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Abstract  

         This paper concerns with the problem of determining non-trivial integral solutions of the homogeneous bi-quadratic equation with five unknowns given by 
22233 )(19))(( Pwzyxyx  .We obtain infinitely many non-zero integer solutions of the equation by introducing the linear 

transformations. 
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Introduction 

         The theory of Diophantine equations offers a rich variety of fascinating problems. In particular, bi-quadratic diophantine equations, homogeneous 
and non-homogeneous have aroused the interest of numerous mathematicians since antiquity[1-5].  In this context, one may refer  [6-13] for various 
problems on the bi-quadratic diophantine equations with five variables.  However, often we come across homogeneous bi-quadratic equations and as 
such one may require its integral solution in its most general form.  It is towards this end, this paper concerns with the problem of determining non-trivial 
integral solutions of the homogeneous equation with five unknowns given by 

22233 )(19))(( Pwzyxyx   

Method of analysis: 

 The homogeneous bi-quadratic diophantine equation with five unknowns under consideration is   

            
22233 )(19))(( Pwzyxyx                                                                   (1) 

Introduction of the linear transformations  

  1,1,,  uvwuvzvuyvux       (2) 

in (1) leads to 

 
222 193 Pvu           (3) 

which can be solved through different methods. 

Pattern.1   

Assume  

             
22 3baP                                                                                                                   (4) 

Write 19  as  

             )34)(34(19 ii                                                                                                    (5)    

22233 )(19))(( Pwzyxyx 



International Journal of Research Publication and Reviews, Vol 3, no 11, pp 1278-1286, November 2022   1279 

Using (4) and (5)  in (3) and employing the method of factorization ,we get  

            22 )3()3)(34)(34()3)(3( biabiaiiivuivu      

On equating the positive and negative factors, we have , 

             2)3)(34()3( biaiviu       

             2)3)(34()3( biaiivu       

On equating real and imaginary parts, we get, 

             abbabauu 6124),( 22      

             abbabavv 83),( 22                

Substituting  the values of u and  v   in (2) ,we get the values of zyx ,, and  w  as  





















1367826924),(
1367826924),(

1493),(
2155),(

433224

433224

22

22

babbabaabaww
babbabaabazz

abbabayy
abbabaxx

                                                        (6) 

Thus (4) and (6) represent  non-zero distinct integer solutions of (1).    

  Note:  It is worth to mention here that 19 may be represented as follows: 

              22
)337)(337(19 ii 

                                                                                                   (7)                                                             

  Following the analysis as that of Pattern I  one may obtained different set of integer  solution  to (1) as, 

                 ABBABAxx 86020),( 22   

                 ABBABAyy 64248),( 22              

                 1528176151275684),( 332242  ABBABABABAzz    

                 1528176151275684),( 332242  ABBABABABAww                                               

                 
22 124),( BABAPP      

  Pattern.II 

   Rewrite the equation (3) as  

     1319 222  uvP                                                                                                  (8) 

Write 1 as  

      
16

)319)(319(1 
                                                                                      (9) 

Assume  

             )319)(319(319 22 bababau                                                (10) 

Using (10) and (9) in (8) and using the method of factorization ,we get 
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 2

22

4
)319)(319()319()319()319)(319( babavPvP  

Equating the positive and negative parts, we have  

     







 


4
)319()319()319( 2bavP                                                              (11) 

     







 


4
)319()319()319( 2bavP                                                               (12) 

Equating the coefficients  of 19  and 3  in the equation (11),we get 

       
4

6319 22 abbaP 
                                                                                                 (13)     

       
4

38319 22 abbav 
                                                                                                (14) 

Substituting the values of vu,   and assuming BbAa 2,2   ,the non-zero distinct integral solutions of (1)  are obtained as 

ABBABAxx 38995),( 22              

ABBABAyy 381557),( 22              

14562888361444),( 3344  ABBABABAzz  

14562888361444),( 3344  ABBABABAww  

ABBABAPP 6319),( 22   

 Note:  It is worth to mention here that in   (8),1 may  also be represented as follows: 

)35192)(35192(1   

Following the same procedure as above, one may get different set of solutions as below. 

abbabax 7612114),( 22   

abbabay 761876),( 22   

12281444451805),( 3344  abbababaz  

12281444451805),( 3344  abbababaw  

abbabaP 30638),( 22   

 Pattern.III  

Rewrite the equation (3) as 

1**193 222 Pvu                                                                                     (15) 

Write 1 as  
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    22
)31)(31(1 ii 

                                                                               (16) 

Using (4),(5) and (16) in (15) and employing the method of factorization, we get, 

2
22

2
)31((31()3()3)(34)(34()3)(3( iiibaibaiiviuviu 

  

Equating the positive parts and negative parts, we get, 2)3(
2

)31()34()3( ibaiiviu 


                                                           (17) 

2)3(
2

)31()34()3( ibaiiviu 


                                                           (18) 

Equating real and imaginary parts of (17), we get, 

       abbau 303
2
1 22    

      abbav 2155
2
1 22   

Substituting the values of vu,   and assuming BbAa 2,2   ,the non-zero distinct integral solutions of (1)  are obtained as 

ABBABAxx 563612),( 22   

ABBABAyy 64248),( 22   

 

1177659236018020),( 332244  ABBABABABAww  

22 124),( BABAPP   

Note:  It is worth to mention here that 1 may be represented as follows: 

    
27

)341)(341(1 ii 
                                                                                (19) 

Using (4),(5)  and (19) in (15) ,and employing the same procedure  as above and replacing  a by A7  and b  by B7 ,we get the solution as  

