of (1) are given by 

nnn gfx
87

875

2

1
1 +=+

 

nnn gfy
2

87
51 +=+

 

The recurrence relations satisfied by x and y are given by 

056 321 =−− +++ nnn xxx
 

056 321 =−− +++ nnn yyy
 

A few numerical examples are given in the following table (1) 

Table :1 Numerical examples 

 

 

 

 

 

 

 

 

 

 

 

 

 

From the above table, we observe some interesting properties among the solutions which are presented below: 

                            nx
& ny

values are odd and even. 

1. Relations between solutions 

• 
056 123 =+− +++ nnn xxx

 

• 
0283 121 =+− +++ nnn xxy

 

• 
0283 122 =+− +++ nnn xxy

 

• 
02815673 123 =+− +++ nnn xxy

 

• 
01567168 131 =+− +++ nnn xxy

 

• 
06 213 =−− +++ nnn yxx

 

• 
01567168 133 =+− +++ nnn xxy

 

• 
028261 112 =−− +++ nnn yxy

 

• 
0146161567 113 =−− +++ nnn xyy

 

• 
0261156728 123 =−− +++ nnn xyy

 

• 
01567283 231 =+− +++ nnn xxy

 

n 

               nx
               ny

 

   0      1 10 

1 58 541 

2 3247 30286 

3 181774 1695475 

4 10176097 94916314 
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• 
0283 232 =+− +++ nnn xxy

 

• 
0283 233 =+− +++ nnn xxy

 

• 
028261 221 =−+ +++ nnn yxy

 

• 
0522 213 =−− +++ nnn xyy

 

• 
026128 223 =−− +++ nnn xyy

 

• 
0156726128 231 =−+ +++ nnn yxy

 

• 
0156714616 331 =−+ +++ nnn yxy

 

• 
026128 323 =−− +++ nnn xyy

 

• 
056 321 =+− +++ nnn yyy

 

2.Each of the following expressions represents a Nasty Number 

• 

]78108220[
39

1
2232 +− ++ nn xx

 

• 

]1092151435[
546

1
2242 +− ++ nn xx

 

• 

]2617420[
13

1
2222 +− ++ nn xy

 

• 

]18225235[
91

1
2232 +− ++ nn xy

 

• 

]4074256497820[
20371

1
2242 +− ++ nn xy

 

• 

]78605721082[
39

1
3242 +− ++ nn xx

 

• 

]36487541[
182

1
3222 +− ++ nn xy

 

• 

]26100921082[
13

1
3232 +− ++ nn xy

 

• 

]364282489541[
182

1
3242 +− ++ nn xy

 

• 

]4074217460572[
20371

1
4222 +− ++ nn xy

 

• 

]182252315143[
91

1
4232 +− ++ nn xy
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• 

]2656497860572[
13

1
4242 +− ++ nn xy

 

• 

]782116[
39

1
3222 +− ++ nn yy

 

• 

]21843247[
1092

1
4222 +− ++ nn yy

 

• 

]781166494[
39

1
4232 +− ++ nn yy

 

3. Each of the following expressions represents a Cubical Integer 

• 
]324660108220[

39

1
123343 ++++ −+− nnnn xxxx

 

• 
]4542915151435[

546

1
133353 ++++ −+− nnnn xxxx

 

• 
]5226017420[

13

1
113333 ++++ −+− nnnn xyxy

 

• 
]75691525235[

91

1
123343 ++++ −+− nnnn xyxy

 

• 
]16949346056497820[

20371

1
133353 ++++ −+− nnnn xyxy

 

• 
]1817163246605721082[

39

1
234353 ++++ −+− nnnn xxxx

 

• 
]261162687541[

182

1
214333 ++++ −+− nnnn xyxy

 

• 
]302763246100921082[

13

1
224343 ++++ −+− nnnn xyxy

 

• 
]8474671623282489541[

182

1
234353 ++++ −+− nnnn xyxy

 

• 
]52218171617460572[

20371

1
315333 ++++ −+− nnnn xyxy

 

• 
]756945429252315143[

91

1
325343 ++++ −+− nnnn xyxy

 

• 
]169493418171656497860572[

13

1
335353 ++++ −+− nnnn xyxy

 

• 
]63482116[

39

1
214333 ++++ −+− nnnn yyyy
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• 
]397413247[

