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Abstract: 

The hyperbola 𝑦2 = 80𝑥2 − 31is studied for its different solutions in integers. Some remarkable relations among the solutions are given. Also, integer 

solutions for other choices of Hyperbolas and Parabolas based on given solutions of the hyperbola under consideration are exhibited.   
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Introduction: 

 A binary quadratic equation of the form 𝑦2 = 𝐷𝑥2 + 1, where D is non-square positive  integer has been studied by various mathematicians for its 

non-trivial integral solutions when   D takes different integral values [1-2]. For an extensive review of various problems, one may refer [3-10]. In this 

communication, yet another interesting hyperbola given by 3180 2
2

−= xy  is considered and infinitely many integer solutions are obtained.  A 

few interesting properties among the solutions are obtained. Further, employing the solutions of the above hyperbola, we have obtained solutions of 

other choices of hyperbola, parabola. 

Method of Analysis: 

  The Negative Pell equation representing hyperbola under consideration is                           

                                       3180 22 −= xy                                                 (1)             

 whose smallest positive integer solution is 

                                       7,1 00 == yx             

 To obtain the other solution of (1), consider the Pell equation   

                                          180 22 += xy                                                                                                     

whose general solution is given by 
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Applying Brahmagupta lemma between (𝑥0, 𝑦0)&(�̃�𝑛 , �̃�𝑛) the other integer solution of (1) are given by 

                              nnn gfx
802
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The recurrence relations satisfied by x and y are given by 

       018 123 =+− +++ nnn xxx  

                             018 123 =+− +++ nnn yyy                

  A few numerical examples are given in the following Table:1 

   Table :1 Numerical examples 

            n 
           nx               ny  

            0              1             7 

            1             16            143 

            2             287           2567 

            3            5150          46063 

            4           92413         826567 

 

From the above table, we observe some interesting properties among the solutions which are presented below: 

                         𝑥𝑛 values are odd and even, whereas ny values  always are odd. 

1. Relations between solutions 

➢ 018 123 =+− +++ nnn xxx  

➢ 
09 121 =+− +++ nnn xxy

 

➢ 
09 122 =+− +++ nnn xxy

 

➢ 
09161 123 =+− +++ nnn xxy

 

➢ 018161 113 =−− +++ nnn yxx  
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➢ 0980 112 =−− +++ nnn yxy  

➢ 01611440 113 =−− +++ nnn yxy  

➢ 02 213 =−− +++ nnn yxx  

➢ 0161809 213 =−− +++ nnn yxy  

➢ 018161 313 =−− +++ nnn yxx  

➢ 09 232 =−− +++ nnn xxy  

➢ 0980 223 =−− +++ nnn yxy  

➢ 0160 231 =+− +++ nnn xyy  

➢ 09 323 =−− +++ nnn yxx  

➢ 01619 123 =−− +++ nnn yxx  

➢ 0809 122 =−− +++ nnn yxy  

➢ 0980161 132 =−− +++ nnn yxy  

➢ 01440161 133 =−− +++ nnn yxy  

➢ 09 332 =+− +++ nnn yxx  

➢ 018 123 =+− +++ nnn yyy  

 

2. Each of the following expressions represents a Nasty Number 

 

➢ ( )6214286
31

1
3222 +− ++ nn xx  

➢ ( )6214160
31

1
2222 +− ++ nn yx  

➢ ( )558142560
279

1
3222 +− ++ nn yx  

➢ ( )142626560
713

1
4222 +− ++ nn yx  
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➢ ( )622865134
31

1
4232 +− ++ nn xx  

➢ ( )622862560
31

1
3232 +− ++ nn yx  

➢ ( )55828645920
279

1
4232 +− ++ nn yx  

➢ ( )558286160
279

1
2232 +− ++ nn yx  

➢ ( )99825134160
4991

1
2242 +− ++ nn yx  

➢ ( )55851342560
279

1
3242 +− ++ nn yx  

➢ ( )62513445920
31

1
4242 +− ++ nn yx  

➢ )62322(
31

1
2332 +− ++ nn yy  

➢ ( )11162742
279

1
2242 +− ++ nn yy  

➢ ( )55872567
279

1
4222 +− ++ nn xx  

➢ ( )18757432
31

1
3242 +− ++ nn yy  

3. Each of the following expressions represents a cubical integer 

➢ ]4285814286[
31

1
214333 ++++ −+− nnnn xxxx  

➢ ]4248014160[
31

1
113333 ++++ −+− nnnn yxyx  

➢ ]427680142560[
279

1
214333 ++++ −+− nnnn yxyx  

➢ ]61968026560[
713

1
315333 ++++ −+− nnnn yxyx  

➢ ]858164022865134[
31

1
325343 ++++ −+− nnnn xxxx  

➢ ]85876802862560[
31

1
224343 ++++ −+− nnnn yxyx  
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➢ ]85813776028645920[
279

