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ABSTRACT: 

The binary quadratic Diophantine equation represented by the positive pellian  𝑦2 = 80𝑥2 + 41 is analyzed for its non-zero distinct solutions. A few interesting 

relations among the solutions are given. Further, employing the solutions of the above hyperbola, the solutions of other choices of hyperbolas and parabolas are 

obtained. 
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Introduction: 

A binary quadratic equation of the form 122 += Dxy , where D is non-square positive integer has been studied by various mathematicians for its 

non-trivial integral solutions when D takes different integral values [1-3]. For an extensive review of various problems, one may refer [4-11]. In this 

communication, yet another interesting hyperbola given by 4180 22 += xy is considered and infinitely many integer solutions are obtained.  A few 

interesting properties among the solutions are obtained. Further, employing the solutions of the above hyperbola, we have obtained solutions of other 

choices of hyperbola and parabola. 

METHOD OF ANALYSIS: 

The Positive Pell equation representing hyperbola under consideration is                           

                             
          

          4180 22 += xy                                       (1)
 

whose smallest positive integer solution is 

                                                  11,1 00 == yx  

To obtain the other solution of (1), consider the pell equation   

                                                            180 22 += xy                                                                                             

whose general solution is given by 
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Applying Brahmagupta lemma between (𝑥0, 𝑦0)&(�̃�𝑛 , �̃�𝑛) ,the other integer solution of (1) are given by 
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The recurrence relations satisfied by x and y are given by 

                                      018 321 =+− +++ nnn xxx  

       018 321 =+− +++ nnn yyy  

A few numerical examples are given in the following table (:1 

Table : 1 Numerical values 

             n             𝒙𝒏             𝒚𝒏 

            0              1             11 

            1             20            179 

            2             359           3211 

            3            6442          57619 

            4           115597        1033931 

From the above table, we observe some interesting properties among the solutions which are presenting below: 

i. 𝑥𝑛 values are odd and even. 

ii. 𝑦𝑛  values are always odd. 

1. Relations between solutions 

➢ 018 321 =+− +++ nnn xxx  

➢ 09 121 =+− +++ nnn xxy  

➢ 09 122 =+− +++ nnn xxy  

➢ 09161 123 =+− +++ nnn xxy  

➢ 016118 131 =+− +++ nnn xxy  

➢ 02 132 =+− +++ nnn xxy  

➢ 0809 112 =−− +++ nnn xyy  

➢ 0801619 123 =−− +++ nnn xyy  

➢ 016118 133 =+− +++ nnn xxy  

➢ 01440161 113 =−− +++ nnn xyy  

➢ 01619 231 =+− +++ nnn xxy  

➢ 09 232 =+− +++ nnn xxy  

➢ 09 233 =+− +++ nnn xxy  

➢ 0809 212 =−− +++ nnn xyy  
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➢ 0160 213 =−− +++ nnn xyy  

➢ 0809161 312 =−− +++ nnn xyy  

➢ 01440161 313 =−− +++ nnn xyy  

➢ 018 132 =−− +++ nnn yyy  

➢ 0809 323 =+− +++ nnn xyy  

➢ 0809 223 =+− +++ nnn xyy  

2. Each of the following expressions represents a Nasty Number 

➢  ( )8235822
41

1
2232 +− ++ nn xx  

➢ ( )1476642222
738

1
2242 +− ++ nn xx  

➢ ( )8216022
41

1
2222 +− ++ nn xy  

➢ ( )738320022
369

1
2232 +− ++ nn xy  

➢ ( )132025744022
6601

1
2242 +− ++ nn xy  

➢ ( )826422358
41

1
3242 +− ++ nn xx  

➢ ( )823200358
41

1
3232 +− ++ nn xy  

➢ ( )738160358
369

1
3222 +− ++ nn xy  

➢ ( )73857440358
369

1
3242 +− ++ nn xy  

➢ ( )132021606422
6601

1
4222 +− ++ nn xy  

➢ ( )73832006422
369

1
4232 +− ++ nn xy  

➢ ( )82574406422
41

1
4242 +− ++ nn xy  

➢ ( )82240
41

1
3222 +− ++ nn yy  

➢ ( )14762718
738

1
4222 +− ++ nn yy  

➢ ( )8240718
41

1
4232 +− ++ nn yy  
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3. Each of the following expressions represents a Cubical Integer 

