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Abstract 

 This paper aims at determining explicitly   three non-zero distinct integers a,b,c such that  

3222 2,,2,2  =++=+=+=+ cbacbcaba
. Different methods have been considered to obtain the three required integer a,b,c. 
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Introduction 

Systems of indeterminate quadratic equations of the form ax + c = u2, bx + d = v2 where a, b, c, d are non-zero distinct constants, have been investigated 

for solutions by several authors [1, 2] and with a few possible exceptions, most of the them were primarily concerned with rational solutions. Even those 

existing works wherein integral solutions have been attempted, deal essentially with specific cases only and do not exhibit methods of finding integral 

solutions is a general form. In [3], a general form of the integral solutions to the system of equations ax + c = u2 , bx + d = v2 where a, b, c, d are non-zero 

distinct constants is presented when the product ab is a square free integer whereas the product cd may or may not a square integer. For other forms of 

system of double, triple Diophantine equations, one may refer [4-20].  

This communication concerns with yet another interesting system of four Diophantine equations  

3222 2,,2,2  =++=+=+=+ cbacbcaba
for its infinitely many non-zero distinct integer solutions.  

Method of Analysis 

Illustration 1: 

The Diophantine problem under consideration is to obtain three non-zero distinct integers a,b,c such that 

22 =+ ba
                                                                                                       (1)               

22 =+ ca
                                                                                                        (2)       

2=+ cb
                                                                                                          (3) 

32=++ cba
                                                                                                   (4) 

Eliminating b and c between (1) to (3),one has 

 

222 22  −+=a
         (5) 

From (3) and (4), we get 

 

232  −=a
          (6) 

Substituting of (6) in (5) leads to 
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322 4 =+
          (7) 

which is satisfied by 

 
( )222 qpp +=

         (8) 

 
( )222 qpq +=

         (9) 

 

22 qp +=
          (10) 

Substituting (6), (8) and (10) in (1), it is seen that 

 
( ) ( ) 22222222 +−+= qpqpb

 

Since our interest is on finding integer solutions, 

Taking   
r2=

          (11) 

in the above equation, we get 

 
( ) ( ) 222222 2rqpqpb +−+=

       (12) 

Similarly, substituting (6), (9), (10) in (2) and using (11), we get 

 
( ) ( ) 222222 2rpqqpc +−+=

        (13) 

Using (10), (11) in (6), we get 

 
( ) 2322 42 rqpa −+=

         (14) 

Thus, (12), (13), (14) satisfy the system of four equations (1) to (4). 

A few numerical examples are presented in the table below 

Table 1 

p Q r a b c a+2b a+2c b+c a+b=c 

1 2 1 246 -73 77 100 400 4 250 

3 4 2 31234 -4367 4383 22500 40000 16 31250 

5 6 3 453926 -40913 40949 372100 535824 36 453962 

7 8 4 2885730 -191503 191567 2502724 3268864 64 2885794 

Note: 1 

 It is worth to note that (7) is, in general, satisfied by 

 
( )22232 qppk += −

  

 
( )22232 qpqk += −

 

 
( )22222 qpk += −

 

In this case, the corresponding integer solutions to the system of 4 equations (1) to (4) are given by 

 
( ) 2322662.2 −+= − qpa k

  

 
( ) ( ) 232266222256 222 rqpqppb kk ++−+= −−

 

 
( ) ( ) 232256222246 422 rqpqpqc kk ++−+= −−

 

Illustration 2: 

Assume 
22 BA +=          (15) 

Write the integer 4 as the R.H.S of (7) as  
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( ) ( )ii 224 −=

          (16) 

Substituting (15) and (16) in (7) and employing the method of factorization  

 
( ) ( ) 3223 332 BBAiABAii −+−=+ 

 

from which we get 

 BAB 23 62 −=          (17) 

 

23 62 ABA −=
         (18) 

Substituting (15),(17),(18)in (1),(2),(6) and taking 
r2=

, the corresponding values of  a,b,c satisfying the system of four equations (1) to (4) are as 

below: 

 
( ) 2322 42 rBAa −+=

 

 

4224662 15152 BABAABrb −+−+=
 

 
4224662 15152 BABABArc −+−+=  

Note: 2 

The integer 4 on the R.H.S of (7) is also represented as  

1. 
( )( )

25

8686
4

ii −+
=  

2. 
( )( )

25

6868
4

ii −+
=  
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