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ABSTRACT: 

                        The binary quadratic equation represented by the negative pellian 

910 22  xy  is analyzed for its distinct integer solutions.  A few interesting relations 

among the solutions are given. Further, employing the solutions of the above hyperbola. 

We have obtained solutions of other choices of hyperbolas and special Pythagorean 

triangle.  
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INTRODUCTION 

                        Diophantine equation of the form 122  Dxy , where D is a given positive 

square-free integer is known as pell equation and is  one of the oldest Diophantine that has 

interesting mathematicians all over the world, since antiquity, J.L. Lagrange proved that the 

positive pell equation 122  Dxy  has infinitely many distinct integer whereas the negative pell 

equation 122  Dxy  does not always have a solution. In [1], an elementary proof of a 

ceriterium for the solvability of the pell  equation 122 Dyx  where D is any positive non-

square integer has been presented. For examples the equations, 13 22  xy 47 22  xy  have 

no integer solution whereas 1202,165 2222  xyxy   have integer solutions. In this context, 

one may refer [2-20].More specifically, one may refer “The On-line Encyclopedia of integer 

sequences” (A031396,A130226,A031398)  for values of D for which the negative pell 

equation 122  Dxy    is solvable or not. In this communication, the negative pell equation 

given by  910 22  xy  is considered and infinitely many integer solutions are obtained. A few 

interesting relations  among the solutions are presented. 

METHOD OF ANALYSIS 

The negative pell equation representing hyperbola under consideration is  

                    910 22  xy                                                                                               (1) 

whose smallest positive integer solution is .1,1 00  yx To obtain the other  solutions of 

(1),consider the pell  equation 110 22  xy  whose solution is given by 
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Applying Brahamagupta Lemma between  00 , yx  and  nn yx ~,~ , the other integer solutions of (1) 

are given by 
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The recurrence relations satisfied by the solutions yx & are given by 
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Some numerical examples of yx & satisfying (1) are given in the table 1 below                          

TABLE I:EXAMPLES 

n  
nx  ny  

0 1 1 

1 25 79 

2 949 3001 

3 36037 113959 

4 1368457 4327441 
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From the above table, we observe some interesting relations among the solutions which are 

presented below 

1. Both nn yx &  values are odd. 

2. Each of the following expressions is a nasty number. 

 
9

1082158 3222   nn xx
 

 
171

20523001 4222   nn xx
 

 
57

68441000 3222   nn yx
 

 
2163

25956437960 5222   nn yx
 

 
243

29161586002 5242   nn xx
 

 
3

363161000 3232   nn yx
 

 
57

68431640 2232   nn yx
 

 
57

68431637960 4232   nn yx
 

 
2163

259561200440 3242   nn yx
 

 
57

684120041000 3242   nn yx
 

 
3

361200437960 4242   nn yx
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 
9

108502 2232   nn yy
 

 
171

2052949 2242   nn yy
 

 
9

108189850 3242   nn yy
 

3. Each of the following expressions is a cubical integer 

        

 214333 323779   nnnn xxxx  

  315333 3900330011052676   nnnn xxxx  

  214333 61500250029241   nnnn yxyx  

  315333 65694021898042107121   nnnn yxyx  

 325343 2379003793001   nnnn xxxx  

 224343 142245004741500   nnnn yxyx  

  123343 474601582029241   nnnn yxyx  

  325343 474569401581898029241   nnnn yxyx  

  133353 180066060022042107121   nnnn yxyx  

  234353 180061500600250029241   nnnn yxyx  

 335353 540181708201800656940   nnnn yxyx  

 123343 75325   nnnn yyyy  

  133353 284739491052676   nnnn yyyy  

 234353 28477594925   nnnn yyyy  
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4. Relations among the solutions 

