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Abstract:  

The aim of this paper is to determine the non-homogeneous quadratic equations with two unknowns x2=20y2-4. A few interesting properties among the solution are 

given. Employing the linear combination among the solution of the given equation, integer solutions for other choices of hyperbola and parabola are determined. 
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Introduction: 

A binary quadratic equation of the form y2=Dx2+1, where D is non-square positive integer has been studied by various mathematicians for its non-trivial 

integral solutions when D takes different integral values [1-2]. For an extensive review of various problems, one may refer [3-20]. In this communication, 

yet another interesting hyperbola given by x2=20y2-4 is considered and infinitely many integer solutions are obtained.  A few interesting properties among 

the solutions are obtained. Further, employing the solutions of the above hyperbola, we have obtained solutions of other choices of hyperbola, parabola. 

METHOD OF ANALYSIS: 

The negative Pell equation representing hyperbola under consideration is     

            
420 22 −= yx

                                                                                        (1) 

whose initial solution is  

1,4 00 == yx
 

To obtain the other solutions of (1), consider the Pell equation  

                                
120 22 += yx

 

whose general solution is given by 

 

where 
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Applying Brahmagupta lemma between 
( ) ( )nn yxyx ~,~&, 00  the other integer solution of (1) are given by  
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Replacing n by n+1, n+2 in turn in the above two equations, we have  

nnn gfx 20104020 1 +=+                                                                                                         (2) 

nnn gfx 2017076020 2 +=+                                                                                                     (3) 

nnn gfx 2030501364020 3 +=+                                                                                           (4) 

nnn gfy 2021020 1 +=+                                                                                                           (5)  

nnn gfy 203817020 2 +=+                                                                                                       (6) 

nnn gfy 20682305020 3 +=+                                                                                                  (7) 

Eliminating nf & ng
 among (2)-(4) and (5)-(7), the recurrence relation for x &y are given by 

018 321 =+− +++ nnn xxx
 

     
018 321 =+− +++ nnn yyy

 

A few numerical examples are given in the following Table: 1  

Table: 1 Numerical examples 

N 
1+nx

  1+ny
 

-1 40 =x
 

10 =y
 

0 761 =x
 

171 =y
 

1 13642 =x
 

3052 =y
 

2 244763 =x
 

54733 =y
 

3 4392044 =x
 

982094 =y
 

From the above table x values are even and y values are odd. 

1. Relations between solutions 

➢ 123 18 +++ −= nnn xxx
 

➢ 121 940 +++ −= nnn xxy
 

➢ 122 940 +++ −= nnn xxy
 

➢ 123 916180 +++ −= nnn xxy
 

➢ 13218 +++ += nnn yyy
 

➢ 132 194469720 +++ −= nnn xxy
 

➢ 131 57963625920 +++ −= nnn xxy
 

➢ 313 32221440 +++ +−= nnn xxy
 

➢ 112 209010 +++ += nnn xyy
 

➢ 113 32214402 +++ += nnn xyx
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➢ 113 360161010 +++ += nnn xyy
 

➢ 112 940 +++ += nnn xyx
 

➢ 212 80218 +++ += nnn yxx
 

➢ 123 1814402 +++ += nnn xyx
 

➢ 121 201090 +++ −= nnn xyy
 

➢ 123 20161090 +++ += nnn xyy
 

➢ 311 103601610 +++ += nnn yxy
 

➢ 312 8018322 +++ += nnn yxx
 

➢ 312 90201610 +++ +−= nnn yxy
 

➢ 133 20144003220 +++ += nnn xyx
 

2. Each of the following expressions represents a cubical integer  

➢ 

 123343 51317
4

1
++++ −+− nnnn xxxx

 

➢ 

 133353 9153305
72

1
++++ −+− nnnn xxxx

 

➢ 113333 630210 ++++ −+− nnnn xyxy
 

➢ 

 114303810
9

1
23343 −+− +++ nnn yxy

 

➢ 

 20463068210
161

1
33353 −+− +++ nnn yxy

 

3. Each of the following expression represents a bi-quadratic integer 

➢ 

 2468417
4

1
22324454 +−+− ++++ nnnn xxx

 

➢ 

 43212204305
72

1
22424464 +−+− ++++ nnnn xxxx

 

➢ 
6240210 22224444 +−+− ++++ nnnn xyxy

 

➢ 

 54152403810
9

1
22324454 +−+− ++++ nnnn xyxy

 

➢ 

 96627284068210
161

1
22424464 +−+− ++++ nnnn xyxy
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4. Each of the following expressions represents a quintic integer  

➢ 

 121233435565 8552551585517
4

1
++++++++ +−−+−+− nnnnnnnn xxxxxxxx

 

➢ 

 13133353575 1525545751515255305
72

1
++++++++ +−−+−+− nnnnnnnn xxxxxxxx

 

➢ 111133335555 105061501050210 ++++++++ −−−+−+− nnnnnnnn xyxyxyxy
 

➢ 

 12233435565 19050570150114503810
9

1
+++++++ +−−+−+− nnnnnnn xyyxyxy

 

➢ 

 13333535575 3410501023015034105068210
161

1
+++++++ +−−+−+− nnnnnnn xyyxyxy

    

REMARKABLE OBSERVATIONS: 

1. Employing linear combinations among the solutions of (1),one may generate integer solutions for other choices of hyperbola which are 

presented in the Table: 2 below 

Table: 2 Hyperbola 

S.No Hyperbola (P,Q) 

1 
32045 22 =− QP

 ( 2112 19,17 ++++ −− nnnn xxxx
) 

2 
10368045 22 =− QP

 
)341,305( 3113 ++++ −− nnnn xxxx

 
3 

8020 22 =−QP
 

)4010,210( 1111 ++++ −− nnnn yxxy
 

4 
648020 22 =−QP

 
)40170,3810( 2112 ++++ −− nnnn yxxy

 
5 

207368020 22 =−QP
 

)403050,68210( 3113 ++++ −− nnnn yxxy
 

2. Employing linear combinations among the solutions of (1),one may generate integer solutions for other choices of parabola which are presented 

in the Table: 3 

Table: 3 Parabola 

S. No Parabola (R,Q) 

1 
805 2 =−QR

 
)19,817( 212232 ++++ −+− nnnn xxxx

 
2 

2592090 2 =−QR
 

)341,144305( 312242 ++++ −+− nnnn xxxx
 

3 
8020 2 =−QR

 
)4010,2210( 112222 ++++ −+− nnnn yxxy

 
4 

6480180 2 =−QR
 

)40170,183810( 212232 ++++ −+− nnnn yxxy
 

5 
5184203220 2 =−QR

 
)403050,32268210( 312242 ++++ −+− nnnn yxxy

 

 

CONCLUSION: 

In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the negative Pell equation x2= 20y2-4. As the binary 

quadratic   Diophantine equations are rich in variety, one may search for the other choices of positive Pell equations and determine their integer solutions 

along with suitable properties. 
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