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ABSTRACT

In this paper, the notions of a Pythagorean Fuzzy subalgebra and a Pythagorean Fuzzy ideal of a subtraction algebra are introduced and its characterizations
of above are investigated. Further as a special case, we proved that the homomorphic preimage of a Pythagorean Fuzzy subalgebra of a subtraction algebra is
a Pythagorean Fuzzy subalgebra, and the onto homomorphic image of a Pythagorean Fuzzy subalgebra of a subtraction algebra is a Pythagorean Fuzzy
subalgebra.
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1. Introduction

Ty

B. M. Schein considered systems of the form (®; o, \), where @ is a set of functions closed under the composition “o” of functions (and hence (®; o) is
a function semigroup) and the set theoretic subtraction “ \ ” (and hence (®; \) is a subtraction algebra). B. Zelinkadiscussed a problem proposed by B. M.
Schein concerning the structure of multiplication in a subtraction semigroup. He solved the problem for subtraction algebras of a special type, called the
atomic subtraction algebras. Y. B. Jun et al. introduced the notion of ideals in subtraction algebras and discussed characterization of ideals. S. S. Ahn and
Y. H. Kim introduced the notions of an intersectional soft subalgebra and an intersectional soft ideal of a subtraction algebra and investigated some related
properties of them.

Zadeh introduced the degree of membership/truth (t) in 1965 and defined the Fuzzy set. As a generalization of Fuzzy sets, Atanassov introduced

the degree of non-membership/falsehood (f) in 1986 and defined the intuitionistic  Fuzzy set. Smarandache introduced the degree of
indeterminacy/neutrality (i) as independent component in 1995 (published in 1998) and defined the Neutrosophic set on three components (t, i, f) = (truth,
indeterminacy, falsehood). Jun et. al introduced the notions of a Neutrosophic N — subalgebras and a (closed) Neutrosophic N- ideal in a BCK/BCI -
algebras and investigated some related properties.
In this paper, we introduce the notions of a Pythagorean Fuzzy subalgebra and a Pythagorean Fuzzy ideal of a subtraction algebra. Characterizations of
a Pythagorean Fuzzy subalgebra and a Pythagorean Fuzzy ideal are investigated. We show that the homomorphicpreimage of a Pythagorean Fuzzy
subalgebra of a subtraction algebra is a Pythagorean Fuzzy subalgebra, and the onto homomorphic image of a Pythagorean Fuzzy subalgebra of a
subtraction algebra is a Pythagorean Fuzzy subalgebra.

2. Preliminaries

By a subtraction algebra we mean an algebra (X, —, 0) with a single binary operation *“ — ” that satisfies the following conditions: for any x, y, z € X,
Gyx-(y-x)=x

S x=(x=y)=y-(y—x),

S x-y)—z=(x—2)~y.

The subtraction determines an order relation on X: a <b if and only ifa — b =0, where 0 = a — a is an element that does not depend on the choice of a € X.

The ordered set (X; <) is a semi-Boolean algebras, that is, it is a semilattice with zero 0 in which every interval [0,a] is a Boolean algebra with respect to
the induced order. Hence a A b=a — (a — b); the complement of an element b € [0, a] is a — b; and if b, ¢ € [0,a], then

bvc=(b"Ac) =a—((a—b)A(a—c))
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=a—(@a-b)-((a-b)—(a—0)).
In a subtraction algebra, the following are true:
() x-y)-y=x-y,
(a2)x—0=x and 0—x=0,
(a3) (x—y) —x=0,
(a)x—(x—y)<y,
A non-empty subset A of a subtraction algebra X is called a subalgebra of X if x —y € A for any X, y € A. A non-empty subset | of a subtraction algebra
X is called an ideal of X if
(Ih)oel,
(1) (vx, ye X)(x—y,y €l implyx € l).
A mapping f: X — Y of subtraction algebras is called a homomorphism if f{x — y) = f(x) — f(y) forall x, y € X.

