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ABSTRACT:

The binary quadratic Diophantine equation represented by the positive pellian y? = 80x? + 41 is analyzed for its non-zero distinct solutions. A few interesting
relations among the solutions are given. Further, employing the solutions of the above hyperbola, the solutions of other choices of hyperbolas and parabolas are
obtained.
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Introduction:

A binary quadratic equation of the form y2 = DX2 + 1, where D is non-square positive integer has been studied by various mathematicians for its
non-trivial integral solutions when D takes different integral values [1-3]. For an extensive review of various problems, one may refer [4-11]. In this
communication, yet another interesting hyperbola given by y2 = 80X2 + 41is considered and infinitely many integer solutions are obtained. A few
interesting properties among the solutions are obtained. Further, employing the solutions of the above hyperbola, we have obtained solutions of other
choices of hyperbola and parabola.

METHOD OF ANALYSIS:

The Positive Pell equation representing hyperbola under consideration is

y> =80x* +41 )
whose smallest positive integer solution is
X, =1y, =11

To obtain the other solution of (1), consider the pell equation
y*> =80x*+1

whose general solution is given by

Fom =00, =
n 2\/% n*Jn 2 n
Where,

f = (9+ \/%)M +(9—\/%T+1,
g, = (9%/@)n+1 —(9—\/%)n+l

Applying Brahmagupta lemma between (x,, v,)&(%,,, 7,,) ,the other integer solution of (1) are given by
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X —Ef+ig
n+l 2 n 2\/@ n

11, /80

= f +—
yn+1 2 n 2 gn

The recurrence relations satisfied by x and y are given by

X —18X,,, +X,,3 =0

n+1 n+2

Ynu _18yn+2 tYns = 0

A few numerical examples are given in the following table {:1

Table : 1 Numerical values

n X Vn

0 11

1 20 179

2 359 3211
3 6442 57619
4 115597 1033931

From the above table, we observe some interesting properties among the solutions which are presenting below:

i. x,, values are odd and even.
ii. ¥, values are always odd.

1. Relations between solutions

» Xy —18X,.,+X,.5=0

P Yo~ Xniz + 9%,y =0

¥ Yoz =Wz + X, =0

> Y,.5—161x,,,+9%,,=0
» 18y,,—X, ., +161x, , =0
> 2Ynp Xt X, =0

> Yorz =9V ~80%,,, =0

> 9y, .,—161y, ,—80x,,=0
» 18y, ,—161X, ,+X,,,=0
> y ,—16ly  —1440x_, =0
> Yo —9X,,;+161x,,, =0
P Yoo — X +9X,., =0

P Yia— 9,5 +X,,,=0

> 9,2~ Yo —80X,,, =0
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V V V V V

>

Yoiz = Ynu _160Xn+2 =0

16lyn+2 - 9yn+1 —80x =0

n+3

161yn+3 ~Ynu _1440Xn+3 =0

18yn+2 Yoz Y = 0
9yn+3 ~ Y2 +80Xn+3 =0

Yniz — 9yn+2 + 80Xn+2 =0

2. Each of the following expressions represents a Nasty Number

>

>

i(zzx2n+3 —358X,,,,, +82)
i(zzxzm —6422Xy,,,, +1476)
738

1

1 (22Y5n,2 —160%5,,, +82)
i(zz Yonsg —3200X,,,, +738)

369

ﬁ(zz Yon.a —B57440%,,., , +13202)
1

Z(358x2n+4 —6422X,,,5 +82)

% (358Y 2143 —3200%z,5 +82)
i(3583/2n+2 —160X50,5 +738)
369
1
ﬁ(358y2n+4 —57440x,,,, 5 + 738)
1
@(wzyzm ~160X,,,, +13202)

%(6422 Yonsz — 32005, , + 738)

3
1
—1(6422 Yonea —57440Xy,, 4 +82)

1
H("ro Yoniz = 2Yons3 + 82)

1
_(718Y2n+2 —2Y2n14 +1476)

738

1
n (718y2n+3 —40Y5n44 + 82)
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3. Each of the following expressions represents a Cubical Integer

>

v Vv Vv ¥V YV Vv ¥V VYV VY V V VYV V

>

1
E_ [22X3n+4 - 358X3n+3 + 66Xn+2 —1074 Xn+1]

1
—38 [22x,,,s —6422X,, , +66X,,; —19266X,,,]

%[22 Vones —160%,,.; +66Y, ., — 480X, ,]

1
% [22 Yanis — 3200 X3niz T 66 Ynio — 9600 Xn+1]