1
325343 ++++ −+− nnnn yxyx  

➢ ]858480286160[
279

1
123343 ++++ −+− nnnn yxyx  

➢ ]154024805134160[
4991

1
133353 ++++ −+− nnnn yxyx  

➢ ]15402768051342560[
279

1
234353 ++++ −+− nnnn yxyx  

➢ ]15402137760513445920[
31

1
335353 ++++ −+− nnnn yxyx  

➢ ]966322[
31

1
123343 ++++ −+− nnnn yyyy  

➢ ]172265742[
558

1
133353 ++++ −+− nnnn yyyy  

➢ ]21770172567[
279

1
315333 ++++ −+− nnnn xxxx  

➢ ]17229657432[
31

1
234353 ++++ −+− nnnn yyyy  

4. Each of the following expression represents a Bi-quadratic Integer  

➢ ]18656114414286[
31

1
32225444 +−+− ++++ nnnn xxxx  

➢ ]1865664014160[
31

1
22224444 +−+− ++++ nnnn yxyx  

➢ ]16745610240142560[
279

1
32225444 +−+− ++++ nnnn yxyx  

➢ ]427882524026560[
713

1
42226444 +−+− ++++ nnnn yxyx  

➢ ]1861144205362865134[
31

1
42326454 +−+− ++++ nnnn xxxx  

➢ ]1861144102402862560[
31

1
32325454 +−+− ++++ nnnn yxyx  
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➢ ]1674114418368028645920[
279

1
42226454 +−+− ++++ nnnn yxyx  

➢ ]16741144640286160[
279

1
22324454 +−+− ++++ nnnn yxxx  

➢ ]29946205366405134160[
4991

1
22424464 +−+− ++++ nnnn yxyx  

➢ ]1674205361024051342560[
279

1
32425464 +−+− ++++ nnnn yxyx  

➢ ]18620536183680513445920[
31

1
42426464 +−+− ++++ nnnn yxyx  

➢ ]1861288322[
31

1
22324454 +−−− ++++ nnnn yyyy  

➢ ]3348229685742[
558

1
22424464 +−+− ++++ nnnn yyyx  

➢ ]1674281026872567[
279

1
42226444 +−+− ++++ nnnn xxxx  

➢ ]186229612857432[
31

1
32425464 +−+− ++++ nnnn yyyy  

5.   Each of the following expressions represents a Quintic integer 

➢ ]140286070143014286[
31

1
2143336555 ++++++ −+−+− nnnnnn xxxxxx  

➢ ]14016007080014160[
31

1
1133335555 ++++++ −+−+− nnnnnn yxyxxx  

➢ ]140256007012800142560[
279

1
2143336555 ++++++ −+−+− nnnnnn yxyxyx  

➢ ]2065600103280026560[
713

1
3153337555 ++++++ −+−+− nnnnnn yxxxyx  

➢ ]2860513401430256702865134[
31

1
2253437565 ++++++ −+−+− nnnnnn xxxxxx  

➢ ]2860256001430128002862560[
31

1
2243436565 ++++++ −+−+− nnnnnn yxyxyx  

➢ ]2860459200143022960028645920[
279

1
3253437565 ++++++ −+−+− nnnnnn yxyxxx  
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➢ ]286016001430800286160[
279

1
1233435565 ++++++ −+−+− nnnnnn yxyxyx  

➢ ]513401600256708005134160[
4991

1
1333535575 ++++++ −+−+− nnnnnn yxyxyx  

➢ ]513425600256701280051342560[
279

1
2343536575 ++++++ −+−+− nnnnnn yxyxyx  

➢ ]5134045920025670229600513445920[
31

1
3353537575 ++++++ −+−+− nnnnnn yxyyx  

➢ ]3202016010322[
31

1
1233435565 ++++++ −+−+− nnnnnn yyyyyy  

➢ ]5740202870105742[
558

1
1333535575 ++++++ −+−+− nnnnnn yyyyyx  

➢ ]702567351283572567[
279

1
3153337555 ++++++ −+−+− nnnnnn xxxxxx  

➢ ]5740320287016057432[
31

1
2343536575 ++++++ −+−+− nnnnnn yyyyyy  

Remarkable Observations: 