Definition 2.1
Let X be a space of points (objects) with generic elements in X denoted by x. A simple valued Pythagorean Fuzzy set Ain X is characterized by a truth-
membership function Ma(x), and a falsity -membership function Na(x). Then a simple valued Pythagorean Fuzzy set A can be denoted by

A={{x, Ma(x), Na(x)) | x € X},
whereMa(x), Na(x) € [0,1] for each point x in X. Therefore the sum of Ma(x),Na(x) satisfies the condition 0< M3 (x) + N3(x) < 2.

For convenience, “simple valued Pythagorean Fuzzy set” is abbreviated to “Pythagorean Fuzzy set” later.

Definition 2.2
Let A be a Pythagorean Fuzzy setina subtraction algebra X and «, p € [0,1] with 0 < a+B < 2 and an (a,B) - level set of X denoted by A®P) is defined
as

AP = (x € X|My(x) = o,Ny(x) < B}

For any family {a;|i € A}, we define

sup{a;|i € A}  otherwise

C \Aaili € A} = {max{ailf € A} ifAis finite
| -
and

Afali €y o= {01 e

inf{a;|i € A}  otherwise

3 Pythagorean Fuzzy ideals

In this section, let X be a subtraction algebra unless otherwise specified.

Definition 3.1
A Pythagorean Fuzzy set Ain Xis called a Pythagorean Fuzzy subalgebraof X if it satisfies:
(3.1) (vx,y& X)(Ma(x~y) = min{Ma(x), Ma(y)}, Na(x —y) < max{Na(x), Na(¥)}).

Proposition 3.2

Every Pythagorean Fuzzy subalgebra of X satisfies the following conditions:
(3.2) (¥x € X)(Ma(0) = Ma(x), Na(0) < Na(x)).

Proof: Straightforward.

Example 3.3
Let X ={0, 1, 2, 3} be a subtraction algebra with the following table:

WN - O
w N - OO
NN O O
= O OIN
O O OoOlw

Define a Pythagorean Fuzzy set Ain X as follows:
. 0.54 ifx € {0,3}

My:X = [01],x = {0.13 ifx € {1,2)

and

0.11 ifx € {0,3}

Ny :X = [01] x> {0.53 ifx € {1,2}
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It is easy to check that A is a Pythagorean Fuzzy subalgebra of X.

Theorem 3.4

Let A be a Pythagorean Fuzzy setin Xand leta, f € [0,1] with 0 < a+B <2.Then Aisa Pythagorean Fuzzy subalgebra of X if and only if all of (a,
B) - level set AP are subalgebras of X when AP = @

Proof:

Assume that A is a Pythagorean Fuzzy subalgebra of X. Let o,B€ [0,1] be such that 0 < a+B <2 and A“P £ @. Let x, y AP, Then Ma(x) > a, Ma(y) >
o and Na(x) < B, Na(y) < B. Using (3.1), we have Ma(x — y) > min{Ma(x),Ma(y)} > a and Na(x — y) < max{Na(x), Na(y)} < B. Hence x — y €A"P,
Therefore A“?is a subalgebra of X.

Conversely, all of (a.p)-level set AP are subalgebras of X when A“P £ @. Assume that there exist am, bn€ X and a,, by€ X such that Ma(am— bp) <
min{Ma(am), Ma(bm)} and Na(an— bn) >max{Na(an), Na(bn)}. Then Ma(am— bm) < 0a < min{Ma(@m), Ma(bm)} and Na(ar— bn) >B1> max{Na(an), Na(bn)}
for some oy € (0,1] and By € [0,1). Hence am, b€ AP and a,, b,eA®BD Buta,, — b, & ArBvanda, —b, & AP which is a contradiction.
Hence Ma(x — y) = min{Ma(X), Ma(y)}, and Na(x — y) < max{Na(x), Na(y)} for any X, y, z € X. Therefore A is a Pythagorean Fuzzy subalgebra of X.
Since [0,1] is a completely distributive lattice with respect to the usual ordering, we have the following theorem.

Theorem 3.5
If {AilieN} is a family of Pythagorean Fuzzy subalgebras of X, then ({Ai|i €N}, <) forms a complete distributive lattice.