ﬁ [22y,, . —57440X,, ., +66Y,,, —173320X, ,]

1
ﬁ[358x3”+5 —6422x,,,, +1074x,,, —19266X,,]

1
@ [358 Yan+a —160 X3nea T 1074 Yoa — 480Xn+2]

1
H [358 Yania — 3200 X3npa t 1074 Yoz — 9600 Xn+2]

1
360 [358y,,.s —57440x,,,, +1074y, , —172320x,,,,]

L
6601

% [6422y,, . , —3200X,,, . +19266y, , —9600X,.,]

% [6422y,. .. —57440X,,, . +19266Yy, ,—172320X, ]

[6422 Yaniz — 160X3n+5 +19266 Yo = 480Xn+3]

1
H [40 Yanes — 2 Yanea + 120 Yo — 6 yn+2]

1
ﬁ [718 Yansz — 2y3n+5 +2154 Yo — 6yn+3]

%[718 Yon.a —40Yy, o + 2154y, ., ~120y, ]

4. Each of the following expression represents a Bi-quadratic Integer

>

vV V VvV V Y VY

%[ZZX4n+5 —358x,,,., +88X%,,,., —1432X,,, ., + 246]

1
5 [22%unie — 642244 88Xy, — 25688, +4428]

i[zz y4n+4 _160X4n+4 +88y2n+2 - 640X2n+2 + 246]

% [22y,. .. —3200X,, , +88Y,, ., —12800X,, ., + 2214]

66101 [22 Yanie — 57440 Xansa T 88 Yonia — 229760 Xonso + 39606]

i [358X,, ., —6422X,, . +1432X,, ., — 25688X,, ., + 246]

% [358Y,.., —160X,,.. +1432y, ., —640X,, ., +2214]
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vV VvV Vv V¥V Y VY V

>

i [358Y,,,; —3200X,,,. +1432y, , —12800X,,,, + 246]

% [358Y,,., —57440X,, .. +1432y,. , — 229760X,, , + 2214]

66101 [6422y,,., —160X,, , + 25688y, ., —640X,,,, +39606]

% [6422y,. .. —3200X,, ., + 25688Y,, , —12800X,,,, + 2214]

i [6422y, ... —57440X,, ., + 25688y, , — 229760X,,,, + 246]

1
H [40 Yania — 2 Yanes T 160 Yoni2o — 8 Yonia t 246]

1
738 [718Y4na = 2Yanis +2872Y,,,, —8Y,.4 +4428]

1 [718Y.05 40y, + 2872, 160, +246]

5. Each of the following expressions represents a Quintic Integer

>

vV ¥V VWV VvV ¥V V¥V VvV ¥V V V V V VY

%[ZZX5n+6 —358x%;,,,s +110X,,,,, —1790X,,,, + 220X,,,, —8950X,,]

1
ﬁ[ZZX5n+7 —6422x,,,s +110X%,,,. —32110X,,,, + 220X,,, —64190X,,,]

%{22 Yon.s 160, 5 +110Yy,. 5 800Xy, ; + 220y, ., —1600X,,,]
1
369
1
6601
L 1358x, . — 6422
41 5n+7

[22y., . —3200x%,,, +110Y,,,., —16000X,,., + 220y, ,, —32000x, ,]
[22y., ., —57440X,,, +110y, .. —287200X,,,, + 220y, , —579400x_ ]

¢ +1790%,,  —32110x,,,, +3580Xx,,, —64220X,,,,]

5n+

1
E [358 Ysnss _160X5n+

4i1 [358y,, ., —3200x,,,., +1790Y,, ., —16000X,, ., +3580y,,, —32000x, ., ]

¢ +1790y,, ., —800x,,,, +3580y,,, —1600x,,]

%[358 Vo . —57440%,, . +1790y, . —287200%, .., + 3580y, , —574400x ]

ﬁ [6422y,,.. —160X,,,, + 32110y, ., —800x,,,; + 64220y, , —1600x, ,]

% [6422y,, ., —3200%,,,, + 32110y, ., —16000X,, ., + 64220y, ., —32000X, ]

% [6422y.,., —57440X,, , +32110y,, . —287200X,,, . + 64220y, , —574400X, ,]
140Y, 5~ 2Ysy.6 + 20035, ~10Y,,,, +400Y,, ~ 20y,.,]

1
ﬁ [718 Ysnis — 2y5n+7 +3590 Yanas — 10 Yanss + 71880 Yoa — 20 yn+3]
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> % [718 Ysni6 — 40 Ysner t 3590 Yania — 200 Yanes + 7180 Yoo — 400 Yn+3]