1. .Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola which are presented 

in the Table: 2 below 

Table: 2 Hyperbolas 

           S. No         Hyperbola            (P,Q) 

            1. 
384422 =−QP  

 12

21

32280

14286

++

++

−=

−=

nn

nn

xxQ

xxP
 

            2. 
384422 =−QP  

 11

11

14280

14160

++

++

−=

−=

nn

nn

xyQ

yxP
 

            3. 
31136422 =−QP  

 12

21

286280

142560

++

++

−=

−=

nn

nn

xyQ

yxP
 

            4. 
9964032449 22 =−QP  

 13

31

5134280

26560

++

++

−=

−=

nn

nn

xyQ

yxP
 

            5. 
384422 =−QP  

 23

32

5743280

2865134

++

++

−=

−=

nn

nn

xxQ

xxP
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            6. 
384422 =−QP  

 22

22

2863280

2862560

++

++

−=

−=

nn

nn

xyQ

yxP
 

            7. 
31136422 =−QP  

 23

32

51343280

28645920

++

++

−=

−=

nn

nn

xyQ

yxP
 

            8. 
31136422 =−QP  

 21

12

143280

286160

++

++

−=

−=

nn

nn

xyQ

yxP
 

            9. 
9964032422 =−QP  

 31

13

1457480

5134160

++

++

−=

−=

nn

nn

xyQ

yxP
 

           10. 
31136422 =−QP  

 32

23

28657480

51342560

++

++

−=

−=

nn

nn

xyQ

yxP
 

           11. 
384422 =−QP  

 33

33

513457480

513445920

++

++

−=

−=

nn

nn

xyQ

yxP
 

           12. 
2460160022 =−QP  

 21

12

1428680

2560160

++

++

−=

−=

nn

nn

yyQ

yyP
 

           13. 
797091840022 =−QP  

 31

13

14513480

45920160

++

++

−=

−=

nn

nn

yyQ

yyP
 

           14. 
124545622 =−QP  

 13

31

574280

145134

++

++

−=

−=

nn

nn

xxQ

xxP
 

           15. 
2460160022 =−QP  

 32

23

286513480

459202560

++

++

−=

−=

nn

nn

yyQ

yyP
 

2. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola which  are 

presented in the Table: 3 below: 

Table :3 Parabolas 

       S. No         Parabola                (R,Q) 

          1. 
384431 2 =−QR  

 12

3222

32280

6214286

++

++

−=

+−=

nn

nn

xxQ

xxR
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          2. 
384431 2 =−QR  

 11

2222

14280

6214160

++

++

−=

+−=

nn

nn

xyQ

yxR
 

          3. 
311364279 2 =−QR  

 12

3222

286280

558142560

++

++

−=

+−=

nn

nn

xyQ

yxR
 

          4. 
9964032434937 2 =−QR  

 13

4222

5134280

142626560

++

++

−=

+−=

nn

nn

xyQ

yxR
 

          5. 
384431 2 =−QR  

 23

4232

5743280

622865134

++

++

−=

+−=

nn

nn

xxQ

xxR
 

          6. 
384431 2 =−QR  

 22

3232

2863280

622862560

++

++

−=

+−=

nn

nn

xyQ

yxR
 

          7. 
311364279 2 =−QR  

 23

4232

51343280

55828645920

++

++

−=

+−=

nn

nn

xyQ

yxR
 

          8. 
311364279 2 =−QR  

 21

2232

143280

558286160

++

++

−=

+−=

nn

nn

xyQ

yxR
 

          9. 
996403244991 2 =−QR  

 31

2242

1457480

99825134160

++

++

−=

+−=

nn

nn

xyQ

yxR
 

          10. 
311364279 2 =−QR  

 32

3242

28657480

55851342560

++

++

−=

+−=

nn

nn

xyQ

yxR
 

          11. 
384431 2 =−QR  

 33

4242

513457480

62513445920

++

++

−=

+−=

nn

nn

xyQ

yxR
 

          12. 
246016002480 2 =−QR  

 21

2232

1428680

49602560160

++

++

−=

+−=

nn

nn

yyQ

yyR
 

          13. 
797091840044640 2 =−QR  

 31

2242

14513480

8928045920160

++

++

−=

+−=

nn

nn

yyQ

yyR
 

         14. 
1245456558 2 =−QR  

 13

4222

574280

1116145134

++

++

−=

+−=

nn

nn

xxQ

xxR
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      15. 246016002480 2 =−QR  

 32

3242

286513480

4960459202560

++

++

−=

+−=

nn

nn

yyQ

yyR
 

Conclusion: 

     As negative pell equations are rich in variety, one may search for integer solutions to other choices of negative pell equations. 
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