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ABSTRACT: 

The hyperbola represented by the binary quadratic equation  y2 = 87𝑥2 − 6 is analyzed for finding its non-zero distinct integer solutions. A few interesting 

relations among its solutions are presented. Also knowing an integral solution of the given hyperbola, integer solution for other choices of hyperbolas and parabolas 

are presented. 
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Introduction: 

A binary quadratic equation of the form 𝑦2 = 𝐷𝑥2 + 1, where D is non-square positive integer has been studied by various mathematicians for its non-

trivial integer solutions when D takes different integral values [1-2]. For an extensive review of various problems, one may refer [3-15]. In this 

communication, yet another interesting hyperbola given by   y2 = 87𝑥2 − 6 is considered and infinitely many integer solutions are obtained.  A few 

interesting properties among the solutions are obtained. Further, employing the solutions of the above hyperbola, we have obtained solutions of other 

choices of hyperbolas, parabolas. 

METHOD OF ANALYSIS: 

The Negative Pell equation representing hyperbola under consideration is                                     

                                             
687y  22 −= x

                                                                       (1) 

whose smallest positive integer solution is 

                                                  
9;1 00 == yx

  

To obtain the other solution of (1), consider the pell equation 

                                           
187y  22 += x

         

whose general solution is given by 
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Applying Brahmagupta lemma between (𝑥0, 𝑦0)&(𝑥̃𝑛 , 𝑦̃𝑛) the other integer solution of (1) are given by 
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The recurrence relations satisfied by x and y are given by 

              
056 123 =+− +++ nnn xxx

 

              
056 123 =+− +++ nnn yyy

 

A few numerical examples are given in the following Table: 1 below: 

Table: 1 Numerical examples 

             N 

              nx
              ny

 

             0               55             513 

             1             3079           28719 

             2           172369          1607751 

             3          9649585         90005337 

From the above table, we observe some interesting properties among the solutions which are presented below: 

                         nx
 & ny

 values are odd. 

1. Relations between solutions 

➢ 
056 321 =+− +++ nnn xxx

 

➢ 
0328 121 =+− +++ nnn yxx

 

➢ 
03156728 321 =+− +++ nnn yxx

 

➢ 
01567168 131 =+− +++ nnn xxy

 

➢ 
06 132 =+− +++ nnn xxy

 

➢ 
01567168 133 =+− +++ nnn xxy

 

➢ 
028261 112 =−− +++ nnn yxy

 

➢ 
0156714616 113 =−− +++ nnn yxy

 

➢ 
0328 212 =−− +++ nnn yxx

 

➢ 
0156726128 213 =−− +++ nnn yxy

 

➢ 
01567283 231 =+− +++ nnn xxy

 

➢ 
0283 232 =+− +++ nnn xxy

 

➢ 
0283 233 =+− +++ nnn xxy

 

➢ 
026128 122 =−− +++ nnn yxy

 

➢  
0522 123 =−− +++ nnn yxy
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➢ 
028261 223 =−− +++ nnn yxy

 

➢ 
026128 332 =+− +++ nnn xyy

 

➢ 
0281567261 123 =+− +++ nnn yyx

 

➢ 
0156714616 133 =+− +++ nnn yyx

 

➢ 
056 321 =+− +++ nnn yyy

                                                                                                                                               

2. Each of the following expressions represents a Nasty Number 

➢ 

( )42114
2

1
3222 +− ++ nn xx

 

➢ 

( )22426382
112

1
4222 +− ++ nn xx

 

➢ 

( )1218174
6

1
2222 +− ++ nn yx

 

➢ 

( )336189570
168

1
3222 +− ++ nn yx

 

➢ 

( )1880418535746
9402

1
4222 +− ++ nn yx

 

➢ 

( )36102657438
18

1
4232 +− ++ nn xx

 

➢ 

( )3361026174
168

1
2232 +− ++ nn yx

 

➢ 

( )1210269570
6

1
3232 +− ++ nn yx

 

➢ 

( )3361026535746
168

1
4232 +− ++ nn yx

 

➢ 

( )1880457438174
9402

1
2242 +− ++ nn yx

 

➢ 

( )336574389570
168

1
3242 +− ++ nn yx

 

➢ 

( )1257438535746
6

1
4242 +− ++ nn yx

 

➢ 

( )361102
18

1
2232 +− ++ nn yy

 

➢ 

( )201661582
1008

1
2242 +− ++ nn yy

 

➢ 

( )366158110
18

1
3242 +− ++ nn yy
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3. Each of the following expressions represents a cubical integer 

➢ 

( )433321 21146342
2

1
++++ −+− nnnn xxxx

 

