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ABSTRACT: 

The binary quadratic equation represented by the negative Pellian 𝑦2 = 87𝑥2 − 23 is analyzed for its distinct integer solutions. A few interesting relations among 

the solutions are given. Further, employing the solutions of the above hyperbola, we have obtained solutions of other choices of hyperbola, parabola. 
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Introduction: 

A binary quadratic equation of the form 𝑦2 = 𝐷𝑥2 + 1, where D is non-square positive integer has been studied by various mathematicians for its non-

trivial integral solutions when D takes different integral values [1-2]. For an extensive review of various problems, one may refer [3-15]. In this 

communication, yet another interesting hyperbola given by 𝑦2 = 87𝑥2 − 23 is considered and infinitely many integer solutions are obtained.  A few 

interesting properties among the solutions are obtained. Further, employing the solutions of the above hyperbola, we have obtained solutions of other 

choices of hyperbola, parabola. 

METHOD OF ANALYSIS: 

The Negative Pell equation representing hyperbola under consideration is                                     

                                               
2387 22 −= xy

                                                (1) 

whose smallest positive integer solution is 

                                                  
8,1 00 == yx

  

To obtain the other solution of (1), consider the pell equation 

                                               
187 22 += xy

  

whose general solution is given by 
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Applying Brahmagupta lemma between 
( ) ( )nn yxyx ~,~&, 00  the other integer solution of (1) are given by 
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The recurrence relations satisfied by x and y are given by 

              
056 123 =+− +++ nnn xxx

       

 
056 123 =+− +++ nnn yyy

 

A few numerical examples are given in the following Table:1 

Table :1 Numerical examples 

           n 

            nx
             ny

 

           0              1             8 

           1              52           485 

           2            2911          27152 

           3          162964         1520027 

           4           9123013       85094360 

 

From the above table, we observe some interesting properties among the solutions which are presented below: 

                         nx
 & ny

 values are odd and even. 

1. Relations between solutions 

➢ 
056 123 =+− +++ nnn xxx

 

➢ 
0283 121 =+− +++ nnn xxy

 

➢ 
0283 122 =+− +++ nnn xxy

 

➢ 
02815673 123 =+− +++ nnn xxy

 

➢ 
01567168 131 =+− +++ nnn xxy

 

➢ 
06 132 =+− +++ nnn xxy

 

➢ 
01567168 133 =+− +++ nnn xxy

 

➢ 
028261 112 =−− +++ nnn yxy

 

➢ 
0156714616 113 =−− +++ nnn yxy

 

➢ 
0156726128 213 =−− +++ nnn yxy

 

➢ 
0283 232 =+− +++ nnn xxy

 

➢ 
0283 233 =+− +++ nnn xxy

 

➢  
03156728 123 =−− +++ nnn yxx

 

➢ 
0522 123 =−− +++ nnn yxy

 

➢ 
026128 122 =−− +++ nnn yxy
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➢ 
026128 232 =+− +++ nnn xyy

 

➢ 
0282611567 132 =−− +++ nnn yxy

 

➢ 
0146161567 133 =−− +++ nnn yxy

 

➢ 
026128 233 =−− +++ nnn yxy

 

➢ 
056 123 =+− +++ nnn yyy

         

2.  Each of the following expressions represents a Nasty Number 

➢ 

( )13816970
69

1
3222 +− ++ nn xx

 

➢ 

( )96626788
483

1
4222 +− ++ nn xx

 

➢ 

( )4616174
23

1
2222 +− ++ nn yx

 

➢ 

( )32242262
161

1
3222 +− ++ nn yx

 

➢ 

( )7208216506514
36041

1
4222 +− ++ nn yx

 

➢ 

( )13897054304
69

1
4232 +− ++ nn xx

 

➢ 

( )64448587
322

1
2232 +− ++ nn yx

 

➢ 

( )469709048
23

1
3232 +− ++ nn yx

 

➢ 

( )644485253257
322

1
4232 +− ++ nn yx

 

➢ 

( )7208254304174
36041

1
2242 +− ++ nn yx

 

➢ 

( )322135762262
161

1
3242 +− ++ nn yx

 

➢ 

( )4654304506514
23

1
4242 +− ++ nn yx

 

➢ 

( )1381042
69

1
2232 +− ++ nn yy

 

➢ 

( )38642911
1932

1
2242 +− ++ nn yy

 

➢ 

( )1385822104
69

1
3242 +− ++ nn yy
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3. Each of the following expressions represents a cubical integer 

➢ 

( )214333 48291016970
69

1
++++ −+− nnnn xxxx

 

➢ 

( )315333 62036426788
483

1
++++ −+− nnnn xxxx

 

