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ABSTRACT: 

The binary quadratic Diophantine equation represented by the positive Pellian 𝑦2 = 80𝑥2 + 4 is analysed for its non-zero distinct solutions. A few interesting 

relations among the solutions are given. Further, employing the solutions of the above hyperbola, the solutions of other choices of hyperbolas and parabolas are 

obtained. 
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Introduction: 

A binary quadratic equation of the form 𝑦2 = 𝐷𝑥2 + 1, where D is non-square positive integer has been studied by various mathematicians for its non-

trivial integral solutions when D takes different integral values [1-2]. For an extensive review of various problems, one may refer [3-10]. In this 

communication, yet another interesting hyperbola given by 𝑦2 = 80𝑥2 + 4 is considered and infinitely many integer solutions are obtained.  A few 

interesting properties among the solutions are obtained. Further, employing the solutions of the above hyperbola, we have obtained solutions of other 

choices of hyperbola, parabola. 

METHOD OF ANALYSIS: 

The Positive Pell equation representing hyperbola under consideration is                           

                             
          

480 22 += xy                                               (1)
 

whose smallest positive integer solution is  

                                            18,2
00 == yx  

To obtain the other solution of (1), consider the Pell equation   

                                                            180 22 += xy                                                                                             

whose general solution is given by 

                                            nnnn fygx
2

1~;
802

1~ ==  

where 

                            += 9(nf 80 )n+1 +(9- 80 )n+1  
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Applying Brahmagupta lemma between (𝑥0, 𝑦0)&(�̃�𝑛 , �̃�𝑛) the other integer solution of (1) are given by 

                        nnn gfx
80

9
1 +=+         

                             
nnn gfy

80

80
91 +=+

 

The recurrence relations satisfied by x and y are given by 

                                      018 321 =+− +++ nnn xxx  

       018 321 =+− +++ nnn yyy  

A few numerical examples are given in the following Table:1 

Table :1 Numerical examples 

            N             𝑥𝑛             𝑦𝑛 

            0              2            18 

            1             36           322 

            2            646          5778 

            3           11592         103682 

            4          208010        1860498 

 

From the above table, we observe some interesting properties among the solutions which are presented below: 

                         𝑥𝑛 & 𝑦𝑛 values are  even. 

1. Relations between solutions 

➢ 018 321 =+− +++ nnn xxx  

➢ 09 121 =+− +++ nnn xxy  

➢ 09 122 =+− +++ nnn xxy  

➢ 09161 123 =+− +++ nnn xxy  

➢ 016118 131 =+− +++ nnn xxy  

➢ 02 132 =+− +++ nnn xxy  

➢ 0809 112 =−− +++ nnn xyy  

➢ 0801619 123 =−− +++ nnn xyy  

➢ 016118 133 =+− +++ nnn xxy  

➢ 01440161 113 =−− +++ nnn xyy  

➢ 01619 231 =+− +++ nnn xxy  

➢ 09 232 =+− +++ nnn xxy  

➢ 09 233 =+− +++ nnn xxy  
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➢ 0809 212 =−− +++ nnn xyy  

➢ 0160 213 =−− +++ nnn xyy  

➢ 0809161 312 =−− +++ nnn xyy  

➢ 01440161 313 =−− +++ nnn xyy  

➢ 018 132 =−− +++ nnn yyy  

➢ 0809 323 =+− +++ nnn xyy  

➢ 0809 223 =+− +++ nnn xyy  

2. Each of the following expressions represents a Nasty Number 

 

➢ ( )864436
4

1
2232 +− ++ nn xx  

➢ ( )86422
4

1
2242 +− ++ nn xx  

➢ ( )832036
4

1
2232 +− ++ nn xy  

➢ ( )43202
2

1
2232 +− ++ nn xy  

➢ ( )322258409
161

1
2242 +− ++ nn xy  

➢ ( )811556644
4

1
3242 +− ++ nn xx  

➢ ( )72320644
36

1
3242 +− ++ nn xx  

➢ ( )85760644
4

1
3232 +− ++ nn xy  

➢ ( )1825840161
9

1
3242 +− ++ nn xy  

➢ ( )128832011556
644

1
4222 +− ++ nn xy  

➢ ( )72576011556
36

1
4232 +− ++ nn xy  

➢ )810336011556(
4

1
4342 +− ++ nn xy  

➢ ( )6403205760
320

1
3222 +− ++ nn yy  

➢ ( )11520320103360
5760

1
4232 +− ++ nn yy  

➢ ( )6405760103360
320

1
4232 +− ++ nn yy  

     3.    Each of the following expressions represents a cubical integer 
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➢   123343 193210864436
4

