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ABSTRACT:

The binary quadratic equation represented by the negative pellian
y? =10x* -9 is analyzed for its distinct integer solutions. A few interesting relations

among the solutions are given. Further, employing the solutions of the above hyperbola.
We have obtained solutions of other choices of hyperbolas and special Pythagorean

triangle.
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INTRODUCTION

Diophantine equation of the form y* =Dx*+1, where D is a given positive

square-free integer is known as pell equation and is one of the oldest Diophantine that has

interesting mathematicians all over the world, since antiquity, J.L. Lagrange proved that the

positive pell equation y? = Dx* +1 has infinitely many distinct integer whereas the negative pell
equation y? = Dx* -1 does not always have a solution. In [1], an elementary proof of a
ceriterium for the solvability of the pell equation x* —Dy? =—1 where D is any positive non-
square integer has been presented. For examples the equations, y> =3x* —1 y® =7x* —4 have

no integer solution whereas y? = 65x* —1, y* = 202x*> —1 have integer solutions. In this context,

one may refer [2-20].More specifically, one may refer “The On-line Encyclopedia of integer

sequences” (A031396,A130226,A031398) for values of D for which the negative pell

equation y* = Dx* —1 is solvable or not. In this communication, the negative pell equation

given by y* =10x*—9 is considered and infinitely many integer solutions are obtained. A few

interesting relations among the solutions are presented.
METHOD OF ANALYSIS
The negative pell equation representing hyperbola under consideration is
y? =10x* -9 (1)

whose smallest positive integer solution is x, =1y, =1.To obtain the other solutions of

(1),consider the pell equation y? =10x* +1 whose solution is given by
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=2 1,,%, =g
n2n’n2\/En

where,
f, =(9+6v10)" +f19-6v10)"

g, =(19+610)™ (19— 6110

Applying Brahamagupta Lemma between (x,,Y,) and (X, ,V, ), the other integer solutions of (1)

are given by
meml = \/Efn + gn

2yn+l = fn +\/Egn
The recurrence relations satisfied by the solutions x & y are given by

Xnez — 38X, + X, =0

n+3

Yiis _38yn+2 t Yo = 0

Some numerical examples of x & y satisfying (1) are given in the table 1 below

TABLE I:lEXAMPLES

n Xn Yn

0 1 1

1 25 79

2 949 3001

3 36037 113959
4 1368457 4327441




International Journal of Research Publication and Reviews Vol. 2, no. 10, pp 1131-1143, October 2021 1134

From the above table, we observe some interesting relations among the solutions which are

presented below

1. Both x, &y, values are odd.

2. Each of the following expressions is a nasty number.

158x,,,, — 2X
9

; +108

2n+

X/
o

3001X,,,, — Xpn,s + 2052
171

1000x,,,, —4Y,,.; + 684
57

37960x,,,, — 4Y,,.; + 25956
2163

6002x,,,, —158x,,, + 2916
243

1000x,,,, — 316y,,.,, +36
3

40X,, ., —316Y,,,, + 684
57

37960X,,,, — 316Y,,, + 684
57

40X,,., —12004y,, , + 25956
2163

1000x,,,, —12004y,, , + 684
57

37960x,,,, —12004y, , +36
3
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2y2n+3 B 50y2n+2 +108
9

R/
L X4

Yonea —949Y,. ., + 2052
171

7
L X4

50y2n+4 _1898y2n+3 +108
9

7
L X4

Each of the following expressions is a cubical integer

% T9X%5,,5 — Xgpug + 237X, —3X,, .5

% 1052676(3001,,,5 — X5,,5 +9003X,,, —3X,.,)

2 29241(500%,, ., — 2y,., +1500%_ ., —6Y. )

% 42107121(18980x,, ., — 2., 5 +56940x_,, —6Y, ;)
% 3001x,,,, — 79X, s +9003x,,, — 237X, .

% 1500x,, ., —474y, , +4500x_, —1422y._,

& 29241(20x,,,, —158Y,, ., + 60X, — 474y ;)

% 29241(18980x,,,, —158y,, . +56940x_ ., — 474y, )
< 42107121(20x,, ., — 6002y, . + 60X, ., —18006Y, ., )
& 29241(500x,, ., —6002y,, ., +1500x,_ , —18006y,.,)
% 56940x,,,, —18006y,, . +170820x,, , —54018y, .,
" Yania —29Y30,3 +3Yni2 = OYnu

% 1052676(y,,.. — 949y, ., +3Y, ., — 2847y, ,)

@ 25Y5,.5 —949Y,,, +75Y,,, — 2847y, ,
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4.

Relations among the solutions

+54X, .,

n+1

% 2052x,, = 54X
% 2052y, =9x_,—6489x .
% 2052y, =171X,., —171X .