Theorem 3.6

Let A be a Pythagorean Fuzzy subalgebra of X. If there exists a sequence {a,} in X such that lim,_,.. Ma(as) = 1 and lim,_., Na(an) = 0, then Ma(0) =1
and Na(0) =0.

Proof:

By Proposition 3.2, we have Ma (0) > Ma(x) and Na(0) < Na(x) for all x € X. Hence we have Ma (0) > Ma (an) and Na(0) < Na(an) for every positive
integer n. Therefore 1 = lim,_., Ma(an) < Ma(0) < 1 and 0 < Na(0) < lim,_ Na(an) = 0. Thus we have M (0) = 1 and Na (0) = 0.

Proposition 3.7
If every Pythagorean Fuzzy subalgebraA of X satisfies the condition

(33) (Y X,y € X) (Ma(x —y) = Ma(y) and Na(x — y) < Na(y)),

thenMaand Naare constant functions.

Proof:

It follows from (3.3) that Ma(X) = Ma(x — 0) > Ma(0) and Na(X) = Na(x — 0) < Na (0) for any x € X. By Proposition 3.2, we have Ma(x) = Ma(0) and
Na(X) = Na(0) for any x € X. Hence Ma and N are constant functions.

Theorem 3.8
Every subalgebra of X can be represented as an (o, )-level set of a Pythagorean Fuzzy subalgebraA of X.
Proof:
Let S be a subalgebra of X and let A be a Pythagorean Fuzzy subalgebra of X. Define a Pythagorean Fuzzy set A in X as follows:
) ay, ifx€eS
My:X > [01]x - {az, otherwise,
) B, ifx €S
Ny:X - [01]x - {Bz, otherwise,

where 01,02 € (0,1] and B1,82 € [0,1) with 1> 0, B1< B2 and 0 < o3+ B1 < 2,0 < 0z+ B2 < 2. Obviously, S= A©@FD We prove that A is a Pythagorean
Fuzzy subalgebra of X. Letx,y € X. If X,y € S, then x —y € S because S is a subalgebra of X. Hence Ma(x) = Ma(y) = Ma(x —y) = a1, Na(X) = Na(y) =
Na(x —y) =B; and s0 Ma(x — y) = min{Ma(X),Ma(y)}, Na(x —y) < max{Na(X),Na(y)}. Ifx € Sandy & S, then Ma(x) = a1, Ma(y) = a2, Na(x) = B,
Na(y) = Bzand so Ma(x — y) > min{Ma(X), Ma(y)} = oz, Na(x — y) < max{Na(x), Na(y)} = B2. Obviously, if x € Sandy & S, then Ma(x — y) >
min{Ma(X), Ma(y)} = a2, Na(x — y) < max{Na(X), Na(y)} = B2. Therefore A isa Pythagorean Fuzzy subalgebra of X.

Theorem 3.9
Let A be a Pythagorean Fuzzy setof X and let o, B € [0,1] with 0 < o+ B <2. Define a Pythagorean Fuzzy set A+in X as follows:

M, (x) ifx € AP
My-: X 0,1], { A X),
§ - [0alx = 0, otherwise
and
i (a,B)
Np- i X - [0,1],x - {NA ®, ifxeA
1, otherwise

If Alisa Pythagorean Fuzzy subalgebra of X, then sois A*.

Proof:

Let A be a Pythagorean Fuzzy subalgebra of X. By Theorem 3.4, all of (a, p) - level set A®Pare subalgebras of X. If x, y €A®® then x —y € A®P,
Hence we have Ma*(x — y) = Ma(x — y) > min{Ma(X), Ma(y)} = min{Max(x), Ma* (y)} and Na* (x — y) = Na(x — y) < max{Na(x), Na(y)} = max{Na*
(X), Nax ()} forany x, y € X. If x gA“Por y ¢ AP then Max (x) = 0, Nax (X) = 1 or Max (y) = 0, Na* (y) = 1. Therefore we get Max (x — y) >
min{Ma* (X),Ma* ()} = 0 and Na* (x —y) < max{Na* (X),Nax (y)} =1 for any x, y € X. Thus A+is a Pythagorean Fuzzy subalgebra of X.