➢ 

( )533331 319139573
56

1
++++ −+− nnnn xxxx

 

➢ 

( )333311 98727261
3

1
++++ −+− nnnn yxyx

 

➢ 

( )433321 3159594785
28

1
++++ −+− nnnn yxyx

 

➢ 

( )533331 3892919267873
1567

1
++++ −+− nnnn yxyx

 

➢ 

( )534332 171957351328719
3

1
++++ −+− nnnn xxxx

 

➢ 

( )423343 5138717129
28

1
++++ −+− nnnn yxyy

 

➢ 

( )434322 342319010269570
2

1
++++ −+− nnnn yxyx

 

➢ 

( )534332 17189291513267873
28

1
++++ −+− nnnn yxyx

 

➢ 

( )335313 9573292871987
1567

1
++++ −+− nnnn yxyx

 

➢ 

( )435323 95731595287194785
28

1
++++ −+− nnnn yxyx

 

➢ 

( )535333 2871926787386157803619
3

1
++++ −+− nnnn yxyx

 

➢ 

( )334312 551653
9

1
++++ −+− nnnn yyyy

 

➢ 

( )335313 307992373
504

1
++++ −+− nnnn yyyy

 

➢ 

( )4353243 30695592373079
9

1
++++ −+− nnnn yyyy

 

4. Each of the following expression represents a bi-quadratic integer  

➢ 

( )1284562114
2

1
32225444 +−+− ++++ nnnn xxxx

 

➢ 

( )3364127643191
56

1
42226444 +−+− ++++ nnnn xxxx

 

➢ 

( )1836348987
3

1
22224444 +−+− ++++ nnnn yxyx
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➢ 

( )16812638031595
28

1
32225444 +−+− ++++ nnnn yxyx

 

➢ 

( )940212357164389291
1567

1
42226444 +−+− ++++ nnnn yxyx

 

➢ 

( )18684382921719573
3

1
42326454 +−+− ++++ nnnn xxxx

 

➢ 

( )16868411617129
28

1
22324454 +−+− ++++ nnnn yxyx

 

➢ 

( )182052191405134785
3

1
32325454 +−+− ++++ nnnn yxyx

 

➢ 

( )16868435716417189291
28

1
42326454 +−+− ++++ nnnn yxyx

 

➢ 

( )940238292116957329
1567

1
22424464 +−+− ++++ nnnn yxyx

 

➢ 

( )16838292638095731595
28

1
32425464 +−+− ++++ nnnn yxyx

 

➢ 

( )18114876107149228719267873
3

1
42426464 +−+− ++++ nnnn yxyx

 

➢ 

( )54220455
9

1
22324454 +−+− ++++ nnnn yyyy

 

➢ 

( )30241231643079
504

1
22424464 +−+− ++++ nnnn yyyy

 

➢ 

( )5412316220307955
9

1
32425464 +−+− ++++ nnnn yyyy

 

 

5. Each of the following expressions represents a Quintic  integer 

➢ 

( )2143336555 20600105702114
2

1
++++++ −+−+− nnnnnn xxxxxx

 

➢ 

( )3153337555 10319105159553191
56

1
++++++ −+−+− nnnnnn xxxxxx

 

➢ 

( )1133335555 9087045435987
3

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 

( )2143336555 301595015797531595
28

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 

( )3153337555 3089291015446455389291
1567

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 

( )3253437565 1719573855478651719573
3

1
++++++ −+−+− nnnnnn xxxxxx
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➢ 

( )1233435565 171029085514517129
28

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 

( )2243436565 5130478502565239255134785
3

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 

( )3253437565 171089291085544645517189291
28

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 

( )1333535575 9573029047865145957329
1567

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 

( )2343536575 957301595047865797595731595
28

1
++++++ −+−+− nnnnnn yxyxyx

 

➢ 

]287190267830143595133936528719267873[
3

1
3353537575 ++++++ −+−+− nnnnnn yxyxyx

 

➢ 

]55010275555[
9

1
1233435565 ++++++ −+−+− nnnnnn yyyyyy

 

➢ 

]30790101539553079[
504

1
1333535575 ++++++ −+−+− nnnnnn yyyyyy

 

➢ 

]307905515395275307955[
9

1
2343536575 ++++++ −+−+− nnnnnn yyyyyy

 

  REMARKABLE OBSERVATIONS: 

1.Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola which are presented in 

the Table: 2 below 

Table: 2 Hyperbolas 

S. No Hyperbola (P,Q) 

1. 
129681 22 =−QP

 

 12

21

110287

2114

++

++

−=

−=

nn

nn

xxQ

xxP

 

2. 
406425681 22 =−QP

 