1
++++ −+− nnnn xxxx  

➢ ]192666422[
4

1
133353 ++++ −+− nnnn xxxx  

➢ ]96010832036[
4

1
113333 ++++ −+− nnnn xyxy  

➢ ]96063202[
2

1
123343 ++++ −+− nnnn xyxy  

➢ ]7752027258409[
161

1
133353 ++++ −− nnnn xyxy  

➢ ]34668193211556644[
4

1
234353 ++++ −+− nnnn xxxx  

➢ ]9601932320644[
36

1
214333 ++++ −+− nnnn xyxy  

➢ ]172819325760644[
4

1
224343 ++++ −+− nnnn xyxy  

➢ ]7752048325840161[
9

1
234353 ++++ −+− nnnn xyxy  

➢ 
1

161
[2889𝑦3𝑛+3 − 80𝑥 53 +n + 8667𝑦 1+n − 240𝑥𝑛+3 

➢ 
1

36
[11556𝑦3𝑛+4 − 5760𝑥3𝑛+5 + 34668𝑦𝑛+2 − 17280𝑥𝑛+3] 

➢ 
1

4
[11556𝑦3𝑛+5 − 103360𝑥3𝑛+5 + 34668𝑦𝑛+3 − 310080𝑥𝑛+3] 

➢ 
1

320
[5760𝑦3𝑛+3 − 320𝑦3𝑛+4 + 17280𝑦𝑛+1 − 960𝑦𝑛+2] 

➢ 
1

8
[323𝑦3𝑛+3 − 𝑦3𝑛+5 + 969𝑦𝑛+1 − 3𝑦𝑛+3] 

➢ 
1

320
[103360𝑦3𝑛+4 − 5760𝑦3𝑛+5 + 310080𝑦𝑛+2 − 17280𝑦𝑛+3] 

4. Each of the following expression represents a bi-quadratic integer  

➢  24257614464436
4

1
22324454 +−+− ++++ nnnn xxxx  

                

➢ ]24256886422[
4

1
22424464 +−+− ++++ nnnn xxxx  

➢ ]24128014432036[
4

1
22224444 ++++ −+− nnnn xyxy  

➢ ]12128083202[
2

1
212324454 +−+− ++++ nnnn xyxy  

➢ ]96610336036258409[
161

1
22424464 +−− ++++ nnnn xyxy  

➢ ]2446224257611556644[
4

1
32425464 +−+− ++++ nnnn xxxx  

➢ 
1

36
[644𝑦4𝑛+4 − 320𝑥4𝑛+5 + 2576𝑦2𝑛+2 − 1280𝑥2𝑛+3 + 216]  
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➢ ]242304025765760644[
4

1
32325454 ++++ −+− nnnn xyxy  

➢ ]5410336064425840161[
9

1
32425464 +−+− ++++ nnnn xyxy  

➢ ]386412804622432011556[
644

1
42226444 +−+− ++++ nnnn xyxy  

➢ ]2162304046224576011556[
36

1
42326454 +−+− ++++ nnnn xyxy             

➢       

]244134404622410336011556[
4

1
42426464 +−+− ++++ nnnn xyxy

 

➢ ]19201280230403205760[
320

1
32225444 +−+− ++++ nnnn yyyy  

➢ ]10841292323[
18

1
42226444 +−+− ++++ nnnn yyyy  

➢ ]1920230404134405760103360[
320

1
42326454 +−+− ++++ nnnn yyyy  

 

4.  Each of the following expressions represents a Quintic  integer 

 

➢ ]322018016109032218[
2

1
1233435565 ++++++ −+−+− nnnnnn xxxxxx  

➢ ]6420203210106422[
4

1
1333535575 ++++++ −+−+− nnnnnn xxxxxx  

➢ ]3200360160018032036[
4

1
1133335555 ++=+++ −+−+− nnnnnn xyxyxy  

➢ ]3200201600103202[
2

1
1233435565 +=++== −+−+− nnnnnn xyxyxy  

➢ ]2584009012920045258409[
161

1
1333534575 ++++++ −+−+− nnnnnn xyxyxy  

➢ ]835206440288032205760644[
4

1
2243436565 +=++++ −+−+− nnnnnn xyxyxy  

➢ ]258400161012920080525840161[
9

1
2343536575 ++++++ −+−+− nnnnnn xyxyxy  

➢ ]115560644057780322011556644[
4

1
2343536575 ++++++ −+−+− nnnnnn xxxxxx  

➢ ]3200494016003200320644[
36

1
2143336555 ++++++ −+−+− nnnnnn xyxyxy  

➢ ]32001155606405778032011556[
644

1
3153337555 ++++++ −+−+− nnnnnn xyxyxy  

➢ ]576001155602880057780576011556[
36

1
3253437565 ++++++ −+−+− nnnnnn xyxyxy  



International Journal of Research Publication and Reviews, Vol 4, no 10, pp 2188-2195 October 2023                                     2193

 

 

➢ ]10336001155605168005778010336011556[
4

1
3353537575 ++++++ −+−+− nnnnnn xyxyxy  

➢ ]3200576001600288003205760[
320

1
2143336555 ++++++ −+−+− nnnnnn yyyyyy  

➢ ]10323051615323[
18

1
3153337555 ++++++ −+−+− nnnnnn yyyyyy  

➢ ]57600103360288005168005760103360[
320

1
3253437565 ++++++ −−−+− nnnnnn yyyyyy  

 

REMARKABLE OBSERVATIONS: 

