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ABSTRACT:

It is well-known that a natural number is n is called k —hyperperfect number if n =1+ k[o(n) —n — 1]. In this paper, we introduce the notion of r near
k —hyperperfect number and r deficient k —hyperperfect number, where r and k are positive integers.
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1. Introduction

A positive integer n is called classical perfect number [1] if sum of proper divisors of n is equal to the number n itself . Proper divisors of n are all
positive divisors of n other than n itself. The sum of all divisors of n is denoted by o(n). If nis a perfect number, then using the divisor function o, we
can write a(n) = 2n. All known perfect numbers are even. One possible generalization of perfect numbers is the hyperperfect numbers. D. Minoli and
R.Bear [4] introduced the notion of hyperperfect number. A natural number is n is called k —hyperperfect number if n =1+ k[o(n) —n —1] and it
can be rewrite as o(n) = %n + % Perfect numbers are 1 —Hyperperfect number. A. Bege and K.Fogarasi [2] have given list of k —hyper perfect

numbers and some conjecture related to k —Hyperperfect numbers. If n is a 2 —hyperperfect number, then n is a solution of the equation o(n) = %” +
1

>
Near k —hyperperfect and deficient k —hyperperfect numbers are generalized notion of k —hyperperfect numbers [3].

A positive integer n is called near k —hyperperfect number [3] with proper divisor d (the divisor d is termed as redundant divisor of n ) if o(n) =
k+1

L
k k
For any prime q, if k = g — 1, then for near (¢ — 1) — hyperperfect numbers,

om)=-Ln+2244.
q-1 q-1

In particularq = 2, near 1-hyperperfect numbers are the solution of the equation o(n) = 2n + d. Solutions of this equation are well-known near perfect
numbers [5].

For g = 3, near 2 —hyperperfect numbers are solution of the equation
3 1
a(n) —-571'+ E'+ d.

A positive integer n is called deficient k —hyperperfect number [3] with proper divisor d (the divisor d is termed as redundant divisor of n ) if

o(n)=2n4 g

f k= q -1 de)foi_defgienh(ﬂ qgr)z__hyderperfect numbers, we obtain

q-1 g-1

For any prime q o

=2
In particular q , deficient 1-hyperperfect numbers are the solution of the equation

o(n)=2n-d

Solutions of this equation are well-known deficient perfect numbers [5].

For g = 3, deficient 2 —hyperperfect numbers are solution of the equation
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=3n4+1
o(n) = Snts d.
and g = 5, deficient 4 —hyperperfect numbers are solution of the equation

o(n) = %n + % —d, etc.

2.Main Result:

In this section, we introduce the notion of r near k —hyperperfect number and r deficient k —hyperperfect numbers.

Definition 2.1. We call a positive integer n is ar near k —hyperperfect number if there exist r proper positive divisors d,, d,, . ... d, of n such that

o(n) =S+ 4 dy + dyte. .+,

Ifr =1, then o(n) = %n + k—;l + d, and therefore Near k —hyper perfect numbers are 1 near k —hyper perfect numbers .

For any primegq, if k = g — 1, then for r near (¢ — 1) — hyperperfect numbers,

o(n) =ﬁn+g+d1 +dy+.... +d,.

Following proposition gives a form of rnear (¢ — 1) — hyperperfect numbers.

Proposition 2.1. If n = ¢'"*[¢' — (¢ — Dq" — (¢ — 1q>—....—(q — 1), where ¢! — (¢ — Dq" — (¢ — 1)¢*>—....—(q — Dq" — (q — 1) isa prime
andl>1, =1, >....2 L, thennisa r near (g — 1) hyperperfect number .
Proof. If g and q' — (¢ — Dg" — (¢ — 1)¢*2—....—(q — 1)g" — (g — 1) are distinct primes, then by definition of o we can write
o) =0(q" Holg' = (- Dg" = (- Dg"?—....=(q— Dg" = (¢ — 1)]
=g = (= D" — (4= Dg—... =@~ Dg" = (= D +1]
=Ll = @ - Dg" — (@~ Dal—..~(g = Dg" — (@ = D] +
00" =g + (= Dg" + (g~ Dg=+....+(q = Dg" + (g = 2]
_an

a-2 1 1 L
—q_1+q_1+q1+q2+....+qr.