% 2052y, , =9X_, —6489X, ,

% 171x,., =9X,,, +54Y,.,
% 171x,., =171x,,, + 2052y, .,
% 171y, ., =540x,, + 6489y, ,

% 6489x,,, =171x,,, +54Y, .,

ne1
% 6489X,,, =9X,,, +2052y, ,
% 6489y,., =9y,., —20520x, .,
% 9x,.,=171x ., +54y, ,

< 9y, =171y,,, —540x,,,

% 9y ., =540x,,+17ly, ,

< 171x ., =9x_ ., 54y ,

< 171x ., =6489x ., +54y, ,
< 171y, =540%,., +9Y,.,

% 171y,,; = 20520X,,, +171y,.,
@ 171X, =9X,,, +54Y, .,

< 171y,,, =171y,., — 20520X,,,

% 6489y, ., =540x ., +171y,

n+3
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% 6489y, = 20520, +9Y,,
0:0 171yn+3 = 540Xn+3 + 9yn4r2
o 540Xn+1 = 9yn+2 _171yn+l

< 2052y,., =54Yy,.,+54y, .,

REMARKABLE OBSERVATIONS

I. Employing linear combinations among the solutions of (1), one may generate integer

solutions for other choices of hyperbolas which are presented in the table 11 below.

TABLE Il :HYPERBOLAS

S.NO (X,Y)

Hyperbola

1 (Xn+2 — 25X n+1’79x n+2)

YZ

—~10X?* = 2916

2 ( n+3 949 X

n+l?

3001X,,, — X_.5)

Y? -10X? = 4210704

3 (yn+2 —79x n+1’250x yn+2)

Y? -10X? = 29241

4 | (Vo5 —3001x

n+1?

94'90Xn+1 - yn+3)

Y? -10X?* = 42107121

5 | (25x,,, —949x, _,,3001x,,, — 79X, ;) Y2 _10X2 = 2916
6 | (25Y,,, —79%,,,,250X,,, —=79Y,.,) Y2 10X =81
7| (25Yn = X0,2:10%,, —79Y,.,,) Y2 -10X?2 = 29241

8 | (25y,,, —3001x,,,,9490x, .,

n+21

Y? -10X? = 29241

9 (949yn+1 n+3 ’1OX - 3001yn+1)

Y2

—~10X* = 42107121

10 (949yn+2 — 79X n+31250x _3001yn+2)

Y2

—-10X % = 29241
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11 | (949y, , —3001x,.,,9490x ., —3001y, ..) | Y2-10X2 =81

12| (7901 = Yoizr Yaez —25Y30) 10Y2 — X ? = 29160

13 | (3001Y,,1 = Ynus Yois —949Y,,1) 10Y? — X ? = 42107040
14 | (300Ly,., ~79Y,,5,25Y,,5 —949Y,.,) 10Y2 — X 2 = 29160

Il. Employing linear combinations among the solutions of (1), one may generate integer

solutions for other choices of parabolas which are presented in the table 111 below.

TABLE Ill: PARABOLAS

S.NO (X)Y) Parabola
1| (Xueo =25%0,4,79%50,5 = Xon.3) 10X 2 = 27Y —1458
2| (%05949%,,1,3001%,,,, — X504 10X 2 =1026Y — 2105352
3 | (Voo = 79%,,1,250%50,5 = Yop.3) 40X 2 = 342Y — 58482
4 | (Vo3 —3001X,.,,9490%,,., = Ysn.s) 40X 2 =12978Y —84214242
5 | (25x,,, —949X,,,,3001X,, , — 79X,.5 ) 10X 2 = 27Y —1458
6 | (25Y,,, —79%,.5,250%,,5 — 79Y,,.;) 40X % =18Y —162
7| (25Y00 = %05 10%50,5 = 79Y,,.,) 40X ? = 342Y 58482
8 | (25Y,,5 —3001x,.,,9490%,,.5 — 79Y,,,) 40X 2 = 342Y — 58482
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9 (949 Yo — Xnis '10X2n+4 - 3001y2n+3)

40X ? =12978Y —84214242

10 (949 yn+1 - Xn+3 1250X2n+4 - 3001y2n+3 )

40X? =342Y —-116964

11 (949yn+3 —3001x,5,9490X,,., —3001y,,., )

40X? =18Y —162

12 (79yn+1 ~ Yo Yones — 25y2n+2)

X ? =270Y —14580

13 (3001yn+1 ~ Yz Yonia — 949y2n+2)

X? =10260Y — 21053520

14 (3001yn+2 - 79yn+3 ’25 Yonia — 949 y2”+3)

X ? =270Y —14580

I11. Consider m=xX,,, +VY,.,,n=X,,, Observe that m>n>D0.

n+1.

the Pythagorean triangle T(a, B, y), where
a=2mnB=m’-n’y=m®+n’
Then the following interesting relations are observed.
a) a-5p+4y=9
20A

b) GQ—Y—TZQ

c) 2—A—x y
P n+lJ n+l

d) 3y+70—5p+22A _1g
p

Treat m, n as the generators of
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CONCLUSION:

In this paper, we have presented infinitely many integer solutions for the hyperbolas
represented by the negative Pell equation y®> =10x> —9. As the binary quadratic Diophantine

equations are rich in variety, one may search for the other choices of negative Pell equations and

determine their integer solutions along with suitable properties.
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