1092

1
315333 ++++ −+− nnnn yyyy

 

• 
]348194821166494[

39

1
325343 ++++ −+− nnnn yyyy

 

 

4. Each of the following expression represents a Bi-Quadratic Integer 

• 

]234432880108220[
39

1
22324454 +−+− ++++ nnnn xxxx

 

• i

]32766057220151435[
546

1
22424464 +−+− ++++ nnnn xxxx

 

• 

]5226968017420[
13

1
22224444 +−+− ++++ nnnn xyxy

 

• 

]546100922025235[
91

1
22324454 +−+− ++++ nnnn xyxy

 

• 

]48890422599128056497820[
20371

1
22424464 +−+− ++++ nnnn xyxy

 

• 

]2392422884328605721082[
39

1
32425464 +−+− ++++ nnnn xxxx

 

• 

]1092348216487541[
182

1
32225444 +−+− ++++ nnnn xyxy

 

• 

]78403684328100921082[
13

1
32325454 +−+− ++++ nnnn xyxy

 

• 

]109211299562164282489541[
182

1
32425464 +−+− ++++ nnnn xyxy

 

• 

]12222669624228817460572[
20371

1
42226444 +−+− ++++ nnnn xyxy

 

• 

]78225991224228856497860572[
13

1
42426464 +−+− ++++ nnnn xyxy

 

• 

]23484642116[
39

1
32225444 +−+− ++++ nnnn yyyy

 

• 

]262084129883247[
1092

1
42226444 +−+− ++++ nnnn yyyy

 

• 

]954464259761166494[
39

1
42326454 +−+− ++++ nnnn yyyy

 

5. Each of the following expressions represents a Quintic Integer 
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• 

]108202005410100108220[
39

1
1233435565 ++++++ −+−+− nnnnnn xxxxxx

 

• 

]151430507571525151435[
546

1
1333535575 ++++++ −+−+− nnnnnn xxxxxx

 

• 

]174020087010017420[
13

1
1133335555 ++++++ −+−+− nnnnnn xyxyxy

 

• 

]5025230126152525235[
91

1
2133435565 ++++++ +−−+− nnnnnn yxxyxy

 

• 

]564978200282489010056497820[
20371

1
1333535575 ++++++ −+−+− nnnnnn xyxyxy

 

• 

]605720108203028605410605721082[
39

1
2343536575 ++++++ −+−+− nnnnnn xxxxxx

 

• 

]8705425435270587541[
182

1
2143336555 ++++++ −+−+− nnnnnn xyxyxy

 

• 

]10092010820504605410100921082[
13

1
2243436565 ++++++ −+−+− nnnnnn xyxyxy

 

• 

]2824890541014124452705282489541[
182

1
2343536515 ++++++ −+−+− nnnnnn xyxyxy

 

• 

]174060572087030286017460572[
20371

1
3153337555 ++++++ −+−+− nnnnnn xyxyxy

 

• 

]252301514301261575715252315143[
91

1
3253437565 ++++++ −+−+− nnnnnn xyxyxy

 

• 

]564978060572028248903028605649760572[
13

1
3353537575 ++++++ −+−+− nnnnnn xyxyxy

 

• 

]201160105802116[
39

1
2143336555 ++++++ −+−+− nnnnnn yyyyyy

 

• 

]10324705162353247[
1092

1
3153337555 ++++++ −+−+− nnnnnn yyyyyy

 

• 

]116064940580324701166494[
39

1
32534332 ++++++ −+−+− nnnnnn yyyyyy

 

REMARKABLE OBSERVATIONS: 

1.Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola which are presented in 

the Table: 2 below 
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Table: 2 Hyperbola 

 

S. no Hyperbola (P.Q) 

1.  

608422 =−QP  ]2116[87

]108220[

21

12

++

++

−=

−=

nn

nn

xxQ

xxP
 

2.  

476985622 =−QP  ]3247[87

]3028620[

31

13

++

++

−=

−=

nn

nn

xxQ

xxP
 

3.  

67622 =−QP  ]220[87

]17420[

11

11

++

++

−=

−=

nn

nn

yxQ

xyP
 

4.  

13249622 =−QP  ]541[87

]504610[

21

12

++

++

−=

−=

nn

nn

yxQ

xyP
 

5.  