 13

31

6158287

26382

++

++

−=

−=

nn

nn

xxQ

xxP

 

3. 
14422 =−QP

 

 11

11

18287

18174

++

++

−=

−=

nn

nn

xyQ

yxP

 

4. 
11289622 =−QP

 

 12

21

1026287

189570

++

++

−=

−=

nn

nn

xyQ

yxP

 

5. 
35359041622 =−QP

 

 13

31

57438287

18535746

++

++

−=

−=

nn

nn

xyQ

yxP
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6. 
129622 =−QP

 

 23

32

615811087

102657438

++

++

−=

−=

nn

nn

xxQ

xxP

 

7. 
11289622 =−QP

 

 21

12

1811087

1026174

++

++

−=

−=

nn

nn

xyQ

yxP

 

8. 
14422 =−QP

 

 22

22

102611087

10269570

++

++

−=

−=

nn

nn

xyQ

yxP

 

9. 
11289622 =−QP

 

 23

32

5743811087

1026535746

++

++

−=

−=

nn

nn

xyQ

yxP

 

10. 
35359041622 =−QP

 

 31

13

18615887

57438174

++

++

−=

−=

nn

nn

xyQ

yxP

 

11. 
11289622 =−QP

 

 32

23

1026615887

574389570

++

++

−=

−=

nn

nn

xyQ

yxP

 

12. 
14422 =−QP

 

 33

33

57438615887

57438535746

++

++

−=

−=

nn

nn

xyQ

yxP

 

13. 
11275287 22 =−QP

 

 21

12

181026
87

1

1102

++

++

−=

−=

nn

nn

yyQ

yyP

 

14. 
35359027287 22 =−QP

 

 31

13

1857438
87

1

61582

++

++

−=

−=

nn

nn

yyQ

yyP

 

15. 
11275287 22 =−QP

 

 32

23

102657438
87

1

6158110

++

++

−=

−=

nn

nn

yyQ

yyP

 

 

2.  Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola which are presented in 

the Table: 3 below: 

Table: 3 Parabolas 

S. No Parabola (R,Q) 

1. 
1296162 2 =−QR

 

 12

3222

110287

42114

++

++

−=

+−=

nn

nn

xxQ

xxR
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2. 
40642569072 2 =−QR

 

 13

4222

6158287

22426382

++

++

−=

+−=

nn

nn

xxQ

xxR

 

3. 
1446 2 =−QR

 

 11

2222

18287

1218174

++

++

−=

+−=

nn

nn

xyQ

yxR

 

4. 
112896168 2 =−QR

 

 12

3222

1026287

336189570

++

++

−=

+−=

nn

nn

xyQ

yxR

 

5. 
3535904169402 2 =−QR

 

 13

4222

57438287

1880418535746

++

++

−=

+−=

nn

nn

xyQ

yxR

 

6. 
129618 2 =−QR

 

 23

4232

615811087

36102657438

++

++

−=

+−=

nn

nn

xxQ

xxR

 

7. 
112896168 2 =−QR

 

 21

2232

1811087

3361026174

++

++

−=

+−=

nn

nn

xyQ

yxR

 

8. 
1446 2 =−QR

 

 22

3232

102611087

10269570

++

++

−=

−=

nn

nn

xyQ

yxR

 

9. 
112896168 2 =−QR

 

 23

4232

5743811087

3361026535746

++

++

−=

+−=

nn

nn

xyQ

yxR

 

10. 
3535904169402 2 =−QR

 

 31

2242

18615887

1880457438174

++

++

−=

+−=

nn

nn

xyQ

yxR

 

11. 
112896168 2 =−QR

 

 32

3242

1026615887

336574389570

++

++

−=

+−=

nn

nn

xyQ

yxR

 

12. 
1446 2 =−QR

 

 33

4242

57438615887

1257438535746

++

++

−=

+−=

nn

nn

xyQ

yxP

 

13. 
1127521566 2 =−QR

 

 21

2232

181026
87

1

361102

++

++

−=

+−=

nn

nn

yyQ

yyR

 

14. 
35359027287696 2 =−QR

 

 31

2242

1857438
87

1

201661582

++

++

−=

+−=

nn

nn

yyQ

yyR

 



International Journal of Research Publication and Reviews, Vol 4, no 10, pp 2337-2345 October 2023                                     2345

 

 

15. 
1127521566 2 =−QR

 

 32

3242

102657438
87

1

366158110

++

++

−=

+−=

nn

nn

yyQ

yyR

 

 

Conclusion: 

           As Negative Pell equations are rich in variety, one may search for integer solutions to other choices of Negative Pell equations. 
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