Definition 3.10
A Pythagorean Fuzzy set Ain X is called a Pythagorean Fuzzy ideal of X if it satisfies (3.2) and
(34) (vx,y€ X)(Ma(x) > min{Ma(x ~y),Ma(y)} and Na(x) < max {Na(x =y),Na(¥)}).
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Proposition 3.11

Every Pythagorean Fuzzy ideal of X is a Pythagorean Fuzzy subalgebra of X.

Proof:

Let A be a Pythagorean Fuzzy ideal of X. Put x =x —y and y = x in (3.4). Then we have Ma(x — y) > min{Ma((x— y) — x),Ma(X)} and Na(x — y) <
max{Na((x — y) — x),Na(X)}. It follows from (as) and (3.2) that Ma(x — y) = min{Ma((x — x) — y), Ma(X)} = min{Ma(0), Ma(x)} > min{Ma(x), Ma(y)}
and Na(x — y) < max{Na((x = y) — x), Na(X)} = max{Na(0), Na(x)} < max{Na(x), Na(y)}, for any x, y € X. Thus A is a Pythagorean Fuzzy subalgebra
of X.

The converse of Proposition 3.11 may not be true in general (see Example 3.12.)

Example 3.12
(a) Let X = {0,a,b,c} be a subtraction algebra with the following table:

-0 a b c
0 P 0 0 O
a @ 0 a a
b b b 0 b
c c c 0

DeilneaPyt agoreal FUZZy set Ain X as follows
0.72 ifx €{0,a
Mq :X - 101],x = { { ! }

011 ifx €{b,c}

and
0.13 ifx €{0,a}

Np:X >[01]x - {0.71 ifx € {b,c}

It is easy to check that A is a Pythagorean Fuzzy ideal of X.
(b) Let X =40, 1, 2, 3} be a subtraction algebra as in Example 3.3. Define a Pythagorean Fuzzy set B in X as follows:

0.53 ifx=0
Mg : X - [0,1],x - [ 0.22 ifx € {1,2}
0.13 ifx =3
and
0.11 ifx=0
Ng : X - [0,1],x » [ 0.25 ifx € {1,2}
0.46 ifx =3

It is easy to check that B is a Pythagorean Fuzzy subalgebra of X. But it is not a Pythagorean Fuzzy ideal of X, since My (3) = 0.13 & min {M;
(3-1), Mg (1)} = max{M; (2), Mg (1)} = 0.22.

Theorem 3.13

Let A be a Pythagorean Fuzzy setin X and let o, p € [0,1] with 0 < a+f <2. Then A is a Pythagorean Fuzzy ideal of X if and only if all of (o, B )-
level set A®P are ideals of X when AP =@,

Proof:

Assume that A is a Pythagorean Fuzzy ideal of X. Let a,p€ [0,1] be such that 0 < a+ p <2 and A“? #@. Let x, y € X be such that x — y,y€ A®P. Then
Ma(x — y) > a, Ma(y) > a and Na (x — y) < B, Na(y) < B . By Definition 3.10, we have Ma(0) > Ma(x) > min {Ma(x —y), Ma(y)} = a and Na(0) < Na(x) <
max{Na(x — y),Na(y)} < B. Hence 0, x eA™P), Therefore A“P is an ideal of X.

Conversely, suppose that there exist a, b € X such that Ma (0) <Ma(a) and Na(0) > Na(b). Then there exist an € (0,1] and b,e [0,1) such that Ma(0) < an<
Ma(a) and Na(0) >bm> Na(b). Hence 0 g AGm.bm) which is a contradiction. Therefore Ma(0) > Ma(x) and Na(0) < Na(x) for all x € X. Assume that there
exist am,bm,an,bn€ X such that Ma(am) < min{Ma(am—bm),Ma(bm)} and Na(an) >max{Na(a,—bn),Na(bn)}. Then there exist sn€ (0,1] and s, [0,1) such that
Ma(@m) <Sm< min{Ma(@m—bm),Ma(bm)} and Na(@,) >s,> max{Na(a, —bn),Na(bn)}. Hence a,,—by,, a,~b,€AGmsand by, b, €AGmSD) | But a,, gAGmsn)
and a, & AGm.s0) This is a contradiction. Therefore Ma(x) > min{Ma(x —y),Ma(y)} and Na(x) < max{Na(x —y),Na(y)}, for any x,y€ X. Therefore A is a
Pythagorean Fuzzy ideal of X.