165991056422 =−QP  ]260572[87

]56497820[

31

13

++

++

−=

−=

nn

nn

yxQ

xyP
 

6.  

608422 =−QP  ]1166494[87

]605721082[

32

23

++

++

−=

−=

nn

nn

xxQ

xxP
 

7.  

13249622 =−QP  ]5810[87

]87541[

12

21

++

++

−=

−=

nn

nn

yxQ

xyP
 

8.  

67622 =−QP  ]1161082[87

]100921082[

22

22

++

++

−=

−=

nn

nn

yxQ

xyP
 

9.  

13249622 =−QP  ]5830286[87

]282489541[

32

23

++

++

−=

−=

nn

nn

yxQ

xyP
 

10.  

165991056422 =−QP  ]649420[87

]17460572[

13

31

++

++

−=

−=

nn

nn

yxQ

xyP
 

11.  

13249622 =−QP  ]3247541[87

]504630286[

23

32

++

++

−=

−=

nn

nn

yxQ

xyP
 

12.  

67622 =−QP  ]649460572[87

]56497860572[

33

33

++

++

−=

−=

nn

nn

yxQ

xyP
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2. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola which are presented in the 

Table: 3 below: 

Table: 3  Parabola 

s. no parabola (R,Q) 

1.  

608439 2 =−QR  ]2116[87

]78108220[

21

2232

++

++

−=

+−=

nn

nn

xxQ

xxR
 

2.  

47698561092 2 =−QR  ]3247[87

]21843028610[

31

2242

++

++

−=

+−=

nn

nn

xxQ

xxR
 

3.  

67613 2 =−QR  ]220[87

]2617420[

11

2222

++

++

−=

+−=

nn

nn

yxQ

xyR
 

4.  

132496182 2 =−QR  ]541[87

]364504610[

21

2232

++

++

−=

+−=

nn

nn

yxQ

xyR
 

5.  

165991056420371 2 =−QR  ]260572[87

]4074256497820[

31

2242

++

++

−=

+−=

nn

nn

yxQ

xyR
 

6.  

608439 2 =−QR  ]1166494[87

]78605721082[

32

3242

++

++

−=

+−=

nn

nn

xxQ

xxR
 

7.  

132496182 2 =−QR  ]5810[87

]36487541[

12

3222

++

++

−=

+−=

nn

nn

yxQ

xyR
 

8.  

67613 2 =−QR  ]1161082[87

]26100921082[

22

3232

++

++

−=

+−=

nn

nn

yxQ

xyR
 

9.  

132496182 2 =−QR  ]5830286[87

]364282489541[

32

3242

++

++

−=

+−=

nn

nn

yxQ

xyR
 

13.  

52930822 =−QP  ]108220[
87

1

]2116[

12

21

++

++

−=

−=

nn

nn

yyQ

yyP

 

14.  

41497747222 =−QP  ]3028610[
87

1

]3247[

13

31

++

++

−=

−=

nn

nn

yyQ

yyP

 

15.  

52930822 =−QP  ]605721082[
87

1

]1166494[

23

32

++

++

−=

−=

nn

nn

yyQ

yyP
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10.  

165991056420371 2 =−QR  ]649420[87

]4074217460572[

13

4222

++

++

−=

+−=

nn

nn

yxQ

xyR
 

11.  

132496182 2 =−QR  ]3247541[87

]364504630286[

23

4232

++

++

−=

+−=

nn

nn

yxQ

xyR
 

12.  

67613 2 =−QR  ]649460572[87

]2656497860572[

33

4242

++

++

−=

+−=

nn

nn

yxQ

xyR
 

13.  

5293083393 2 =−QR  ]108220[
87

1

]782116[

12

3222

++

++

−=

+−=

nn

nn

yyQ

yyR

 

14.  

41497747287 2 =−QR  ]3028610[
87

1

]21843247[

13

4222

++

++

−=

+−=

nn

nn

yyQ

yyR

 

15.  

5293083393 2 =−QR  ]605721082[
87

1

]781166494[

23

4232

++

++

−=

+−=

nn

nn

yyQ

yyR

 

 

CONCLUSION: 

In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the positive pell equation 𝑦2 = 87𝑥2 + 13 .  As the 

binary quadratic Diophantine equation are rich in variety, one may research for the other choices of pell equations and determine their integer solutions 

along with suitable properties.  
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