➢ 

( )113333 4852216174
23

1
++++ −+− nnnn yxyx

 

➢ 

( )214333 12678642262
161

1
++++ −+− nnnn yxyx

 

➢ 

( )315333 48151954216506514
36041

1
++++ −+− nnnn yxyx

 

➢ 

( )325343 291016291297054304
69

1
++++ −+− nnnn xxxx

 

➢ 

( )123343 145526148587
322

1
++++ −+− nnnn yxyx

 

➢ 

( )224343 2910271449709048
23

1
++++ −+− nnnn yxyx

 

➢ 

( )325343 1455759771485253257
322

1
++++ −+− nnnn yxyx

 

➢ 

( )133353 16291252254304174
36041

1
++++ −+− nnnn yxyx

 

➢ 

( )234353 407286786135762262
161

1
++++ −+− nnnn yxyx

 

➢ 

( )335353 162912151954254304506514
23

1
++++ −+− nnnn yxyx

 

➢  

➢ 

( )133353 873332911
1932

1
++++ −+− nnnn yyyy

 

➢ 

( )234353 174663125822104
69

1
++++ −+− nnnn yyyy

 

 

4. Each of the following expression represents a bi-quadratic integer  

➢ 

( )41464388016970
69

1
32225444 +−+− ++++ nnnn xxxx

 

➢ 

( )289882715226788
483

1
42226444 +−+− ++++ nnnn xxxx

 

( )123343 31261042
69

1
++++ −+− nnnn yyyy
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➢ 

( )1386469616174
23

1
22224444 +−+− ++++ nnnn yxyx

 

➢ 

( )96616904842262
161

1
32225444 +−+− ++++ nnnn yxyx

 

➢ 

( )21624664202605616506514
36041

1
42226444 +−+− ++++ nnnn yxyx

 

➢ 

( )414388021721697054304
69

1
42326454 +−+− ++++ nnnn xxxx

 

➢ 

( )1932194034848587
322

1
22324454 +−+− ++++ nnnn yxyx

 

➢ 

( )1383880361929709048
23

1
32325454 +−+− ++++ nnnn yxyx

 

➢ 

( )193219401013028485253257
322

1
42326454 +−+− ++++ nnnn yxyx

 

➢ 

( )21624621721669654304174
36041

1
22424464 +−+− ++++ nnnn yxyx

 

➢ 

( )966543049048135762262
161

1
32425464 +−+− ++++ nnnn yxyx

 

➢ 

( )138217216202605654304506514
23

1
42426464 +−+− ++++ nnnn yxyx

 

➢ 

( )41441681042
69

1
22324454 +−+− ++++ nnnn yyyy

 

➢ 

( )115921164442911
1932

1
22424464 +−+− ++++ nnnn yyyy

 

➢ 

( )414232884165822104
69

1
32425464 +−+− ++++ nnnn yyyy

 

5. Each of the following expressions represents a Quintic integer 

➢ 

( )2143336555 160970080485016970
69

1
++++++ −+−+− nnnnnn xxxxxx

 

➢ 

( )3153337555 206788103394026788
483

1
++++++ −+−+− nnnnnn xxxxxx

 

➢ 

( )1133335555 16017408087016174
23

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 

( )2143336555 4022620201131042262
161

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 

( )3253337555 160506514080253257016506514
36041

1
++++++ −+−+− nnnnnn yxyxyx
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➢ 

( )3253437565 9700543040485027152097054304
69

1
++++++ −+−+− nnnnnn xxxxxx

 

➢ 

( )1233435565 4850870242543548587
322

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 

( )2243436565 9700904804850452409709048
23

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 

( )3253437565 4850253257024251266285485253257
322

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 

( )1333535575 543040174027152087054304174
36041

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 

( )2343536575 13576226206788011310135762262
161

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 

( )3353537575 5430405065140271520253257054304506514
23

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 

( )1233435565 104020520101042
69

1
++++++ −+−+− nnnnnn yyyyyy

 

➢ 

( )1333535575 29110101455552911
1932

1
++++++ −+−+− nnnnnn yyyyyy

 

➢ 

( )2343536575 582201040291105205822104
69

1
++++++ −+−+− nnnnnn yyyyyy

 

REMARKABLE OBSERVATIONS: 

1.Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola which are presented in 

the Table: 2 below: 

Table: 2 Hyperbolas 

     S. No           Hyperbola                 (P,Q) 

         1 

 
    

1904422 =−QP
 

    
( )














−

−

++

++

12

21

104287

,16970

nn

nn

xx

xx

 

         2 

    
5972198422 =−QP

 

   
( )














−

−

++

++

13

31

5822287

,1654304

nn

nn

xx

xx

 