Sincel > 1, > I, >....> L, 50 g%, q%,....q"rare redundant divisors of n.
From the proposition 2.1., we have the following corollary.

Corollary 2.1. If n = 3!(3""* —2.34—...—2.3% — 2), where 3"** —2,3h—,,, —2.3% — 2 isaprime and, then n isar near 2 —hyperperfect number

Corollary 2.2. If n = 55"t — 4,54 —,,. —4.5% — 4), where 5*1 —4.5%—,  —4. 5% —4 is an odd prime , then nisa 7 near 4 —hyperperfect
number .

Corollary 2.3. If n = 747" — 6.7 —...—6.7" — 6), where 7"*1 — 6.7¢ — 6 is an odd prime , then n isa r near 6 —hyperperfect number .

Proposition 2.2. Suppose that p = q' — (¢ — 1) is an odd prime, then n = q"~*p3isa 2 near (q — 1) — hyperperfect number with redundant divisors
p?and p.

Proof. Clearly p2and p are proper divisor of n = g'~1p3 .
Forn = q'~p3, we get

o) = 0(@ o) = L2 @* +p* +p+ 1)

_ 4'0°+@'-)@*+p+1)-p?

q-1
_ 4'0°+@'-a+ D@ +p+1)-p +(@-2)(p*+p+1)

q-1
_ 493+ +0%4p-p+(@-2) 0P +p+1)
q-1

_ 4'P°+@-)@*+p)+(q-2)

q-1

_an , 92 2

=T+t .

Corollary 2.4. If 3! — 2 is an odd prime, then n = 371(3! — 2)3 is a 2 near 2 —hyperperfect number .
Corollary 2.5. If 5! — 4 is an odd prime, then n = 5'=1(5! — 4)2is a 2 near 4 —hyperperfect number.

Corollary 2.6. If 7 — 6 is an odd prime, then n = 7-1(5! — 4)2is a 2 near 6 —hyperperfect number.
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Definition 2.2. We call a positive integer n is r deficient k —hyperperfect number if there exist r positive divisors d,, d,, ....d,.of n such that

o(n) ="=n+ = —d; —dy—....—d,.

Ifr=1,then o(n) = k%ln + % — d, and therefore deficient k —hyper perfect numbers are 1 deficient k —hyper perfect numbers .

For any prime q, if k = q — 1, then for r deficient (g — 1) — hyperperfect numbers,

o(n) =ﬁn+g—d1 —dy—....—d,.

Following proposition gives a form of r deficient (¢ — 1) — hyperperfect numbers.

Proposition 2.3. If n = q‘[¢"** + (¢ — 1)g" + (¢ — Dg"+....+(q — 1)g" — (q — 1)], where ¢"** + (¢ — D)q" + (¢ — 1)q"2+....+(q — 1)g"" —
(@q—1)isaprimeandl >, =1, >....> 1., thennis ar deficient (¢ — 1) — hyperperfect number.

Proof. a(n) = a(q")o[q"* + (g — 1)g"* + (¢ — Vg2 +....+(q — D)g" — (¢ — D]
+1_
= q‘kll [ql+1 +(q— 1)q11 +(q- 1)qlz+_“+(q _ 1)qlr —(@-1)+1]
_ql: +1 -1 Iy -1 I, _ L _ _1 ﬂ
=110 + (@ = Dl + (@ - D+ (@ - Da — (@ - D]+
_ﬁ[qu +(q-1g" + (g — Dg2+....+(q — g — (g — 1) + 1]

qn q-2
=4 1<

L L !
=t -

Sincel > 1, > I, >....= L, 50 q", q%,.... q'rare redundant divisors of n.

Corollary 2.7. If n = 31(3"*1 + 2,34 +... +2.3 — 2), where 3*1 +2.34+...+2.3" — 2 isa prime and, then n is a r deficient 2 —hyperperfect
number .

Corollary 2.8. If n = 5!(5"* + 4.5%+... +4.5% — 4), where 5! + 4.5 +...+4.5% — 4 is an odd prime , then n isa r deficient 4 —hyperperfect
number .

Corollary 2.9. If n = 747" + 6. 74 +... +6.7" — 6), where 7"*1 + 6.7114...46.7 — 6 is an odd prime, then nis a r deficient 6 —hyperperfect
number .
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