REMARKABLE OBSERVATIONS:

1. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola which are presented in
the Table: 2 below

Table: 2 Hyperbola

S. No Hyperbola (P,Q)

L P2 -Q?=6724 P =22x,,, —358X,,,

Q = \/%[40Xn+l - 2Xn+2]
2 P2 -Q?=2178576 P =22x,,; —6422X,,,

Q = \/%[718Xn+1 - 2Xn+3]
5 P2 -Q%?=6724 P =22y, —160x,,

Q =/80[22x,, - 2y,.,]
+ P? —Q? =544644 P =22y, ,—-3200x,,

Q = \/%[358Xn+1 - 2yn+2]
> P? -Q” =174292804 | P =22y, ,—57440x,,

Q= \/%[6422Xn+1 - 2yn+3]
6. P2 -Q?=6724 P =358X,,; —6422X,,,

Q = \/%[718Xn+2 - 40Xn+3]
v P2 —Q? =544644 P =358y,,, —160x,,,

Q =/80[22x,,, —40y,.,]
8 P2 — Q2 =6724 P= 358yn+2 - 3200Xn+2

Q = /80[358x,,, —40y,., ]
S P? —Q? =544644 P =358y,,, —57440x,,,

Q = \/%[6422Xn+2 - 40yn+3]
10. P2 -Q?=174292804 | P =6422y,,-160x,,

Q = \/%[szn+3 - 718yn+1]
1. P2 —Q?% =544644 P =6422y,,, —3200x, ,

Q=+/80[358x,., —718y,., ]
12 P 2 _ Q2 =6724 P= 6422yn+3 - 57440Xn+3

Q =/80[6422x,,; ~ 718y,
2 p? _QZ =6724 P:4Oyn+l_2yn+2

1
Q=——[22y, ., -358y .
Tag 122 Yniz = 358Y,]
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14.

P2 Q% =2178576

P= 718yn+l - 2yn+3

1
Q = E [22 yn+3 - 64'22yn+1]

15.

P> -Q%=6724

P=718y,,,—-40y,.,

1
Q = E [358 yn+3 - 6422 yn+2]

2. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola which are presented in

the Table: 3 below:
Table :3 Parabola

S. No

Parabola

(RQ)

41R-Q*=6724

R=22x, ,—358x, , +82
Q = \/%[40Xn+1 - 2Xn+2]

738R-Q° =2178576

R=22x, , —6422x, , +1476
Q = \/%[718Xn+1 - 2Xn+3]

41R-Q*=6724

R=22y, ,-160x, ,+82
Q = \/%[szm_l - 2yn+1]

369R — Q* =544644

R=22y, ,—3200x, ,+738
Q = \/%[358Xn+1 - 2yn+2]

6601R —Q* =174292804

R=22y, ., 57440x, , 113202
Q= \/%[6422Xn+1 - 2yn+3]

41R-Q*=6724

R=2358x, , - 6422x, ,+82
Q= \/%[718Xn+2 - 40Xn+3]

369R —Q* =544644

R=358y, , —160x, .+738
Q = \/%[ZZXM—Z - 4Oyn+l]

41R-Q*=6724

R =358y, ,, —3200X,, , + 82
Q =+/80[358x,,, — 40y,,,]

369R —Q* =544644

R=2358y, , 57440x, ,+ 738
Q = \/%[6422Xn+2 - 40yn+3]

10.

6601R —Q* =174292804

R=6422y, ,—160x,., +13202
Q= @[22xn+3 - 718yn+l]

11.

369R —Q* =544644

R=6422y, .- 3200x,, ., + 738
Q= \/%[358Xn+3 - 718yn+2]
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12 41R-Q*=6724 R=6422y,,,, —57440x,, , +82
Q= \/%[6422Xn+3 - 718yn+3]
B 41R - Q2 =6724 R=40 Yonso — 2y2n+3 +82
1

Q = E [22 Ynio — 358 yn+1]

1 738R-Q*=2178576 R =718yY,,., ~2Y,,., +1476

1
Q = E [22 Yniz — 6422 yn+1]

o 41R - Q2 =6724 R=718Y,.5 =40Yn,4 +82

1
Q = E [358 Yoz — 6422 yn+2]

Conclusion:

In this paper, we have presented infinitely many integer solutions for the Diophantine equations represented by the positive pell equationy? = 80x? +
41. As the binary quadratic Diophantine equations are rich in variety, one may search for the other choices of Pell equations and determine their solutions
with the suitable properties.
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