Proposition 3.14
Every Pythagorean Fuzzy ideal A of X satisfies the following properties:

(i) (vxy € X)(x <y = Ma®x) 2 Ma(y), Na(x) < Na(Y),

(i) (vxy,z€X)(x—y<z= Ma®X) > min{Ma(y),Ma(2)}, Na(x) < max{Na(y),Na@)}).
Proof.
(i) Let x,y€ X be such that x <y. Then x —y = 0. Using (3.4) and (3.2), we have Ma(x) > min{Ma(x — y),Ma(y)} = min{Ma(0),Ma(y)} = Ma(y) and Na(x)
< max{Na(x ~y),Na(y)} = max{Na(0),Na(y)} = Na(y).
(ii) Let x, y, z € X be such that x —y < z. By (3.4) and (3.2), we get Ma(x — y) > min{Ma((x — y) — 2),Ma(z)}=min{Ma(0),Ma(2)}=Ma(2),Na(x—y)<
max{Na((x — y) — 2),Na(@)}= max{Na(0),Na(z)}= Na(z). Hence Ma(x) > min{Ma(x — y),Ma(y)} > min{Ma(y),Ma(2)}, and Na(x) < max{Na(X
=Y),Na(y)} < max{Na(y),Na(z)}, forany x,y, z € X.
The following corollary is easily proved by induction.

Corollary 3.15:
Every Pythagorean Fuzzy ideal A of X satisfies the following property:

(35) (VX, &y, -+, @€ X)((-+~(x ~ a1) = ) ~ 0= 0 > Ma(¥) = Ay My (a)and Ny () < Vi; Ny (a))-
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Definition 3.16
Let A and B be Pythagorean Fuzzy sets of a set X. The union of A and B is defined to be a Pythagorean Fuzzy set

AU™B = {(x,Maus(X),Naus(X))[x € X},

whereMaug(X) = max{Ma(x),Mg(X)}, Naus(x) = min{Na(x),Ng(x)}, for all x € X. The intersection of Aand B is defined to be a Pythagorean Fuzzy set
AN~B = {(X, Mang (X),Nans(X)}|x € X},

whereMang(x) = min{Ma(x),Mg(X)}, Nans(x) = max{Na(x),Ng(x)}, for all x € X.

Theorem 3.17

'Pl'ltjg Ci)rflt_ersection of two Pythagorean Fuzzy ideals of X isalso a Pythagorean Fuzzy ideal of X.

Let A and B be Pythagorean Fuzzy ideals of X. For any x € X, we have Mng(0) =
min{MA(O),MB(O)}zmin{MA(X),MB(X)}=MAQB(X)andN AnB(0)=maX{NA(O),NB(O)}SmaX{NA(X),NB(X)} = NAHB(X)- Let x, VAS X. Then we have

Mans (X) = min{MA(X),MB(X)}

> min{min{Ma(x — y),Ma(y)},min{Mg(x — y),Ms(y)}}
= min{min{Ma(x — y),Ms(x — y)},min{Ma(y),Ms(y)}}
= min{Manp(x = y),Mans(y)}

and

Nang(X) = max{Na(x),Ns(x)}

< max {max {Na(x = y),Na(y)},max{Ns(x ~y),Ns(y)}}
max{max{Na(x — y),Ns(x — y)},max{Na(y),Ns(y)}}
max{Nans(x — y),Nans(¥)}-

Hence AN"B is a Pythagorean Fuzzy ideal of X.