1.Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola which are presented in 

the Table: 2 below 

Table: 2 Hyperbolas 

S. No Hyperbola (P,Q) 

1. 
644 22 =− QP  

]236[80

64436

21

12

++

++

−=

−=

nn

nn

xxQ

xxP
 

2. 81P2-Q2=5184 

]2646[80

6422

31

13

++

++

−=

−=

nn

nn

xxQ

xxP
 

3. P2-4Q2=64 

]218[80

32036

11

11

++

++

−=

−=

nn

nn

yxQ

xyP
 

4. 
129681 22 =−QP  

]2322[80

3202

21

12

++

++

−=

−=

nn

nn

yxQ

xyP
 

5. P2-Q2=103684 

]2889[80

258409

31

13

++

++

−=

−=

nn

nn

yxQ

xyP
 

6. 
P2-Q2= 64 

]721292[80

11556644

32

23

++

++

−=

−=

nn

nn

xxQ

xxP
 

7. 
          5184324 22 =− QP  

]42[80

320644

12

21

++

++

−=

−=

nn

nn

yxQ

xyP
 

8. P2-Q2=64 P=644yn+2-5760xn+2 

]72644[80 22 =+ −= nn yxQ  

9. P2-Q2=324 P=161yn+3-25840xn+2

]182889[80 32 ++ −= nn yxQ  

10. 
10368422 =−QP  

]3239[80

802889

13

31

=+

++

−=

−=

nn

nn

yxQ

xyP
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11. 
518422 =−QP  

 23

32

129264480

576011556

++

++

−=

−=

nn

nn

yxQ

xyP
 

12. 
6422 =−QP  

 33

33

12921155680

10336011556

++

++

−=

−=

nn

nn

yxQ

xyP
 

13. 
40960022 =−QP  

]64436[80

3205760

12

21

+=

++

−=

−=

nn

nn

yyQ

yyP
 

14. 
13271040022 =−QP  

 13

31

115563680

320103360

++

++

−=

−=

nn

nn

yyQ

yyP
 

15. 
40960022 =−QP  

]11556644[80

5760103360

23

32

++

++

−=

−=

nn

nn

yyQ

yyP
 

2.  Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola which are presented in 

the Table: 3 below: 

Table: 3 Parabolas 

S. No Parabola (R,Q) 

1. 𝑅 − 𝑄2 = 16 𝑅 = 36𝑥2𝑛+3 − 644𝑥2𝑛+2 + 8 

𝑄 = √80[36𝑥𝑛+1 − 2𝑥𝑛+2] 

2. 324𝑅 − 𝑄2 = 5184 𝑅 = 2𝑥2𝑛+4 − 642𝑥2𝑛+2 + 8 

𝑄 = √80 [646𝑥 1+n − 2𝑥𝑛+3] 

3. R-Q2=16 𝑅 = 36𝑦2𝑛+2 − 320𝑥2𝑛+2 + 8 

𝑄 = √80[18𝑥𝑛+1 − 2𝑦𝑛+1] 

4. 162R-Q2=1296 𝑅 = 2𝑦2𝑛+3 − 320𝑥2𝑛+2 + 4 

𝑄 = √80 [322𝑥 1+n − 2𝑦𝑛+2] 

5. 161R-Q2=103684 𝑅 = 9𝑦2𝑛+4 − 25840𝑥2𝑛+2 + 322 

𝑄 = √80[2889𝑥𝑛+1 − 𝑦𝑛+3] 

6. 
644 2 =−QR  

 32

3242

72129280

811556644

++

++

−=

+−=

nn

nn

xxQ

xxR
 

7. 
1449 2 =− QR  

 12

3222

4280

72320644

++

++

−=

+−=

nn

nn

yxQ

xyR
 

8. 
644 2 =−QR  

 22

3232

7264480

85760644

++

++

−=

+−=

nn

nn

yxQ

xyR
 

9. 
3249 2 =−QR  

 32

3242

18288980

1825840161

++

++

−=

+−=

nn

nn

yxQ

xyR
 

10. 
16589444644 2 =− QR  

 13

4222

3239804

128832011556

++

++

−=

+−=

nn

nn

yxQ

xyR
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11. 
518436 2 =−QR  

]1292644[80

72576011556

13

4232

++

++

−=

+−=

nn

nn

yxQ

xyR
 

12. 
644 2 =−QR  

 33

4242

12921155680

810336011556

++

++

−=

+−=

nn

nn

yxQ

xyR
 

13. 
409600320 2 =−QR  

 12

3222

6443680

6403205760

++

++

−=

+−=

nn

nn

yyQ

yyR
 

14. 
1327104005760 2 =−QR  

 13

4222

115563680

11520320103360

++

++

−=

+−=

nn

nn

yyQ

yyR
 

15. 
409600320 2 =−QR  

 23

4232

1155664480

6405760103360

++

++

−=

+−=

nn

nn

yyQ

yyR
 

Conclusion: 

As positive pell equations are rich in variety, one may search for integer solutions to other choices of positive pell equations. 
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