ABBABAxx 82618963),( 22   

ABBABAyy 602525175),( 22   

 ),( BAzz 1]4818160612242448136[49 334224  ABBABBAA  

 ),( BAww 1]4818160612242448136[49 334224  ABBABBAA  

 ),( BAPP 22 14749 BA   

Pattern.IV 

Introducing the linear transformations  

TXvUuTXP 19,4,3                                                                       (20) 

1177659236018020),( 332244  ABBABABABAzz
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In the equation (3), it leads to  

222 57TUX                                                                                                  (21) 

which is satisfied by 














rsT
srX
srU

2
57
57

22

22

                                                                                                   (22) 

Using (20),(22) and  (2),we obtained the non-zero distinct integer solution of (1) as 

rssrsrx 383285),( 22   

rssrsry 385171),( 22   

11528664412996),( 3324  rssrsrsrz  

11528664412996),( 3324  rssrsrsrw  

rssrsrP 657),( 22   

Note: It is to be noted that  (21) may be represented as  

257))(( TUXUX   

 Then we have the system of double equation   as shown in the following table. 

TABLE 
System 1 2 3 4 5 6 7 8 9 10 

UX   257T  219T  23T  2T  57  19  3  T57  T19  T  

UX   1 3  19  57  2T  23T  
219T  T  T3  T57  

 

Employing the procedure as above in each of the above representations, the corresponding solutions to (1) are represented below. 
Solution for system:1 

     160608570)( 2  kkkx  

      64304342)( 2  kkky  

      53773891210396812129651984)( 234  kkkkkz  

      53753891210396812129651984)( 234  kkkkkw  

      32120114)( 2  kkkP  

Solution for system:2 

     62228190)( 2  kkkx  

      276144)( 2  kkky  

      961699217328173285776)( 234  kkkkkz  
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      \ 959699217328173285776)( 234  kkkkkw  

      144438)( 2  kkkP  

Solution for system:3 

     26830)( 2  kkkx  

      622018)( 2  kkky  

      959688153841200144)( 234  kkkkkz  

      961688153841200144)( 234  kkkkkw  

      14126)( 2  kkkP  

Solution for system:4 

     644810)( 2  kkkx  

      160326)( 2  kkky  

      5375409648033616)( 234  kkkkkz  

      5377409648033616)( 234  kkkkkw  

      3282)( 2  kkkP  

Solution for system:5 

     160326)( 2  kkkx  

      644810)( 2  kkky  

      5377409648033616)( 234  kkkkkz  

      5375409648033616)( 234  kkkkkw   

      3282)( 2  kkkP  

Solution for system:6 

     622018)( 2  kkkx  

      26830)( 2  kkky  

      96168815841200144)( 234  kkkkkz  

      95968815841200144)( 234  kkkkkw  

      14126)( 2  kkkP  

Solution for system:7 

     276144)( 2  kkkx  
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      62228190)( 2  kkky  

      959699217328173285776)( 234  kkkkkz  

      961699217328173285776)( 234  kkkkkw  

      144438)( 2  kkkP  

Solution for system:8 

     kkx 160)(   

      kky 64)(   

      15376)( 2  kkz  

      15376)( 2  kkw  

      kkP 32)(   

Solution for system:9 

     kkx 62)(   

      kky 2)(   

      1960)( 2  kkz  

      1960)( 2  kkw  

      kkP 14)(   

Solution for system:10 

    kkx 64)(   

      kky 160)(   

      15376)( 2  kkz  

      15376)( 2  kkw  

      kkP 32)(   

Pattern. V  

    Write (3) as  

          )(316 2222 vPPu   

         ))((3)4)(4( vPvPPuPu                                                                           (23)  

which can be expressed in  the form of ratio as  

          B
A

Pu
vP

vP
Pu









)4(

)(
)(3
)4(

   ,    )0(  BA  

This is equivalent to following system of equations  
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0)34(3  ABPAvBu  

0)4(  ABPBvAu  

Solving these two equations using cross multiplication method, we get the values of vu,  and P  

as  

ABBAu 6412 22   

ABBAv 83 22   

223 BAP   

Substituting  the above values of  u  and  v  in (2) we obtained the nonzero distinct integer solution of (1) as  

ABBABAx 1439),( 22   

ABBABAy 2515),( 22   

1267872436),( 332244  ABBABABABAz  

1267872436),( 332244  ABBABABABAw  

223),( BABAP   

Note: It is observed that (23) may also be represented as in the following cases: 

0)B(A  
4

)(3
v)-(P

4P)-(u ) 




B
A

Pu
vPi  

 

 

0)B(A  
4v)-3(P

4P)-(u ) 




B
A

Pu
vPiii  

Employing the procedure as above in each of the above representations, the corresponding distinct non-zero integer solutions to (1) are presented below. 

 Solution for case.(i) 

ABBABAx 1493),( 22   

ABBABAy 2155),( 22   

1782672364),( 332244  ABBABABABAz  

1782672364),( 332244  ABBABABABAw  

22 3),( BABAP   

Solution for case.(ii) 

ABBABAx 2155),( 22   

ABBABAy 1493),( 22   

0)B(A  
4

)(3
v-P
4Pu ) 







B
A

Pu
vPii
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1782672364),( 332244  ABBABABABAz  

1782672364),( 332244  ABBABABABAw  

22 3),( BABAP   

Solution for case.(iii) 

   ABBABAx 1439),( 22   

   ABBABAy 2515),( 22   

   13811424436),( 332244  ABBABABABAz  

    13811424436),( 332244  ABBABABABAw  

 223),( BABAP   

Conclusion: 
       In this paper, a search is made for obtaining different choice of integer solutions to homogeneous bi-quadratic diophantine equation with 

five unknowns 22233 )(19))(( Pwzyxyx  . To conclude, as bi-quadratic equations are rich in variety, the researchers may search 
for integer solutions to the other types of bi-quadratic equations with variables greater than or equal to five. 
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