➢  ]10746635822[
41

1
123343 ++++ −+− nnnn xxxx  

➢ ]1926666642222[
738

1
133353 ++++ −+− nnnn xxxx  

➢ ]4806616022[
41

1
113333 ++++ −+− nnnn xyxy  

➢ ]960066320022[
369

1
123353 ++++ −+− nnnn xyxy  

➢ ]173320665744022[
6601

1
133353 ++++ −+− nnnn xyxy  

➢ ]1926610746422358[
41

1
234353 ++++ −+− nnnn xxxx  

➢ ]4801074160358[
369

1
214333 ++++ −+− nnnn xyxy  

➢ ]960010743200358[
41

1
224343 ++++ −+− nnnn xyxy  

➢ ]172320107457440358[
369

1
234353 ++++ −+− nnnn xyxy  

➢ ]480192661606422[
6601

1
315333 ++++ −+− nnnn xyxy  

➢ ]96001926632006422[
369

1
325343 ++++ −+− nnnn xyxy  

➢ ]17232019266574406422[
41

1
335353 ++++ −+− nnnn xyxy  

➢ ]6120240[
41

1
214333 ++++ −+− nnnn yyyy  

➢ ]621542718[
738

1
315333 ++++ −+− nnnn yyyy  

➢ ]120215440718[
41

1
325343 ++++ −+− nnnn yyyy  

4. Each of the following expression represents a Bi-quadratic Integer  

➢ ]24614328835822[
41

1
22324454 +−+− ++++ nnnn xxxx  

➢ ]44282568888642222[
738

1
22424464 +−+− ++++ nnnn xxxx  

➢ ]2466408816022[
41

1
22224444 +−+− ++++ nnnn xyxy  

➢ ]22141280088320022[
369

1
22324454 +−+− ++++ nnnn xyxy  

➢ ]39606229760885744022[
6601

1
22424464 +−+− ++++ nnnn xyxy  

➢ ]2462568814326422358[
41

1
32425464 +−+− ++++ nnnn xxxx  

➢ ]22146401432160358[
369

1
32225444 +−+− ++++ nnnn xyxy  
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➢ ]2461280014323200358[
41

1
22225454 +−+− ++++ nnnn xyxy  

➢ ]2214229760143257440358[
369

1
32425464 +−+− ++++ nnnn xyxy  

➢ ]39606640256881606422[
6601

1
42226444 +−+− ++++ nnnn xyxy  

➢ ]2214128002568832006422[
369

1
42326454 +−+− ++++ nnnn xyxy  

➢ ]24622976025688574406422[
41

1
42426464 +−+− ++++ nnnn xyxy  

➢ ]2468160240[
41

1
32225444 +−+− ++++ nnnn yyyy  

➢ ]4428828722718[
738

1
42226444 +−+− ++++ nnnn yyyy  

➢ ]246160287240718[
41

1
42326454 +−+− ++++ nnnn yyyy  

5. Each of the following expressions represents a Quintic Integer 

➢ ]8950220179011035822[
41

1
1233435565 ++++++ −+−+− nnnnnn xxxxxx  

➢ ]6419022032110110642222[
738

1
1333535475 ++++++ −+−+− nnnnnn xxxxxx  

➢ ]160022080011016022[
41

1
1133335555 ++++++ −+−+− nnnnnn xyxyxy  

➢ ]3200022016000110320022[
369

1
1233435565 ++++++ −+−+− nnnnnn xyxyxy  

➢ ]5794002202872001105744022[
6601

1
1333535575 ++++++ −+−+− nnnnnn xyxyxy  

➢ ]6422035803211017906422358[
41

1
2343536575 ++++++ −+−+− nnnnnn xxxxxx  

➢ ]160035808001790160358[
369

1
2143336555 ++++++ −+−+− nnnnnn xyxyxy  

➢ ]3200035801600017903200358[
41

1
2243436565 ++++++ −+−+− nnnnnn xyxyxy  

➢ ]5744003580287200179057440358[
369

1
2343536575 ++++++ −+−+− nnnnnn xyxyxy  

➢ ]160064220800321101606422[
6601

1
3153337555 ++++++ −+−+− nnnnnn xyxyxy  

➢ ]3200064220160003211032006422[
369

1
3253437565 ++++++ −+−+− nnnnnn xyxyxy  

➢ ]5744006422028720032110574406422[
41

1
3353537575 ++++++ −+−+− nnnnnn xyxyxy  

➢ ]2040010200240[
41

1
2143336555 ++++++ −+−+− nnnnnn yyyyyy  

➢ ]20718801035902718[
738

1
3153337555 ++++++ −+−+− nnnnnn yyyyyy  
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➢ ]4007180200359040718[
41

1
3253437565 ++++++ −+−+− nnnnnn yyyyyy  

REMARKABLE OBSERVATIONS: 

1. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola which are presented in 

the Table: 2 below 

Table: 2 Hyperbola 

S. No Hyperbola (P,Q) 

1. 
672422 =−QP  

 21

12

24080

35822

++

++

−=

−=

nn

nn

xxQ

xxP
 

2. 
217857622 =−QP  

 31

13

271880

642222

++

++

−=

−=

nn

nn

xxQ

xxP
 

3. 
672422 =−QP  

 11

11

22280

16022

++

++

−=

−=

nn

nn

yxQ

xyP
 

4. 
54464422 =−QP  

 21

12

235880

320022

++

++

−=

−=

nn

nn

yxQ

xyP
 

5. 
17429280422 =−QP  

 31

13

2642280

5744022

++

++

−=

−=

nn

nn

yxQ

xyP
 

6. 
672422 =−QP  

 32

23

4071880

6422358

++

++

−=

−=

nn

nn

xxQ

xxP
 

7. 
54464422 =−QP  

 12

21

402280

160358

++

++

−=

−=

nn

nn

yxQ

xyP
 

8. 
672422 =−QP  

 22

22

4035880

3200358

++

++

−=

−=

nn

nn

yxQ

xyP
 

9. 
54464422 =−QP  

 32

23

40642280

57440358

++

++

−=

−=

nn

nn

yxQ

xyP
 

10. 
17429280422 =−QP  

 13

31

7182280

1606422

++

++

−=

−=

nn

nn

yxQ

xyP
 

11. 
54464422 =−QP  

 23

32

71835880

32006422

++

++

−=

−=

nn

nn

yxQ

xyP
 

12. 672422 =−QP  

 33

33

718642280

574406422

++

++

−=

−=

nn

nn

yxQ

xyP
 

13. 
672422 =−QP  

 12

21

35822
80

1

240

++

++

−=

−=

nn

nn

yyQ

yyP
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14. 
217857622 =−QP  

 13

31

642222
80

1

2718

++

++

−=

−=

nn

nn

yyQ

yyP

 

15. 
672422 =−QP  

 23

32

6422358
80

1

40718

++

++

−=

−=

nn

nn

yyQ

yyP

 

2.  Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola which are presented in 

the Table: 3 below: 

Table :3 Parabola 

S. No Parabola (R,Q) 

1. 
672441 2 =−QR  

 21

2232

24080

8235822

++

++

−=

+−=

nn

nn

xxQ

xxR
 

2. 
2178576738 2 =−QR  

 31

2242

271880

1476642222

++

++

−=

+−=

nn

nn

xxQ

xxR
 

3. 
672441 2 =−QR  

 11

2222

22280

8216022

++

++

−=

+−=

nn

nn

yxQ

xyR
 

4. 
544644369 2 =−QR  

 21

2232

235880

738320022

++

++

−=

+−=

nn

nn

yxQ

xyR
 

5. 
1742928046601 2 =−QR  

 31

2242

2642280

132025744022

++

++

−=

+−=

nn

nn

yxQ

xyR
 

6. 
672441 2 =−QR  

 32

3242

4071880

826422358

++

++

−=

+−=

nn

nn

xxQ

xxR
 

7. 
544644369 2 =−QR  

 12

3222

402280

738160358

++

++

−=

+−=

nn

nn

yxQ

xyR
 

8. 
672441 2 =−QR  

 22

3232

4035880

823200358

++

++

−=

+−=

nn

nn

yxQ

xyR
 

9. 
544644369 2 =−QR  

 32

3242

40642280

73857440358

++

++

−=

+−=

nn

nn

yxQ

xyR
 

10. 
1742928046601 2 =−QR  

 13

4222

7182280

132021606422

++

++

−=

+−=

nn

nn

yxQ

xyR
 

11. 
544644369 2 =−QR  

 23

4232

71835880

73832006422

++

++

−=

+−=

nn

nn

yxQ

xyR
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12. 
672441 2 =−QR  

 33

4242

718642280

82574406422

++

++

−=

+−=

nn

nn

yxQ

xyR
 

13. 
672441 2 =−QR  

 12

3222

35822
80

1

82240

++

++

−=

+−=

nn

nn

yyQ

yyR

 

14. 
2178576738 2 =−QR  

 13

4222

642222
80

1

14762718

++

++

−=

+−=

nn

nn

yyQ

yyR

 

15. 
672441 2 =−QR  

 23

4232

6422358
80

1

8240718

++

++

−=

+−=

nn

nn

yyQ

yyR

 

Conclusion: 

In this paper, we have presented infinitely many integer solutions for the Diophantine equations represented  by the positive pell equation𝑦2 = 80𝑥2 +

41. As the binary quadratic Diophantine equations are rich in variety, one may search for the other choices of Pell equations and determine their solutions 

with the suitable properties. 
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