         3 

    
211622 =−QP

 

   
( )














−

−

++

++

11

11

16287

16174

nn

nn

xy

yx

 

         4 

    
165894422 =−QP

 

   
( )














−

−

++

++

12

21

970287

,169048

nn

nn

xy

yx

 



International Journal of Research Publication and Reviews, Vol 4, no 10, pp 2486-2494 October 2023                                     2492

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

     2.  Employing linear 

combinations 

among the solutions of 

(1), one may generate 

integer solutions for other choices of parabola which are presented in the Table: 3 below:                                        

         Table :3 Parabolas 

    S. No               Parabola                      (R,Q) 

        1 

        
1904469 2 =−QR

 

       
( ) 














−

+−

++

++

12

3222

104287

,13816970

nn

nn

xx

xx

 

         5 

  
519581472422 =−QP

 

   
( )














−

−

++

++

13

31

54304287

,16506514

nn

nn

xy

yx

 

         6 

    
1904422 =−QP

 

   
( )














−

−

++

++

23

32

582210487

,97054304

nn

nn

xx

xx

 

         7 

    
165894422 =−QP

 

   
( )














−

−

++

++

21

12

1610487

,970174

nn

nn

xy

yx

 

          8 

      

    
( )














−

−

++

++

22

22

97010487

,9709048

nn

nn

xy

yx

 

         9 

           
  

     
 

( )













−

−

++

++

23

32

5430410487

,970506514

nn

nn

xy

yx

 

          10 

 

 
( )














−

−

++

++

31

13

16582287

,54304174

nn

nn

xy

yx

 

          11 

    

 
( )














−

−

++

++

32

23

970582287

,543049048

nn

nn

xy

yx

 

         12 

    

( )













−

−

++

++

33

33

54304582287

,54304506514

nn

nn

xy

yx

 

          13 

  
165682887 22 =−QP

 

( )









−

−

++

++

21

12

16970

,1042

nn

nn

yy

yy

 

         14 
51958126086487 22 =− QP

 

 










−

−

++

++

31

13

26788

,58222

nn

nn

yy

yy

 

         15 

 
165682887 22 =−QP

 

  










−

−

++

++

32

23

97054304

,5822104

nn

nn

yy

yy

 

211622 =−QP

165894422 =−QP

519581472422 =−QP

165894422 =−QP

211622 =−QP
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        2 

  
5972198430912 2 =−QR

 

       
( ) 














−

+−

++

++

13

4222

5822287

,96626788

nn

nn

xx

xx

 

        3 

        
211623 2 =−QR

 

        
( ) 














−

+−

++

++

11

2222

16287

,4616174

nn

nn

xy

yx

 

        4 

    
16589442576 2 =−QR

 

        
( ) 














−

+−

++

++

12

3222

970287

,32242262

nn

nn

xy

yx

 

        5 

 
519581472436041 2 =−QR

 

( ) 













−

+−

++

++

13

4222

54304287

,7208216506514

nn

nn

xy

yx

 

        6 

    
1904469 2 =−QR

 

    
( ) 














−

+−

++

++

23

4232

582210487

13897054304

nn

nn

xx

xx

 

        7 

     
16589441288 2 =−QR

 

      
( ) 














−

+−

++

++

21

2232

1610487

,64448587

nn

nn

xy

yx

 

        8 

      
211623 2 =−QR

 

      
( ) 














−

+−

++

++

22

3232

97010487

,469709048

nn

nn

xy

yx

 

        9 

      
16589441288 2 =−QR

 

  
( ) 














−

+−

++

++

23

4232

5430410487

,644485253257

nn

nn

xy

yx

 

       10 

    
519581472436041 2 =−QR

 















−

+−

++

++

)165822(87

7208254304174

31

2242

nn

nn

xy

yx

 

       11 

    
16589442576 2 =−QR

 

   
( ) 














−

+−

++

++

32

3242

970582287

,322135762262

nn

nn

xy

yx

 

       12 

      
211623 2 =−QR

 















−

+−

++

++

)543045822(87

4654304506514

33

4242

nn

nn

xy

yx

 

       13 

      
16568286003 2 =−QR

 

   
( ) 









−

+−

++

++

21

2232

16970

,1381042

nn

nn

yy

yy

 

       14 

129895315216168084 2 =− QR
 

    
( ) 









−

+−

++

++

31

2242

26788

,38642911

nn

nn

yy

yy
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       15 

    
16568286003 2 =−QR

 

    
( ) 









−

+−

++

++

32

3242

97054304

,1385822104

nn

nn

yy

yy

 

Conclusion: 

        As Negative Pell equations are rich in variety, one may search for integer  

Solutions to other choices of Negative Pell equations. 
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