Corollary 3.18
If {Aii eN} isa family of Pythagorean Fuzzy ideals of X, then so is NienAi.

Proposition 3.19

Let A be a Pythagorean Fuzzy ideal of X. Then Xy = {x € X|Ma(X) = Ma(0)} and Xy = {Xx € X|Na(x) = Na(0)} are ideals of X.

Proof:

Clearly, 0 €Xy. Let x —y,y€ Xm. Then Ma(x —y) = Ma(0) and Ma(y) = Ma(0). It follows from (3.4) that Ma(x) > min{Ma(x —y),Ma(Y)} = Ma(0). By
(3.2), we get Ma(x) = Ma(0). Hence x € Xyu. Therefore Xy is an ideal of X. By a similar way, Xy is an ideals of X.

Let f: X — Y be a function of sets. If

P={(y, Me(y).Ne(Y))ly € Y }
is a Pythagorean Fuzzy setofasetY , thenthe preimage of P under fis defined to be a Pythagorean Fuzzy set

F(P) = {(x, FH(Me)(x), F(Ne)(X))Ix € X}
of X, where f1(Mp)(x) = Mp(f(x)) and f1(Np)(x) = Np(f(x)) for all x € X.

Theorem 3.20

Let f: X — Y be a homomorphism of subtraction algebras. If P = {(y, Mp(y), Np(Y¥)}ly € Y } is a Pythagorean Fuzzy subalgebra of Y , then the preimage
of P under fis a Pythagorean Fuzzy subalgebra of X.

Proof:

Let ™ (P) be the preimage of P under f. For any x, y € X, we have

FH(Me(x — y)) = Me(f(x — y)) = Me(fx) — f(y))
> min{Mp(f(x)),Me(f(y))}
= min{f (M) (x),f (M) (Y)}
and
7 (Ne(x ) = Ne(f(x =) = Ne(f(x) ~(y))
< max {Np(f(x)).Ne(f(y))}
= max{f ‘(Np)(x),f '(Np)(y)}.
Hence f* (P) is Pythagorean Fuzzy subalgebra of X.

Let f: X — Y be an onto function of sets. If A is a Pythagorean Fuzzy set of X, then the image of A under f is defined to be a Pythagorean Fuzzy set



482 International Journal of Research Publication and Reviews Vol (2) Issue (9) (2021) Page 477-482

f(A) = {(y, f((MA)(Y), fINAYDlY € Y }
of Y, where f(Ma)(y) = Vyer1y) Ma (X) and FNa)(Y) = Ager-1(5) Na(X).

Theorem 3.21

For an onto homomorphism f: X — Y of subtraction algebras, let A be a Pythagorean Fuzzy set of X such that (3.6) (VC S X)(3x,€ C)(Ma(xo) =
Vaec Ma(2), Na(x¢) = Asec Na(2)). If Alis a Pythagorean Fuzzy subalgebra of X, then the image of A under fisa Pythagorean Fuzzy subalgebraof.
Proof:

Let f(A) be the image of A under f. Leta,be Y . Then f(a) # @ and £ (b) # @ in X. By (3.6), there exist x,€ f*(a) and x, € f(b) such that

MA (Xa) = VzEf’l(a) MA(Z)v NA (Xa) :/\zEf’l(a) NA(Z)v

Ma (%) =Viwer1m) Ma(W), Na(xp) = Awer-1(p) Na (W).

Thus

f(Ma)(a = b) = Vyer-1(a— by Ma (X) = Ma(X,— Xp,) = min{Ma(x,), Ma(x,)}

= Min{V,ep-1(2) Ma(2), Viwer-1 ) Ma (W)}

= min{f(Ma)(a), f(Ma)(b)},

and
f(Na)a—b)= /\xef-l(a—b) Na (%) <Na(x,~ %) < max{N, (x,),Na (%)}
= max{Azer-1(a) Na (@), Awer-16) Na(W)}

= max{ f(Na)(@), f(Na)(b)}.
Hence f(A) is a Pythagorean Fuzzy subalgebra of Y .
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