 312 54542052   nnn xxx   

 131 648992052   nnn xxy  

 132 1711712052   nnn xxy   

 313 648992052   nnn xxy  

 212 549171   nnn yxx       

 213 2052171171   nnn yxx   

 213 6489540171   nnn yxy      

 312 541716489   nnn yxx  

 313 205296489   nnn yxx   

 131 2052096489   nnn xyy  

 223 541719   nnn yxx  

 221 5401719   nnn xyy  

 223 1715409   nnn yxy  

 121 549171   nnn yxx  

 123 546489171   nnn yxx  

 122 9540171   nnn yxy  

 123 17120520171   nnn yxy  

 323 549171   nnn yxx  

 231 20520171171   nnn xyy  

 132 1715406489   nnn yxy     
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 133 9205206489   nnn yxy                                    

 233 9540171   nnn yxy  

 121 1719540   nnn yyx  

 132 54542052   nnn yyy  

REMARKABLE  OBSERVATIONS 

 I. Employing linear combinations among the solutions of (1), one may generate integer 

solutions for other choices of hyperbolas which are presented in the table II below. 

                                        TABLE II :HYPERBOLAS 

S.NO  YX ,  Hyperbola 

1  
 2112 79,25   nnnn xxxx     291610 22  XY  

2  3113 3001,949   nnnn xxxx     421070410 22  XY  

3  2112 250,79   nnnn yxxy     2924110 22  XY  

4  3113 9490,3001   nnnn yxxy      4210712110 22  XY  

5  3223 793001,94925   nnnn xxxx      291610 22  XY  

6  2222 79250,7925   nnnn yxxy      8110 22  XY  

7  1221 7910,25   nnnn yxxy      2924110 22  XY  

8  3223 799490,300125   nnnn yxxy      2924110 22  XY  

9  1331 300110,949   nnnn yxxy      4210712110 22  XY  

10  2332 3001250,79949   nnnn yxxy      2924110 22  XY  
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11  3333 30019490,3001949   nnnn yxxy      8110 22  XY  

12  1221 25,79   nnnn yyyy      2916010 22  XY  

13  1331 949,3001   nnnn yyyy      4210704010 22  XY  

14  2332 94925,793001   nnnn yyyy      2916010 22  XY  

 

II. Employing linear combinations among the solutions of (1), one may generate integer 

solutions for other choices  of  parabolas which are presented in the table III below. 

 TABLE III: PARABOLAS 

S.NO (X,Y) Parabola 

1  322212 79,25   nnnn xxxx      14582710 2  YX  

2  422213 3001,949   nnnn xxxx      2105352102610 2  YX  

 3  322212 250,79   nnnn yxxy      5848234240 2  YX  

4  522213 9490,3001   nnnn yxxy  842142421297840 2  YX  

5  524223 793001,94925   nnnn xxxx       14582710 2  YX  

6  323222 79250,7925   nnnn yxxy       1621840 2  YX  

7  223221 7910,25   nnnn yxxy       5848234240 2  YX  

8  423223 799490,300125   nnnn yxxy       5848234240 2  YX  
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9  324231 300110,949   nnnn yxxy       842142421297840 2  YX  

10  324231 3001250,949   nnnn yxxy       11696434240 2  YX  

11  424233 30019490,3001949   nnnn yxxy        1621840 2  YX  

12  223221 25,79   nnnn yyyy        145802702  YX  

   13  224231 949,3001   nnnn yyyy  21053520102602  YX  

   14  324232 94925,793001   nnnn yyyy        145802702  YX  

 

III. Consider .111 ,   nnn xnyxm  Observe that .0 nm  Treat m, n as the generators of 

the Pythagorean triangle T(α, β, γ), where 

2222 ,,2 nmnmmn    

Then the following interesting relations are observed. 

a)  945  γβα  

b) 9
P

20A
γ6α   

c) 11
P

2A
 nn yx  

d) 18
p

20A
5β7α3γ   
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CONCLUSION: 

 In this paper, we have presented infinitely many integer solutions for the hyperbolas 

represented by the negative Pell equation 910 22  xy . As the binary quadratic Diophantine 

equations are rich in variety, one may search for the other choices of negative Pell equations and 

determine their integer solutions along with suitable properties. 
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